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PREFACE  TO  THE  SECOND  EDITION. 

In  issuing  a  second  edition  of  the  present  volume  it  has 
been  found  desirable  to  enlarge  it  considerably  beyond  its 
original  limits.  The  necessity  for  this  has  arisen  partly 
Irom  the  increased  requirements  of  the  class  of  students  for 
whom  the  book  was  originally  written,  and  partly  from  the 
expressed  opinion  of  many  teachers  that  its  sphere  of  useful- 
ness might  be  thereby  extended. 

Chapters  have  been  added  on  Maxima  and  Minima  of 
Several  Independent  Variables,  on  Elimination,  on  Lagrange  s 
and  Laplace's  Theorems,  on  Changing  the  Independent  Vari- 
able, and  one  giving  a  short  account  of  the  principal  properties 
of  the  best-known  curves,  which  may  be  convenient  for 
reference.  A  number  of  isolated  theorems  and  processes, 
which  do  not  find  a  convenient  place  elsewhere,  have  been 
put  into  a  separate  chapter  entitled  Miscellaneous  Theorema 
Considerable  additions  have  been  made  to  some  of  the  original 
articles,  and  others  have  been  rewritten. 

Many  additional  sets  of  easy  examples,  specially  illus- 
trative of  the  theorems  and  methods  proved  or  explained 
in  the  immediately  preceding  bookwork,  have  been  inserted, 
in  the  hope  that  a  selection  from  these  will  firmly  fix  in 
the  mind  of  the  student  the  leading  principles  and  pro- 
cesses to  be  adopted  in  their  solution  before  attacking  the 
generally  more  difficult  problems  at  the  ends  of  the  chapters. 

In  a  text-book  of  this  character  there  will  not  be  found 
much  that  is  new  or  original,  the  object  being  to  present 
to  the  student  as  succinct  an  account  as  possible  of  the 
most  important  results  and  methods  which  are  up  to  the 
present  time  known,  and  to  afford  sufficient  scope  for 
practice  in  their  use. 
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vi  PREFACE. 

To  attain  this  object  many  treatises  on  this  and  allied 
subjects  have  been  consulted,  and  my  acknowledgments  of 
assistance  are  therefore  due  to  many  authors.  More  par- 
ticularly I  am  indebted  for  much  information  to  the  admirable 
works  of  Cramer,  Gregory,  De  Morgan,  TAbb^  Moigno,  Serret, 
Frenet,  Bertrand,  Frost,  Todhunter,  Williamson,  and  Salmon, 
whose  labours  have  done  so  much  to  develop  and  extend 
the  principles  and  applications  of  the  subject. 

I  have  consulted  a  large  number  of  university  and  college 
examination  papers  set  in  Oxford,  Cambridge,  London,  and 
elsewhere,  and  many  of  the  examples  given  have  been 
extracted  from  them.  Such  papers  clearly  define  the  extent 
of  knowledge  expected  from  students  by  the  large  body  of 
distinguished  scholars  who  from  time  to  time  are  engaged 
in  conducting  these  examinations,  and  the  present  work 
has  been  constructed  to  meet  these  requirements  as  far  as 
possible. 

My  thanks  are  due  to  several  friends  and  correspondents 
who  have  kindly  sent  me  valuable  suggestions  and  lists  of 
errata  occurring  in  the  first  edition. 

JOSEPH  EDWARDS. 

80  Cambridge  Gardens, 
North  Kensington,  W. 
February,  1892. 


THIRD  EDITION. 

In  this  edition  several  errors  have  been  eliminated,  and  a 
few  additional  articles  inserted  in  Chapter  XX.  on  Roulettes 
and  on  the  Numbers  of  Bernoulli  and  Euler. 

JOSEPH  EDWARDS. 

January,  1896. 
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CHAPTER  I. 

DEFINITIONS.    LIMITS. 

1.  Primary  Object  of  the  Differential  Calcnlns. 

When  increasing  or  decreasing  quantities  are  made  the 
subject  of  mathematical  investigation,  it  frequently  becomes 
necessary  to  estimate  their  rates  of  growth.  The  primary 
object  of  the  Differential  Calculus  is  to  describe  an  instrument 
for  the  measurement  of  such  rates  and  to  frame  rules  for  its 
formation  and  use. 

2.  The  whole  machinery  of  the  Differential  Calculus  will 
be  completed  in  the  first  six  chapters,  and  the  student  should 
make  himself  as  proficient  as  possible  in  its  manipulation. 
The  remaining  chapters  simply  consist  of  various  applications 
of  the  methods  and  formulae  here  established 

3.  We  commence  with  an  explanation  of  several  technical 
terms  which  are  of  frequent  occurrence  in  this  subject,  and 
with  the  meanings  of  which  the  student  should  be  familiar 
from  the  outset 

4.  Constants  and  Yariablea 

A  CONSTANT  is  a  quantity  which,  during  any  set  of  raathe- 
Tnatical  operations,  retains  the  sa/me  value. 

A  VARIABLE  is  a  quoMity  which,  during  any  set  of  mcUhe- 
matical  operations,  does  not  retain  the  swme  value,  hut  is 
capable  of  assvmdng  different  vaJ/aes. 

Ex.  The  area  of  any  triangle  on  a  given  base  and  between  given 
parallels  is  a  constant  quantity  ;  so  also  the  base,  the  distance  between 
the  parallel  lines,  the  sum  of  the  angles  of  the  triangle  are  constant 
quantitie&  But  the  separate  angles,  the  sides,  the  position  of  the  vertex 
are  Tariables. 

S.D.C.  A  C 
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It  has  become  conventional  to  make  use  of  the  letters 
a,  6,  c, ...,  a,  )8,  y, ...,  from  the  beginning  of  the  alphabet  to 
denote  constants ;  and  to  retain  later  letters,  such  as  u,  v,  w^  x, 
y,  0,  and  the  Greek  letters  ^,  j;,  f,  for  variables. 

5.  Dependent  and  Independent  Variables. 

An  INDEPENDENT  VARIABLE  is  0716  which  may  take  up  amy 
arbitrary  value  that  may  he  assigned  to  it 

A  DEPENDENT  VARIABLE  is  One  which  assumcs  its  value  m 
consequence  of  some  second  variable  or  system  of  variables 
taking  up  any  set  of  arbitrary  values  that  may  be  assigned  to 
them. 

6.  Functions. 

When  one  quantity  depends  upon  another  or  upon  a  system 
of  others,  so  that  it  assv/mes  a  definite  value  when  a  system  of 
definite  values  is  given  to  the  others,  it  is  called  a  function  of 
those  others. 

The  function  itself  is  a  dependent  variable,  and  the  variables 
to  which  values  are  given  are  independent  variables. 

The  usual  notation  to  express  that  one  variable  ^  is  a  func- 
tion of  another  x  is 

y  =f(x),  ovy  =  F(x),  ory  =  <p(x) ; 
the  letters y^  ),  F{  ),  </>{  ),  x(  ),  •••  being  generally  retained  to 
represent  functions  of  arbitrary  or  unknown  form.  Occasion- 
ally the  brackets  are  dispensed  with  when  no  confusion  can 
thereby  arise.  Thus  fx  will  sometimes  be  written  for  f(x). 
If  u  be  an  arbitrary  or  unknown  function  of  several  variables 
X,  y,  0,  we  may  express  the  fact  by  the  equation 

Ex.  In  any  triangle,  two  of  whose  sides  are  x  and  y  and  the 
included  angle  6,  we  have  A  =  |£cysin0  to  express  the  area. 
Here  A  is  the  dependent  variable,  and  is  a  function  of  known 
form — of  X,  y,  and  6,  which  are  the  independent  variables. 

7.  It  will  be  seen  that  we  could  write  the  same  equation  in 
other  forms, 

.    /.    2A 
e.g.,  am  6= — , 

xy 

which  may  be  regarded  as  an  expression  for  sin  6  in  terms  of 
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the  area  and  two  sides ;  so  that  now  sin  0  may  be  regarded  as 
the  dependent  variable,  while  A,  x,  y,  are  iTidependent  variables. 

And  it  is  clear  that  if  there  be  one  equation  between  four 
variables,  as  above,  it  is  sufficient  to  determine  one  in  terms  of 
the  other  three,  so  that  any  one  variable  may  be  regarded  as 
dependent  and  the  others  as  independent. 

This  may  be  extended.  For,  if  there  be  one  equation  between 
n  variables,  it  will  suffice  to  find  one  of  them  in  terms  of  the 
remaining  (ti— 1),  so  that  any  one  variable  can  be  considered 
dependent  and  the  remaining  (ti— 1)  independent 

And,  further,  if  there  be  r  equations  connecting  n  variables 
(n  being  greater  than  r)  they  will  be  enough  to  determine  r  of 
the  variables  in  terms  of  the  other  n— r  variables,  so  that  any 
r  of  the  variables  cam,  be  considered  dependent,  while  the  re- 
maining  (n^r)  are  independent 

8.  Explicit  and  Implicit  Fonctions. 

A  function  is  said  to  be  explicit  when  caressed  directly 
in  terms  of  the  independent  variable  or  variables. 

For  example,  if       «=sa^,  or  «=r8in  6,  or  t^ohj, 
or  «=a''6*logd?+(a+a?)'*: 

%  18  expressed  directly  in  terms  of  the  independent  variables,  and  is  there- 
fore in  each  of  the  above  cases  said  to  be  an  explicit  function  of  those 
variables. 

But,  if  the  function  be  Tiot  expressed  directly  in  terms  of  the 
independent  variable  (or  variables)  the  function  is  so/id  to  be 
iMPLiorr. 

If,  for  example,  ojc* +yd?  -  6 = 0 ; 

or  4:y-(a»-y»Xft+y)^; 

y  in  each  case  is  said  to  be  an  imph'cit  function  of  x. 

Sometimes,  however,  we  can  solve  the  equation  for  y :  e.^.,  the  first 

equation  we  can  write  as  y^^-^ ,  and  in  this  form  y  is  said  to  be  an 

X 

explicit  function  of  x. 

It  appears  then  that  if  the  equation  connecting  the  variables  be  solved 
for  the  dependent  variable,  that  variable  is  reduced  from  being  an  implicit 
to  being  an  explicit  function  of  the  remaining  variable  or  variables. 
Such  solution  is  not,  however,  always  possible  or  convenient. 

9.  Species  of  Known  Fonctions. 

Functions  which  are  made  up  of  powers  of  variables  and 
constants  connected  by  the  signs    H —  x  -h   are  classed  as 
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algebraic  functions.  If  radical  signs  or  fractional  indices 
occur  in  the  function,  it  is  said  to  be  irrational ;  if  not,  rational. 

All  other  functions  are  classed  as  transcendental  functions. 

Of  transcendental  functions,  sines,  cosines,  tangents,  etc.,  are 
called  trigonometrical  or  circvXar  functions. 

Functions  such  as  sin"^a;,  tan"^a;,  etc.,  are  called  inverse 
trigoTuymetrical  functions. 

Functions  such  as  e*,  a**,  in  which  the  variable  occura  in  the 
index,  are  called  exponential  functions. 

While  if  logarithms  are  involved,  as  for  instance  in  log«a;  or 
logi^(a+6a;),  etc,  the  function  is  called  logarithmic. 

Besides  the  above  we  have  the  hyperbolic  functions,  sinh  x, 
cosh  X,  etc.,  of  which  a  short  description  follows  in  Art.  23. 

10.  Limit  of  a  Fonction. 

Def.  When  a  function  can  be  made  to  approach  continu- 
ally to  equality  with  som^  fixed  value  so  cw  to  differ  from  it  by 
less  than  any  assignable  quantity,  however  SToaUy  by  making 
the  independent  variaMe  (or  vai'iables)  approach  some  assigned 
value  (or  values),  thai  fiaoed  value  is  called  the  limit  of  the- 
function  for  the  value  (or  values)  of  the  variable  (or  variables) 
referred  to, 

11.  niastrations. 

Ex.  1.  If  an  equilateral  polygon  be  inscribed  in  any  closed  curve,  and 
the  sides  of  the  polygon  be  decreased  indefinitely  and  at  the  same  time 
increased  in  number  indefinitely,  the  polygon  continually  approximates 
to  the  form  of  the  curve,  and  vUtimately  differs  from  it  in  area  by  less  than 
any  assignable  magnitude,  and  the  curve  is  said  to  be  the  limit  of  the  poly- 
gon inscribed  in  it. 

Ex.  2,  The  limit  of  — -^  when  x  is  indefinitely  diminished  is  3.     For 

the  difference  between and  3  is ;  and  by  diminishing  x  inde- 

finitely  — ^  oan  he  made  less  than  any  assignable  quantity  hovjever  smalL 
Hence  it  is  said  that  the  limit  of  — ^  when  x  is  indefinitely  diminished 

The  expression  can  also  be  written -,  which  shows  that  if  x  be 

increased  indefinitely  it  can  be  made  to  continually  approach  and  to  differ 
by  less  than  any  assignable  quantity  from  2,  which  is  therefore  its  limit  in 
that  case. 


Digitized  by  LjOOQ IC 


DEFINITIONS.    LIMITS.  5 

Ex.  3.  Hhe  limits  of  tome  qtcantities  are  zero,  e,g., 

sin  X,  Vwhen  x  is  zero, 
1  -  cos  X,] 

cosjtJ  2 

When  the  limit  of  a  quantity  is  zero  for  any  value  or  values  of  the  inde- 
pendent variable  or  variables,  the  quantity  is  said  to  be  a  vanishing 
quantity  for  those  values. 

It  is  useful  to  adopt  the  notation  Ltx=a  to  denote  the  words 
"  the  li/mit  when  x  =  a  of.'* 

Ex.  4  The  sum  of  a  0,P,  of  which  the  first  term  b  a,  common  ratio  r, 

and  n  the  number  of  terms,  is  a — ^V* 

r-1 

If  r<  1,  the  sum  to  infinity  is  — ^.     For  the  diflference  is  — —  :  and 

1-r  r-1 

since  Zf^.* -=0  (when  r<  1),  this  difference  is  a  vanishing  quantity, 

r—i 

Ex.  5.  "We  say  •6=§,  by  which  we  mean  that  by  taking  enough  sixes 

we  can  make  *666...  differ  by  as  little  as  we  please  from  f. 

Ex.  6.  The  DEFINITION  OF  A  TANGENT  IS  another  example. 

Def.  Let  PQ  be  a  chord  joining  P,  Q,  two  adjacent  poi/nts 
an  a  curve.  Let  Q  travel  along  the  curve  towards  P  and  come 
so  dose  as  ultimately  to  coincide  with  P.  Then  the  limiting 
position  of  PQ,  viz.  PT,  is  called  the  tangent  at  P. 


Fig.  1. 

The  angle  QPT  is  a  vanishing  quantity ;  for  it  can  be  made 
lees  than  any  assignable  quantity  by  making  Q  move  along  the 
curve  sufficiently  close  to  P. 

12.  We  proceed  to  state  several  important  principles  with 
regard  to  limits  which  are  of  frequent  use : — 

(1)  The  limit  of  the  sv/m  of  a  finite  number  of  quantities  is 
equal  to  the  sum  of  their  limits. 

Digitized  by  LjOOQ IC 


6  CHAPTER  L 

(2)  The  limit  of  the  product  of  a  finite  number  of  quantities 
is  in  general  equal  to  the  product  of  their  limits. 

(3)  The  limit  of  the  ratio  of  two  quantities  (whose  limits 
are  not  zero  or  infinite)  is  equal  to  the  ratio  of  their  limits. 

(4)  The  limits  of  two  quantities  {whose  Umits  are  finite) 
are  equal  when  the  limit  of  their  difference  is  zero. 

These  statements  are  almost  self-evident,  and  their  formal  proofs  may 
be  left  as  an  elementary  exercise  for  the  student. 

EXAMPLEa 

li  If  t^  1^  ...  be  the  varying  quantities,  prove 

Z^i^  +  Wa+ Wj+ . . .)  =  Z^t^  +  Zft^H- ... . 

[Let  i?i,  va...  be  the  respective  limits  of  t^i,  Ma,  etc.,  and  let  tti=Vi  +  ai, 
t<8=va+as,  etc.,  where  04,  og,...  become  less  than  any  assignable  quantities 
when  the  variables  t^i,  t^  ...  approach  their  limits. 

Then  Wi+W2+...=*(vi+V2+...)+(cii  +  «a+---X 

and  if  a  be  the  greatest  of  the  quantities  ai,  03 ...  and  n  their  number, 
ai+aa+...  <na. 

But  by  hypothesis  Lta^O  ;  and  therefore  if  w  be  finite  Ltna=Of 
whence  Z^Wi+W2+...)  =  »i+V2+... 

2.  Prove  Ltunh^  LtUx .  Ltu^ 

and  Ll{uiU2 ...  Un)=^LtUi .  Ltu^ .  Ltu^ ...  ; 

pointing  out  any  exceptions. 

3.  Prove  Lt^=:^  ;  Ltur=^{Ltuy;  Ltd!'^a^\  Li\Qgu^\og Ltu.  \ 
pointing  out  any  exceptiona 

13.  Indeterminate  or  Illusory  Forms. 

When  a  function  involves  the  independent  variable  (or 
variables)  in  such  a  manner  that,  for  a  certain  assigned  value 
of  that  variable,  its  value  cannot  he  found  by  simply  substitut- 
ing that  value  of  the  variable,  the  function  is  usually  said  to 
take  an  imdeterminate  form  or  to  assume  an  indeterminate 
value. 

14.  The  name  indeterminate^  though  sanctioned  by  common 
use,  is  open  to  objection,  inasmuch  as  it  will  be  found  that  the 
true  values  of  such  forms  can  in  general  be  arrived  at  by 
means  of  certain  processes  which  we  shall  hereafter  discuss  at 
length  in  a  special  chapter ;  whereas  it  would  seem  to  be 
implied  in  the  name  indeterminate  that  it  would  be  impossible 
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to  obtain  the  value  of  a  function  to  which  that  name  was 
applied  "  Undetennined  "  or  "  Illusory  Forms  "  appear  to  be 
better  designations  for  such  cases. 

15.  One  of  the  commonest  cases  occurring  is  when  the 
function  takes  the  form  of  a  fraction  whose  Numerator  aiid 
Denominator  boih  vanish  for  the  assigned  value  of  the  variable. 

The  limit  of  the  rcdio  of  two  vanishing  quantities  may  be 
zero,  finite  or  infinite. 

Several  other  indeterminate  forms  are  treated  fully  in  Chapter 
XUL 

16.  Two  functions  of  the  same  independent  variable  are  said 
to  be  ultimately  equal  when,  as  the  independent  vmiable 
approaches  indefinitely  near  its  assigned  value,  the  H/mit  of 
their  ratio  is  unity. 

Thus  Lt0,,,^=\  ; 


and  therefore,  when  an  angle  is  indefinitely  diminbhed,  its  sine  and  its 
circular  measure  are  ultimately  equal. 

Examples. 

1.  Find  the  limit  when  .r=0  of  ^ 

(i.)  When  y=mx. 

(ii.)  When  y=^ 

(iii.)  When  y^cu^+h. 

2.  Find  ^^-^ — » (^)  ^hen  :p= 0  ;  (iL)  when  x==  oo . 

3.  Find  Ltj^y  when  y^  =»  2ax  -  a?. 

X 

4.  Find  Lt^,  when  ^-?!=^. 

5.  Find  Z<.-o^^I±£zi. 

X 

6.  Find  LU^^,  when  y" « cw? + fcaj* + ca^. 

X 

7.  Find  LU,^^. 

x-a 

a  Find  Z^^±^,  when  (i.)  :p=0  ;  (ii.)  x=^  oo . 

9.  Find  Lt^^  ^  >/J+T-  Vi). 

10.  Prove  that  p-qx  and  q-px  tend  to  equality  as  x  diminishes  to 
zero,  but  yet  that  their  limits  are  not  equal. 
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11.  The  opposite  angles  of  a  quadrilateral  inscribed  in  a  circle  are 
together  equal  to  two  right  angles.  What  does  this  become  when  in  the 
limit  two  angular  points  coincide  ? 

12.  Find  the  ultimate  position  of  the  point  of  intersection  of  the  dia- 
gonals of  a  rhombus^  when  one  of  the  angles  diminishes  indefinitely. 

17.  We  DOW  proceed  to  consider  the  limits  of  four  very 
important  undetermined  forms. 

18.  I.  The  proofs  of  the  well-known  results 

Lte^—Q-  =1, 

i^^^cos0  =  l, 

^ .     tan  0     - 
Lte^tr-Q-  =  li 

can  be  found  in  any  standard  book  on  Plane  Trigonometry. 

19.  II.  Lt^^lll^^n, 

ic— 1 

Let  a;=l+2?.  Then  when  x  approaches  the  value  unity 
z  approaches  zero,  and  we  can  therefoi-e  consider  2;  to  be  less 
than  1,  and  therefore  can  apply  the  Binomial  Theorem  to 
expand  (1  +zY,  whatever  n  may  be. 


„            J.    a;«-l     J.    (l+i^)~-l 
Hence    Lt^^-^—^ = i^o^^ ^ 

=  Lt^ 1 

20.  III.  Ltg^Jl-i — j  =e,  where  e  is  the  base  of  the  Napier- 
ian system  of  logarithms.  This  number  e  is  defined  as  the 
value  of  the  series  l  +  l  +  ^j+5-,+  ...  to  00,  and  it  may  easily 

be  shown  to  be  2-7182818... . 

Since  a;  is  to  be  ultimately  infinite,  we  may  throughout 

consider  -  to  be  less  than  unity,  and  may  therefore  apply  the 
Binomial  Theorem  to  the  expansion  of  fl+-)  .      We  thus 
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obtain  [\+-)  =l+a^+-j-^  _+_______  +  ... 

=  ^  +  ^+^+  31  +••• 

in  the  limits  when  x  is  indefinitely  increased. 

21.  IV.  I<,=o^^=log^. 
Assume  the  expansion  for  a',  viz. : 

a«=l+«log.a+^2|^%... 

This  is  a  convergent  series,  for  the  test  fraction   is ^ 

and  can  be  made  less  than  any  assignable  quantity  by  making 
n  suflSciently  large. 
We  have  therefore 

and  the  limit  of  the  right-hand  side,  when  x  is  indefinitely 
diminished,  is  clearly  logea. 

22.  The  limit  IV.  can  be  deduced  from  III.  thus : 
Let  a*-l=-, 

y 

then  a«=l  +  -, 

y 

and  therefore  when  x  becomes  zero  y  becomes  infinite,  and 

.=iog.(i+A), 

1 
T4   g'-^-y^  y 

Iog.(l  +  i) 

ylog.(l  +  l)  log.(l+i) 

-  — F — —, — nri=A-  l^^  20]. 

=  log,a. 
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Examples. 

1.  Prove  Lt^}2SE=i, 

[Putir=l+y.] 

2.  Prove  Z^a^"**" =%"»-. 

1 
a  Prove  Z^jB^l  +  cw?)*=e*. 

4.  Prove  Lt^^^^^^l. 

sin  no?     n 

6.  Prove  Z<.H^^:il^i5i^= J{log  a)>. 

6.  Prove  Z^x-i —n  without  assuming  the  Binomial  theorem  ;  con- 

sidering  the  several  cases,  (i.)  n  a  positive  integer,  (ii.)  n  a  positive  fraction, 
(iii)  n  negative,  (iv.)  n  incommensurable. 

23.  Hyperbolio  Functions. 

By  analogy  with  the  exponential  values  of  the  sine,  cosine, 
tangent,  etc.,  the  exponential  functions 

2      '       2~~ '  6^+6-^'       ' 
are  respectively  written 

sinh  0,  cosh  0,  tanh  0,  etc., 
and  called  the  hyperbolic  sime,  cosine,  tangent,  etc.,  of  6,  and  as 
a  class  are  styled  hyperbolic  functions. 

Since         sin  0 = — ^ ,  and  cos  Q = ^ — , 

where  i  =  i\/— 1,  it  will  be  clear  that 

sin  40  =  I  sinh  ft 

cos  40= cosh  Q, 
and  hence  or  from  the  definition 

(l)^^^^='c^='^°^^' 

(2)  co8h20-sinh20=l; 

(3)  sin (0+10)  =  sin  0 cosh  0+4Cos0sinh 0; 

with  many  other  formulae  analogous  to,  and  easily  deducible 
from,  the  common  formulae  of  Trigonometry. 

If  aj  =  sinh0, 

we  have  Q = sinh  -  ^, 

an  vaverae  hyperbolic  function  of  x  analogous  to  the  inverse 
trigonometrical  function  sin"^. 
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This  species  of  function  however  is  merely  logarithmic;  for, 
since  x= — ^ — > 

we  have  efi=x+s/l+x^, 

and  e = log,(a; + s/T+c?), 

while  corresponding  results  hold  for  cosh"^,  tanh"^,  etc. 

Examples. 

1.  Prove  the  following  formulae — 

(a)  co8ech*^=coth»^-l; 

(6)  sinh  ( ^ + <^) = sinh  ^  cosh  <}> + cosh  0  sinh  <}> ; 

{d)        sinh  ^+8inh  </>=28inh  l^l^cosh^Il^ 

2.  Show  that  the  co-ordinates  of  any  point  on  the  rectangular  hyperbola 
a^—^^a^  may  be  denoted  by  a  cosh  ft  a  sinh  ft 

3.  Prove     (a)  8inh-^a7=tanh"*-7-= — r* 

'  Vl+ar» 

(6)         2tanh-^^=logli^. 

1  —X 

4.  If  X + cy = a  tan(tt  +  tv),  show  that  the  curves  u = constant  and  v = con- 
stant are  circles  whose  radii  are  respectively  acosecSt^  and  acosech2v 
catting  each  other  orthogonaUy. 

5.  Show  that  sinhx  and  cosh  :r  have  an  imaginary  period  Stir,  and  that 
tanh  X  has  an  imaginary  period  iv. 

Infinitesimals. 

24.  All  measurable  quantities  are  estimated  by  the  ratios 
which  they  bear  to  certain  fixed  but  arbitrary  units  of  their 
own  kind.  The  whole  measure  of  a  quantity  thus  consists  of 
two  factors — the  unit  itself  and  an  abstract  number  which  re- 
presents the  ratio  of  the  measured  quantity  to  the  unit.  The 
magnitude  of  the  unit  should  be  chosen  as  something  com- 
parable with  the  quantity  to  be  measured,  otherwise  the 
abstract  number  which  measures  tho  ratio  of  the  quantity 
to  the  unit  will  be  too  large  or  too  small  to  lie  within  the 
limits  of  comprehension.  For  instance,  the  radius  of  the  earth 
is  conveniently  estimated  in  milea  (roughly  4,000) ;  the  moon's 
distance  in  earth's  radii  (about  60);   the  sun's  distance  in 
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moon's  distances  (about  400) ;  the  distance  of  Sinus  in  sun's 
distances  (at  least  200,000).  Again,  for  such  relatively  small 
quantities  as  the  wave-length  of  a  particular  kind  of  light,  one 
ten-millionth  of  an  inch  is  found  to  be  a  sufficiently  large 
unit:  the  wave-length  for  light  from  the  red  end  of  the 
spectrum  being  about  266,  that  from  the  violet  end  167  such 
units  (Lloyd,  "Wave  Theory  of  Light,"  p.  18). 

25.  Any  comparison  of  two  quantities  is  equivalent  to  an 
estimate  of  how  many  times  the  one  is  contained  in  or  contains 
the  other ;  that  is,  the  one  quantity  is  estimated  in  terms  of 
the  other  as  a  unit,  and  according  as  the  number  expressing 
their  ratio  is  very  large  compared  with  unity  or  a  very  small 
fraction,  the  one  is  said  to  be  very  large  or  very  small  in 
comparison  with  the  other.  The  terms  great  and  sm^  are 
therefoi*e  purely  relaiive. 

The  standard  of  smallness  is  vague  and  arbitrary.  An 
error  of  measurement  which,  centuries  ago,  would  have  been 
reckoned  small  would  now  be  considered  enormous.  The 
accuracy  of  observation,  and  therefore  the  smallness  of  allow- 
able errors  of  observation,  increases  with  the  continual  im- 
provement in  the  construction  of  instruments  and  methods 
of  measurement. 

26.  Orders  of  Smallness. 

If  we  conceive  any  magnitude  A  divided  up  into  any  large 

number  of  equal  parts,  say  a  billion  (10^),  then  each  part  j^r^ 

is  extremely  small,  and  for  all  practical  purposes  negligible,  in 
comparison  with  A.     If  this  part  be  again  subdivided  into  a 

billion  equal  parts,  each=  ^^pj,  each  of  these  last  is  extremely 

A 
small  in  comparison  with  jr^  and  so  on.     We  thus  obtain  a 

AAA 
series  of  magnitudes.  A,  |^,  :r^  |^,  ...,  each  of  which  is 

excessively  small  in  comparison  with  the  one  which  precedes 
it,  but  very  large  compared  with  the  one  which  follows  it. 
This  furnishes  us  with  what  we  may  designate  a  scale  of 
smallness. 
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More  generally,  if  we  agree  to  consider  any  given  fraction  / 
as  being  small  in  comparison  with  unity,  then  fA  will  be 
small  in  comparison  with  A^  and  we  may  term  the  expressions 
/4,  pA,  pA, . . .,  small  quantities  of  the  first,  second,  third,  etc, 
orders  ;  and  the  numerical  quantities  /,  /*,/*,.. .,  may  be  called 
smaU  fractions  of  the  first,  second,  third,  eta,  orders. 

Thus,  supposing  J.  to  be  any  given  finite  magnitude,  any 
given  fraction  of  j1  is  at  our  choice  to  designate  a  small 
quantity  of  the  first  order  in  comparison  with  A,  When  this 
is  chosen,  any  quantity  which  has  to  this  small  quantity  of  the 
first  order  a  ratio  which  is  a  small  fraction  of  the  first  order,  is 
itself  a  small  quantity  of  the  second  order.  Similarly,  any 
quantity  whose  ratio  to  a  small  quantity  of  the  second  order  is  a 
small  fraction  of  the  first  order  is  a  small  quantity  of  the  tiiird 
order,  and  so  on.  So  that  generally,  if  a  small  quantity  be  such 
that  its  ratio  to  a  small  quantity  of  the  p^  order  be  a  small 
fraction  of  the  q^  order,  it  is  itself  termed  a  small  quantity  of 
the  (p+q)^  order. 

27.  Infinitesimals. 

li  these  small  quantities  Af,  Af^,  Af^,  ...,  be  all  quantities 
whose  limits  are  zero,  then  supposing /macfe  smaller  than  any 
assignable  quantity  by  sufficiently  increasing  its  denominator, 
these  small  quantities  of  the  first,  second,  third,  etc.,  orders  are 
termed  infinitesimals  of  the  first,  second,  third,  etc,  orders. 

From  the  nature  of  an  infinitesimal  it  is  clear  that,  {/  any 
equation  contain  finite  quantities  and  infinitesimals,  the  in- 
fmitesvmals  may  be  rejected. 

28.  Prop.  In  any  equation  between  infinitesimals  of  differ- 
ent orders,  none  but  those  of  the  lowest  order  need  be  retained. 

Suppose,  for  instance  the  equation  to  be 

^+jBi+Ci+jD2+^2+^3+...  =  0, (i.) 

each  letter  denoting  an  infinitesimal  of  the  order  indicated  by 
ike  suffix. 

Then,  dividing  by  A^, 

^+^+T+T+A+A-^--^' ^^^> 

jCL't        xl«       ^Ij       -^1       ^^1 

the  limiting  ratios  -^  and  -j^  are  finite,  while  -j^,  -j*,  are  in- 
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finitesimals  of  the  first  order,  -j^  is  an  infinitesimal  of  the 

second  order,  and  so  on.  Hence,  by  Art.  27,  equation  (ii.)  may 
be  replaced  by 

and  therefore  equation  (i.)  by 

which  proves  the  statement. 

29.  Prop.  In  any  equation  connecting  infiniteaimah  we 
may  mbstitute  for  amy  one  of  the  quantities  involved  any 
other  whicft  differs  from  it  by  a  quantity  of  higher  order. 

For  if  A^+B^+C^+D^+...  =  0 

be  the  equation,  and  if  A^^^Fj^+f^ 

f^  denoting  an  infinitesimal  of  higher  order  than  F^^  we  have 

F^+B,+C^+f^+D^+...  =  0, 
i.e.,  by  the  last  proposition  we  may  write 

i?\+jBi+Ci=0, 
which  may  therefore,  if  desirable,  replace  the  equation 

30.  Illustrations. 

Since  sin  ^=0-"o^+ri""'-- 

and  cos0=l  — ^^+j-|  — ... 

sin  0, 1 — cos  0,  0 — sin  Q  are  respectively  of  the  first,  second,  and 
third  orders  of  small  quantities,  when  Q  is  of  the  first  order ; 
also,  1  may  be  written  instead  of  cos  Q  if  second  order  quantities 
are  to  be  rejected,  and  0  for  sin  Q  when  cubes  and  higher 
powers  are  rejected. 

31.  Again,  suppose  AP  the  arc  of  a  circle  of  centre  0  and 
radius  a.  Suppose  the  angle  AOP  (  =  0)  to  be  a  small  quantity 
of  the  first  order.  Let  PN  be  the  perpendicular  from  P  upon 
OA  and  AQ  the  tangent  at  A,  meeting  OP  produced  in  Q. 
Join  Py  A, 
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Then      arc  AP=a0  and  is  of  the  first  order, 
IfP = a  sin  0        do.  do., 

AQ=a  tan  6        do.  do., 

e 


chord  AP = 2a  sin  ^ 


do.  do., 

NA  =  a(l — cos  6)  and  is  of  the  second  order. 
So  that  OP'-ON  is  a  small  quantity  of  the  second  order. 

Q 


Fig.  2. 


Again,  arc  -4.P— chord  jlP=a0— 2asin^ 


aff^ 


—etc., 


4.81 
and  is  of  the  third  order. 

PQ^NA^NA{s^e-l) 

2sm«^ 


COS0 

=  (second  order)  (second  order) 
=  fourth  order  of  small  quantities, 
and  similarly  for  others. 

32.  Such  results  may  also  be  established  without  the  use  of 
the  aeries  for  sin  6  and  cos  6, 


For  example,  let  APB  be  a  semicircle,  P  any  point  very  near  to  ^,  sa 
that  the  arc  AP  may  be  considered  a  small  quantity  of  the  first  order. 
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Join  AP,  BP,  and  let  BP  produced  cut  the  tangent  at  ^  in  jS,  and  let  the 
tangent  at  P  cut  AR  in  T,  and  draw  the  perpendicular  PN  upon  AB.  T 
will  be  the  middle  point  of  AR^  and  AT^  TR=  TP. 

(1)  We  may  take  it  as  axiomatic  that  the  length  of  the  arc  AP  is  inter- 
mediate bettpeen  the  chord  AP  and  the  sum  of  the  tangents  A Ty  TP;  t.e., 
between  chord  AP  and  tangent  AR.    Hence  chord  -4P,  arc  AP,  tangent 

AR  are  in  ascending  order  of  magnitude,  and  therefore  1,  -^^       ^ 

'   f  ^^?  .  r^  are  in  ascending  order  of  magnitude, 
chord  AP 

and  therefore,  if  arc  AP  be  reckoned  a  small  quantity  of  the  first  order, 
the  chord  AP  and  the  tangent  AR  are  also  of  the  first  order  of  smallness. 

AN    AP 

(2)  Again,  since  -^-^  =  -r-^  and  since  -4Pis  of  the  first  order  of  smallness, 

AJ^    An 

AN  is  of  the  second  order. 

(3)  Also  ——=-—-,  which  is  ultimately  a  ratio  of  equality,  and  therefore 

JS  JL    JjJy 

PR  is  also  of  the  second  order. 

(4)  Similarly,  since  ^iZ-^P=^"^^=-p^^^,  and  since  P/P  is 

Ali  +  At'      AtC+AJr 

a  small  quantity  of  the  fourth  order,  and  AR+AP  is  a  small  quantity  of 
the  first  order,  we  see  that  AR-AP  is  of  the  third  order  of  small 
quantities. 

And  similarly  for  other  quantities  the  order  of  smallness  may  be 
geometrically  investigated. 

33.  The  base  angles  of  a  triangle  bei/ng  given  to  be  small 
quantities  of  the  first  order,  to  find  the  order  of  the  difference 
between  the  base  and  the  sum  of  the  sides. 


By  what  has  gone  before,  (Art.  31)  if  APB  be  the  triangle 
andPif  the  perpendicular  on  AB,  AP—AMsind  BP—BMaxe 
both  small  quantities  of  the  second  order  as  compared  with 
AB. 
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Hence  AP+PB-^AB  is  of  the  second  order  compared  with 
AB. 

It  AB  itself  be  of  the  first  order  of  small  quantities,  then 
AP+PB^AB  is  of  the  third  order. 

34.  Degree  of  approoDimation  in  taking  a  amall  chord  for  a 
small  arc  in  any  curve, 

p 


Fig.  5. 

Let  AB  be  an  arc  of  a  curve  supposed  continuous  between 
A  and  B,  and  so  small  as  to  be  concave  at  each  point  through- 
out its  length  to  the  foot  of  the  perpendicular  from  that  point 
upon  the  chord.  Let  AP,  BP  be  the  tangents  at  A  and  B. 
Then,  when  A  and  B  are  taken  sufficiently  near  together,  the 
chord  AB  and  the  angles  at  A  and  B  may  each  be  considered 
small  quantities  of  at  least  the  first  order,  and  therefore,  by 
what  has  gone  before,  AP+PB-^AB  will  be  at  least  of  the 
third  order.  Now  we  may  take  oa  an  axiom  that  the  length 
of  the  arc  AB  ia  intermediate  between  the  length  of  the  chord 
AB  and  the  swm  of  the  tangents  AP,  BP.  Hence  the  differ- 
ence of  the  arc  AB  and  the  chord  AB,  which  is  less  than  that 
between  AP+PB  and  the  chord  AB,  must  be  at  least  of  the 
third  order, 

EXAMPLES. 

1.  Show  that,  in  the  figure  of  Art.  31,  the  area  of  the  segment 
bounded  by  the  chord  AP  and  the  arc  AP  is  of  the  third  order  of 
small  quantities. 

2.  In  the  same  figure,  if  PM  be  drawn  perpendicular  to  AQ,  show 
that  the  triangle  PMQ  is  of  the  fifth  order  of  smallness. 

3.  A  straight  line  of  constant  length  slides  between  two  straight 
lines  at  right  angles,  viz.,  CAa,  CbB;  AB  and  al>  are  two  positions 
of  the  line  and  P  their  point  of  intersection.  Show  that,  in  the  limit, 
when  the  two  positions  coincide,  we  have 

Aa    CB      .PA     CB^ 
Bb'CA        FB'CA^' 

4.  From  a  point  jT  in  a  radius  OA  of  a  circle,  produced,  a  tangent 
TP  is  drawn  to  the  circle,  touching  it  in  P;  PiVis  drawn  perpen- 

K.D.a  B 
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dicular  to  the  radius  OA.    Show  that,  in  the  lunit,  when  P  moves 
\r^UiA,NA=AT, 

5.  Tangents  are  drawn  to  a  circular  arc  at  its  middle  point  and  at 
its  extremities.  Show  that  the  area  of  the  triangle  formed  by  the 
chord  of  the  arc  and  the  two  tangents  at  the  extremities  is  ultimately 
four  times  that  of  the  triangle  formed  by  the  three  tangents. 

[Fro8t*8  Newton.] 

6.  K,  in  the  equation  sin(<o  -  d)  =  sin  &>  cos  a,  ^  be  very  small,  show 
that  its  approximate  value  is 

2  tan  (i>  sin2?A  -  tan^w  sin^^Y  [I.  G.  S.] 

7.  If  ff  be  the  centre  of  gravity  of  the  arc  PQ  of  any  uniform 
curve,  and  if  PT  be  the  tangent  at  P,  prove  that,  when  PQ  is  in- 
definitely diminished,  the  angles  GPT  and  QPT  vanish  in  the  ratio 
of  2  to  3.  [I  C.  S.] 

8.  If  a  side  of  a  regular  polygon  be  a  small  quantity  of  the  first 
order  in  comparison  with  the  radius  of  its  inscribed  circle,  prove  that 
the  difference  between  the  perimeter  of  the  polygon  and  the  circum- 
ference of  the  circle  is  a  small  quantity  of  the  second  order. 

[I.  C.  S.] 

9.  Assuming  the  radius  of  the  earth  to  be  4000  miles  show  that 
the  difference  between  its  circumference  and  the  perimeter  of  a  reg- 
ular inscribed  polygon  of  ten  thousand  sides  is  less  than  a  yard. 

10.  Show  that  the  curved  surface  of  any  belt  of  a  sphere  contained 
between  parallel  planes  is  equal  to  the  surface  of  the  corresponding 
belt  of  the  circumscribing  cylinder  whose  axis  is  perpendicular  to  the 
planes. 

11.  The  sides  of  a  triangle  are  5  and  G  feet,  and  the  included 
angle  exceeds  60*  by  10^.  Calculating  the  third  side  for  an  angle  of 
60*  find  the  correction  to  be  applied  for  the  extra  10". 

12.  If  a  triangle  be  inscribed  in  a  given  circle  prove  that  the 
algebraic  sum  of  the  small  variations  of  its  sides,  each  divided  by  the 
cosine  of  the  angle  opposite  to  it,  is  equal  to  zero.       [Math.  Tripos.] 

13.  If  fl^  y,  2(  be  the  diagonals  and  the  join  of  their  mid-points  in 
a  quadrilateral  whose  sides  are  given,  and  ^,  17,  (  their  respective 
increments  when  the  quadrilateral  receives  a  slight  deformation, 
then  will  af +  yiy-h42;f  =  0. 

Also  if  the  quadrilateral  be  a  parallelogram 

and  if  cyclic  y^  +  a;>;  =  0. 
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14.  A  person  at  a  distance  q  from  a  tower  of  height  j?,  observes 
that  a  flagpole  upon  the  top  of  it  subtends  an  angle  0  at  his  eye. 
Neglecting  his  height  show  that  if  the  observed  angle  be  subject  to 
a  small  error  a,  the  corresponding  error  in  the  length  of  the  pole  has 
to  the  calculated  length  the  ratio 

qa  cosec  Oj^q  cos  0  -p  sin  0), 

15.  Prove  that 

^^_itan  26  +  tanh  2<f>    ,       ^tan  6  ~  tanh  <f> 
tan  26  -  tanh  2<^  tan  6  +  tanh  <f> 

=  tan"i(cot  6  coth  </>).  [Math.  Tripos,  1878.] 

16.  If  X  +  ty  =  c  cos(f  +  ti;),  the  curves  rj  =  constant  and  ^  =  constant 
are  confocal  ellipses  and  hyperbolae  respectively. 

Prove  that  the  square  of  the  distance  between  the  points  (^,  rj), 
iS'f  vl  18  ^ho  8^^°!^  ^  ^^  square  of  the  distance  between  the 
corresponding  points  (^,  ?/),  (^,  iy'),  viz., 

c2(cosh(i;  +  r)')  -  cos(^  +  ^}{cosh(i;  -rf')-  cos(^  -  f )}. 

Prove  also  that  a  bisector  of  the  angle  between  these  distances 

makes  with  the  aj-axis  an  angle  tan"^  ^?*  ?  "^  ^:  .       [London,  1887.] 

tanhi(i7  +  r) ) 

17.  K  cos  a;  cosh  Us  1,  x  is  called  the  Gudermannian  of  u  and 
written  gdu.  [Catlky,  EUiptio  Functions.] 

Prove  (a)     gd  w  =»  tan*"^sinh  u  =  sin-^tanh  u. 

(h)  igdu  =  tan-itanh?. 
2 

(c)  «=logtaD^?+igdwY 

(d)  «ngd(w  +  r)=ii^M2i+^5^. 

1+smgditsmgdi; 


18.  Prove  that     *gd/^-gdt4^  =  t*, 


and  show  that  if  giu^OjU+a^u^  +  a^u^  +  ... 

then  will  gd""^  =  OjU - OjW^  +  a^u^ -  . .. 

19.  If  /(a;)  =  -L,  prove ///(aj)=«. 

1  ~"  35 

Also  if  /(x)sa  +  &e,  prove  that 

20.  If        r^e  /3  and 

y(«)-2{^coshg+  -yi^oosh^+  -yr»co8h^+...adinf.}, 

1  ^ 

prove  that  f{x  +  2a)  =  Ig  /3  /(a:)  [Oxford.  J 

T 
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FUNDAMENTAL    PROPOSITIONS. 

35.  Direction  of  the  Tangent  of  a  Curve  at  a  given  point 
Let  AB  be  an  arc  of  a  curve  traced  in  the  plane  of  the  paper, 
OX  a  fixed  straight  line  in  the  same  plane.     Let  P,  Q,  be  two 


points  on  the  curve ;  PM,  QN",  perpendiculai-s  on  OX,  and  PR 

the  perpendicular  from  P  on  QK.     Join  P,  Q,  and  let  QP  be 

produced  to  cut  OX  at  T. 

When  Q,  travelling  along  the  curve,  approaches  indefinitely 

near  to  P,  the  chord  QP  becomes  in  the  limit  the  tangent  at  P. 

QR  and  PR  both  ultimately  vanish,  but  the  limit  of  their  ratio 

RO 
is  in  general  finite;    for  Lt^^=Ltta,nRPQ=LtiaxLXTP 

^tangeni  of  the  cmgle  which  the  tangent  cd  V  to  the  curve 
makes  with  OX. 


Ex.  1.  Consider  the  straight  line  whose  equation  i8y=mar+c. 
Let  OX,  OF,  be  the  axes,  and  let  the  co-ordinates  of  P  be  j?,  y,    Then» 
taking  the  general  construction  of  the  preceding  article,  the  intercept 
OA=c,  for  y—c  when  x=0, 

20 
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Draw  AK  parallel  to  OX  to  meet  MP  in  K ;  then,  from  similar  triangles, 
Rq    KPMP-OA 
Pli^AK"      OM 


_y—c    mx _ 


m. 


Hence  tan -r^P= tan  iJP§=9n. 
Y 


Fig.  7. 

Ex.  2.  Consider  the  parabola  referred  to  its  usual  axes,  viz.,  the  axis  of 
the  2^rabola  and  the  tangent  at  the  vertex.     With  the  same  construction 


Fig.  8. 


as  before,  we  have 


P2P-^\AS.AM, 
QN*=^4AS.AN, 
QN^-PM^=^AAS{AN''A2I)=^4AS.PR. 
But  QN^^Pin={QN''PM){!QN+PM)=RQ.  (QN+PIf)f 

nQiQN'{-PM)^AAS.PR, 

AAS         AAS 


whence 


^^prT^^n+pm  %PM 

when  Q  comes  to  coincidence  with  P, 

and  therefore  the  limit  of  tan  XTP  is  ^^. 

36.  Equation  of  Tangent. 

Let  us  now  consider  the  general  case  in  which  the  equation 
of  the  curve  is  y^<t>{x). 
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Let  the  co-ordinates  of  the  points  P,  Q,  on  the  curve  be 
(x,  y)  (x+Sx,  y+Sy)  respectively,  Sx  and  Sy  being  used  to 
denote  increments  of  the  variables  x  and  y. 


Fig.  9. 

Then,  the  construction  being  as  before, 

OM^x,  ON=x+Sx,  therefore  PR=MN=Sx; 
also,       MP = y,  NQ  =:y+Sy,  therefore  RQ = Sy. 

Again,  since  the  point  x+Sx,  y+Sy,  lies  on  the  curve, 
y+Sy:=-^(x+Sxl 
whence  RQ =Sy  =  <p(x + Sx)  —  ^(x). 

TT  T4^Q  T4  ^y  T*  d>(x+Sx)'-d>{x) 
Hence  we  can  express  Ltp^  as  Lt^^o^  or  Lt^xmo^ y- — ^^-^— 

Hence,  to  draw  the  tangent  at  any  point  (aj,  y)  on  the  curve 
y  =  <p{x),  we  must  draw  a  line  through  that  point,  making  with 

the  axis  of  x  an  angle  whose  tangent  is  Lt^x^^ fi  > 

and  if  this  limit  be  called  m,  the  equation  of  the  tangent  at 
P{x,  y)  will  be  F— y=5m(-X'— cc), 

X,  T  being  the  current  co-ordinates  of  any  point  on  the  tan- 
gent ;  for  the  line  represented  by  this  equation  goes  through 
the  point  (a;,  2^),  and  makes  with  the  axis  of  x  an  angle  whose 
tangent  is  m. 

Examples. 

Find  the  equation  of  the  tangent  at  the  point  {x^  y)  on  each  of  the 
following  curves : — 

1.  a^+y*=eA  4.  y=logar. 

3.  y=c«. 


6.  y=taii~^a:. 


Digitized  by  VjOOQIC 


FUNDAMENTAL  PROPOSITIONS. 


23 


37.  Def. — Differential  Coefficient. 

Let  €j){x)  denote  any  Jwnction  of  x,  and  (f){x+h)  the  same 

fimction  of  x+h;  then  X^^o  h  ^  called  the  first 

derived  function  or  differential  coefficient  of  if>(x)  vrUh 
respect  to  x. 

The  operation  of  finding  this  limit  is  called  differentiating 
<p{x). 

After  reading  Chap.  V.,  .it  will  be  obvious  why  the  above 
expression  is  styled  a  "  coefficient,"  for  it  is  shown  there  to  be 
one  of  a  series  of  coefficients  occurring  in  the  expansion  of 
</>(x+h)  in  powers  of  ^ 

The  geometrical  meaning  of  the  above  limit  is  indicated  in 
the  last  article,  where  it  is  shown  to  he  the  tangent  of  the  angle 
^  which  the  tangent  at  any  definite  point  (x,  y)  on  the  curve 
y = 0(x)  makes  with  the  axis  of  x. 

38.  We  can  now  find  the  differential  coefficient  of  any  pro- 
posed function  by  investigating  the  value  of  the  above  limit ; 
but  it  will  be  seen  later  on  that,  by  means  of  certain  rules  and 
a  knowledge  of  the  differential  coefficients  of  certain  standard 
forms,  we  can  always  avoid  the  labour  of  an  ah  initio  evaluation. 

When  such  an  investigation  becomes  necessary,  it  may  some- 
times be  conducted  very  simply  by  pure  geometry.  It  is  how- 
ever usual  to  treat  the  more  complicated  functions  algebraically. 
Several  examples  are  appended. 

F.Y  1.  To  find  geometrieaUy  the  differential  ooeflicient  of  sin  x. 
Let  the  angle  AOP^x^  AOQ^x+k,  and  let  a  circle  with  centre  0  and 
radius  nnity  cut  the  lines  OA^  OPy  OQy  in  A,  PfQ,    Draw  perpendiculars 


PJT,  QN^  to  OAy  and  PR  to  QN,    Join  PQ,    Then 
i/P= sin  X,  NQ = sin  (or + A), 
sin  (jr + A)  -  sin  j: = RQ, 
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Again,  A = angle  PO§=arc  P^,  the  radius  being  unity. 

Hence 

J.     8in(a?+A)-8ina?     -^    RQ        j^     EQ 

A  arc  FQ        chord  PQ 

(for  chord  FQ  and  arc  P§  are  equal  in  the  limit) 
= Z^  COS  ii§P=  cos  OP^ 

(since  in  the  limit  QFO  is  a  right  angle) 
=co8  A  0F=  cos  X, 
In  treating  the  trigonometrical  functions  by  this  method  it  is  convenient 
to  always  arrange  that  the  denominator  of  the  ratio  considere<l  shall  be 
unity. 

Ex.  2.  To  find  geometrically/  the  differential  coefficient  of  siu~*jF. 

In  Fig.  10  let  ul0P=sin->j:, 

and  A  dQ  ^8in-\.v + k). 

Then,  with  the  same  construction  as  before, 

therefore  RQ—h, 

Hence      Lt„.^^0^^^±J^^^:^= Lt,J^^^ 

RQ  RQ  coaRQF    cos  OFR 

1       ^  1 

coa  A  OF     Jl-am" A  OF 
1 


Examples. 

Find  in  a  similar  manner  the  differential  coefficients  of 

(1)  tan^r.  (3)  cosec^r. 

(2)  tan-^ar.  (4)  cosec-^;r. 

Ex.  3.  Find  from  the  definition  the  differential  coefficient  of  — ,  where 

a 
a  is  a  constant. 

Here  *(^)=-, 

a 

a 

therefore  Z4,J^±Mz^^^LtJ^''±^!^^ 

A  ha 

ha  a 

=?^ 
a 
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The  geometrical  interpretation  of  this  result  is  that,  if  a  tangent  be 
drawn  to  the  parabola  ay=x^9,t  the  point  (a:,  y),  it  will  be  inclined  to  the 

axis  of  X  at  the  angle  tan"*—. 
a 

Ex.  4.  Find  from  the  definition  the  differential  coefficient  of  log  sin-, 

a 

where  a  is  a  constant 
Here  4^a;) — log  sin  -, 

TV      ./  V  logsin^i- -logsin- 

A  A 


X       h  .  _^  X  '    h 
iir     —        —    *■— 

»Z<*-^,^log. 


,      sin -cos    +cos-sin- 
^,  a       a  a       a 


^Ltk^.  log  ( 1  +  -  cot  -  -  higher  powers  of  A ) 
Fby  substitating  for  sin-  and  cos-  their  expansions  in  powers  of  -"] 


A       X 

-  cot  —  higher  powers  of  A 
-      a       a 
-Z<*-o J 

[by  expanding  the  logarithm] 

=lcotf. 
a       a 

Hence  the  tangent  at  any  point  on  the  curve  ^=log  sin€  is  inclined  to 

a  a 

the  axis  of  j?  at  an  angle  whose  tangent  is  cot  — ;  that  is  at  an  angle  ^  — "?. 

ct  2     a 

39.  Notation. 

The  result  of  iJie  opei^ation  expressed  by  Lt^^^^ — i — ^^ 

or  by  Lt  c=o^    is  generally  denoted  by  ^y  or  -—> 

It  will  be  well  to  note  distinctly  once  for  all  that  in  the 
notation  thus  introduced,  dx  and  dy,  as  here  used,  are  not 

separaie  smaU  quaritities  as  Sx  and  Sy  are,  but  that  -p  is  a 

symbol  of  operation  which,  when  applied  to  y,  denotes  the 
result  of  taking  the  limit  of  the  ratio  of  the  small  quantities 

Sometimes  d^y  is  used  to  denote  the  same  thing;   or,  if 
y =0(05),  we  often  meet  with  the  forms  -^^-',  ^^,  <t>\x),  <pg,  ^\ 
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or  ^.  Again,  as  the  letters  u,  v,  w,  etc,  are  frequently  used  to 
denote  functions  of  a?,  we  shall  consequently  have  the  differ- 
ential coefficient  variously  expressed,  as  -p,  u\  Ugt,  or  u,  with  a 
similar  notation  for  those  of  v,  w,  etc. 

40.  Aspect  of  the  Differential  Ck>eiBcient  as  a  Bate-Measnrer. 
When  a  particle  is  in  motion  in  a  given  manner  the  space 

described  is  a  function  of  the  time  of  describing  it.  We  may 
consider  the  time  as  an  independent  variable,  and  the  space 
described  in  that  time  as  the  dependent  variable. 

The  rate  of  change  of  position  of  the  particle  is  called  its 
velocity. 

If  uniform  the  velocity  is  measured  by  the  space  described 
in  one  second;  if  variable,  the  velocity  at  any  instant  is 
measured  by  the  space  which  would  be  described  in  one  second 
if,  for  that  second,  the  velocity  remained  unchanged. 

Suppose  a  space  a  to  have  been  described  in  time  t  with 
varying  velocity,  and  an  additional  space  &  to  be  described  in 
the  additional  time  St,  Let  v^  and  v^  be  the  greatest  and  least 
values  of  the  velocity  during  the  interval  St ;  then  the  spaces 
which  would  have  been  described  with  uniform  velocities  Vj, 
Vg,  in  time  St  are  v^St  and  v^St,  and  are  respectively  greater  and 
less  than  the  actual  space  Ss. 

go 

Hence  v^,  ^,  and  v^  are  in  descending  order  of  magnitude. 

If  then  St  be  diminished  indefinitely,  we  have  in  the  limit 
v^=^V2=i3ie  velocity  at  the  instant  considered,  which  is  there- 
fore represented  by  Ltj^,  i.6.,  by  -^. 

41.  It  appears  therefore  that  we  may  give  another  interpre- 
tation to  a  differential  coefficient,  viz.,  that  -jj  means  the  rate 

of  vncrease  of  8  in  point  of  time.     Similarly  -^,  -~,  mean  the 

rates  of  change  of  x  and  y  respectively  in  point  of  time  and 
measure  the  velocities,  resolved  parallel  to  the  axes,  of  a  moving 
particle  whose  co-ordinates  at  the  instant  under  consideration 
are  x,  y.    If  x  and  y  be  given  functions  of  t,  and  therefore  the 
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path  of  the  particle  defined,  and  if  Sx,  Sy,  St,  be  simultaneous 
infinitesimal  increments  of  aj,  j/,  t,  then 

dx        Sx        Sx     dx 
'si     dt 
and  therefore  represents  the  ratio  of  the  rate  of  change  ofyto 
that  of  X,     The  rate  of  change  of  x  is  arbitrary,  and  if  we 

choose  it  to  be  unit  velocity,  then  -~=--^  =  absolute  rate  of 

change  of  y, 

42.  Meaning  of  Sign  of  Differential  Ooefflcient. 

If  OJ  be  increasing  with  t,  the  aj-velocity  is  positive,  whilst, 
if  a;  be  decreasing  while  t  increases,  that  velocity  is  negative. 
SimUarly  for  y, 

dy 

Moreover,  since    j^=  j-»     ;/     ^^  positive  wJi^n  x  and  y 

di 
increase  or  decrease  together,  but  negative  when  one  increases 
as  the  other  decreases. 
This  i^  obvious  also  from  the  geometrical  interpretation  of 

-5^.     For,  if  X  and  y  are  in^creasing  together,  -^  is  the  tangent 


of  an  acute  angle  and  therefore  positive,  while  if,  as  x  increases 
y  decreases, 
is  negative. 


y  decreases,  ^  represente  the  tangent  of  an  obtuse  a/ngle  and 


Examples. 

Find  from  the  definition  the  differential  coefficient  of  y  with  respect  to 
X  in  each  of  the  following  cases : 


1.  y=^.  _ 

8.  y=tan-^^. 

2.  y=:2Var. 

9.  y«=logco8J?. 

3.  y-Va«+^: 

10.  y»  log  tan  07. 

4.y-d«. 

11.  y^o:*. 

6.  y=eV'. 

12.  y=af»«'. 

6.  y=a*»'. 

13.  y=(sin;r)*. 

7.  y-a»^'. 

14.  7/=(8m.r)v^*. 
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z 

15.  In  the  curve  y^ce\  if  ^/^  be  the  angle  which  the  tangent  at  any 
point  makes  with  the  axis  of  ^,  prove  y=ctan  ^. 

16.  In  the  curve  y=c  cosh  -,  prove  y =c  sec  ^. 

c 

17.  In  the  curve  6^=—— cwr*  find  the  points  at  which  the  tangent  is 

3 

parallel  to  the  axis  of  x, 

[N.B.— This  requires  that  tan  ^=0.] 

18.  Find  at  what  points  of  the  ellipse  —4.^^  =  1  the  tangent  cuts  off 

equal  intercepts  from  the  axes. 

[N.B.— This  requires  that  tan  ^=  ±1.] 

19.  Prove  that  if  a  particle  move  so  that  the  space  described  is  propor- 
tional to  the  square  of  the  time  of  description,  the  velocity  will  be  pro- 
portional to  the  time,  and  the  rate  of  increase  of  the  velocity  will  be 
constant 

20.  Show  that  if  a  particle  move  so  that  the  space  described  is  given  by 
«  oc  sin  />t^  where  /a  is  a  constant,  the  rate  of  increase  of  the  velocity  is 
proportional  to  the  distance  of  the  particle  measured  along  its  path  from 
a  fixed  position. 

43.  It  will  often  be  convenient  in  proving  standard  results 
to  denote  by  a  small  letter  the  function  of  x  considered,  and  by 
the  corresponding  capital  the  same  function  of  a?+A,  e.^.,  if 
i6  =  0(a;),  then  U=<f>{x+h),  or  if  u  =  a*  then  V'=d'-^\ 

Accordingly  we  shall  have 

dv     J..      V—v 

et^. 

44.  We  now  proceed  to  the  consideration  of  several  im- 
portant propositions. 

45.  Prop.  I.  The  Differential  OoelBcient  of  any  Constant  is  zero. 

This  proposition  will  be  obvious  when  we  refer  to  the  defini- 
tion of  a  constant  quantity.  A  constant  is  essentially  a  quantity 
of  which  there  is  no  variation,  so  that  if  y  =  c,  5y= absolute 

zero,  whatever  may  be  the  value  of  &c.     Hence  —  =0  and 

dv 

-1^=0  when  the  limit  is  taken. 

ax 

Or,  geometrically;   y=c  is  the  equation  of  a  straight  line 
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parallel  to  the  axis  of  x.    This  makes  an  angle  zero  with  that 
axis,  and  therefore  tan'i/r  or  -^=0. 

46.  Pbop.  II.  Product  of  Oonstant  and  FnnctioiL 

The  differential  coefficient  of  a  prodtbct  of  a  constant  and  a 
function  of  xis  equal  to  the  product  of  the  constant  and  the 
differential  coefficient  of  the  function^  or,  stated  algebraically, 

d .    .      du 

For,  with  the  notation  of  Art.  43, 

^m)=^LtK^o—f;—=cLtH^o—}^ 

dx' 

47.  Prop.  III.  Differential  Coefficient  of  a  Sum. 

The  differential  coefficient  of  the  sum  of  a  set  of  fvmctions 
of  X  is  the  sum,  of  the  differential  coefficients  of  the  several 
functions. 

Let  u,  V,  tt?,  ...,  be  the  functions  of  a;,  and  y  their  sum. 

Let  U,  F,  IT,  ...,  F  be  what  these  expressions  severally 
become  when  x  is  changed  to  oj+A. 

Then  y  =  u+v+i(;+... 

F=£r+F+Tr+..., 
and  therefore 

F-y  =  (f^-u)  +  (F-t;)  +  (Tr-'M;)+... ; 
dividing  by  A, 

h  h  h  h         '" 

and  taking  the  limit 

dy^^du.dv.dw. 
da^'d^'^d^'^'cLc'^'" 

If  some  of  the  connecting  signs  had  been  —  instead  of  +  a 
corresponding  result  would  immediately  follow,  e,g.,  if 
y=u+v—w+... 

.,  dy    du  .  dv    dw  , 

then  J  =  J-  +  J- ""Tr-  +  ••• 

aa;    ooj     cto     ote 
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48.  Pbop.  IY.  The  Differential  ObelBcient  of  the  product  of 
two  ftmctions  is 

(First  Function)  x  {Diff.  Coeff.  of  Second) 

+ (Second  Function)  x(Diff,  Coeff,  of  FirBt\ 

or,  stated  algebraically, 

d{uv)  _   dv.    du 

dx   "    dx      dx' 

With  the  same  notation  as  before,  let 

y  =  uv,  and  therefore  F=  UV] 

whence  F—  y=U  F—  uv 

=  tt(F-.t')+F(f7-u); 

.,       r  F— 2/       F— V  ,  ^U-^u 

therefore  — j— "  =  u — j h  F — t — , 

li  ti  fi 

and  taking  the  limit 

dy  _   dv      du 

cte""    dx      dx' 

49.  On  division  by  uv  the  above  result  may  be  written 

1  dy_l  du.l  dv 

y  dx    udx    V  dx' 
Hence  it  is  clear  that  the  rule  may  be  extended  to  products  of 
more  functions  than  two. 

For  example,  i{y  =  uvw;  let  vw=z,  then  y=uz. 

Whence     '  lf^=l§i+ij. 

y  dx    u  dx    z  dx 

b  t  ^  ^=-^  ^^-lJL^ 

z  dx    vdx    w  dx 

whence  by  substitution 

1  c?y_l  du  y\  dv.  1  dw 

ydx    udx    V  dx     to  dx' 
Gtenendly,  if  y= uvwt. . . 

1  dy__.  1  ^  I  1  d^i  1  dw.  I  dt  . 

ydx     u  dx     vdx    w  dx     i  dx        "' 
and  if  we  multiply  by  uvwt, . .  we  obtain 

i.e.,  multiply  the  differential  coefficient  of  each  separate  func- 
tion by  the  product  of  all  the  remaindng  functions  and  add 
up  all  the  results;  the  sum  will  be  the  differential  coefficient 
of  the  product  of  all  the  functions. 
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50.  Prop.  Y.  The  Differential  Coefficient  of  a  quotient  of  two 
functions  is 
{Diff,  Coeff.  of  Numr.XI>en^.)-(JDiff.  Coeff.  of  Defnr){Numr) 
Square  of  Denominator 

or,  stated  algebraically, 

du      dv 
d  (v\     dx      dx 


dxKvJ 


With  the  same  notation  as  before,  let 

y=-,  and  therefore  F=^, 

V  V 

whence  I^"-y=Tr""- 

Uv-'Vu 


therefore 


Vv      ' 

-U-  L ^ E ^ 

Y—y_     h h 

h  Vv  ' 


and  taking  the  limit 

du  dv 
dy__dx  dx 
d^  1^ 

61.  This  proposition  may  also  be  deduced  immediately  from  Prop.  IV., 
thus : 

whence  5^=4+^^- 

dx     cue      ax 

Jiy.u  dv  . 
dx    V  dx 

du  udo 
dy  dx  V  dx 
dx  V 


and  therefore 


du        dv 

;-- 
a 


dx'       dx' 


Examples. 
1.  Deduce  the  result  of  Prop.  IL  from  propositions  I.  and  lY. 
i.  Deduce  from  Prop.  Y.  that 

rf^/£\ cdu 

dx\u/~     u^  3x 


Digitized  by  LjOOQ IC 


32  CHAPTER  II. 

3.  Apply  proposition  lY.  and  the  results  of  Art.  38  to  show  that 

-j-(a^siiix)— oleosa: + 2a;  ainx, 

4.  Apply  proposition  V.  to  show  that 

d  /sin x\ _ 008  37.07-2 sin 3? 
da\  or"  I  ? 

52.  Prop.  YI.  To  find  the  Differential  Ooefflcient  of  a  Func- 
tion of  a  Function. 

Let  u=y(v) (1) 

and  v^F{x) (2) 

Then,  by  elimination  of  v,  we  have  a  result  which  may  be 
expressed  as  u  =  <f>(x) (3) 

Suppose  the  independent  variable  x  to  change  to  X  in  (2) 
and  let  a  value  of  v  deduced  from  (2)  be  V.  Let  this  be  sub- 
stituted for  V  in  (1),  and  let  a  value  of  u  deduced  from  (1)  be  U. 
Then  we  have  the  following  equations. 

U=f(V) (4) 

and  V=^F(X) (5) 

and  by  the  same  process  by  which  (3)  vxis  ded/uced  from  (1) 
and  (2)  we  obtain  from  (4)  and  (6) 

U=<t>(X) (6) 

This  result  proves  that  if  x  be  changed  to  X  in  equcUion  (3), 
then  one  of  the  values  thence  deduced  for  u  will  be  U,  and 

therefore  Lt^ when  X— a;  is  diminished  indefinitely  is  a 

value  of  the  differential  coefficient  of  u  with  respect  to  a;, 

reckoned  as  a  direct  function  of  a;  as  expressed  in  equation  (3). 

TM^^  CT— u     U—u   F— -y 

JNow  -= =-^ -^ 

X—x      V—v  X'-x 

U^u  . 
and  Lty^v'^oyT—'  is  a  value  of  the  differential  coefficient  of  u 

with  respect  to  v  derived  from  equation  (1)  and  denoted  by 

-7-  ;  also,  Ltx-x^oT^^    is  a  value  of  the  differential  coefficient 

of  V  with  respect  to  x  derived  from,  equation  (2)  and  denoted 

dv 
by  -^.     We  therefore  have,  when  we  proceed  to  the  limit, 

du^dAi^  dv 

dx     dv   dx 
a  formula  already  established  in  a  different  manner  and  with 
different  letters  in  Art  41. 
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53.  It  is  obvious  that  the  above  result  may  be  extended. 
For,  ifu=<p(v),  v=ylr(w)y  w=f{x),  we  have 

du_du  dv 
dx     dv  dx' 
but  dv _dv   dw ^ 

dx    dw  dx  ' 

andtherefore  du^rfu.^,^ 

do;     dv  dw  dx 

and  a  similar  result  holds  however  many  functions  there  may 
be. 

Ex.  het  u=banvy  i;=-ain-Hr,  i^=— thatis, 
a  a 


u^bBin 


{>-■?)• 


Then,  by  Ex.  I,  Art  38,  ^=6  cos  v. 


Ex.  2,  ibid. 
Ex.  3,  ibid. 


dv     1        1 


dtp    a  Jl  —  t 
dx"  a' 


ilence  -—=_-._-. —-=0  cos  v  ,-.  -j=^__==  , — 

dx    dv    dw    dx  a    ^\~.^     a 

h      (I  .     ,x^\  1  2x 

— -cosl-sm-^— J. — /  — 

a      \a         a^       /      a^     a 

The  rule  may  be  expressed  thus : 

djlst  Func,)_  d(lst  Func.)   d{Snd  Func.)    d(Last  FuTie.) 
d^  dlindFuTic.) ' d{3rd  Fymc.)'"  3S 

or  if  V'=^4^[ir{F(fx)}l 

^=4>WF(fxmxytr'{F(fx)}xF{fx)xfx, 

54  There  ia  a  difficulty  in'  Prop.  YI.  arising  from  the  fact  that  for  one 
Talue  of  X  in  (2)  there  may  be  several  vcdues  ofv^  and  for  any  value  of  v  in 
(1)  there  may  be  several  values  ofu.  In  fact  t\i^f{v)  and  F{x)  may  one  or 
both  be  many-valued  fwnctions  (such,  for  example,  as  sin"'a?,  which  denotes 
any  one  of  the  series  of  angles  whose  sines  are  equal  to  x).  But  it  is  clear 
that  the  same  values  of  u  and  x  will  satisfy  equation  (3)  as  vwuld  simul- 
taneously satisfy  (1)  and  (2),  and  that  Lt  "^  when  X^x  is  indefinitely 
diminished  is  one  value  of  the  differential  coefficient  of  u  considered  as  a 

X.D.C.  c 
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functioii  of  X ;  and  it  is  equally  obvious  that  there  may  be  a  serie$  of  9uch 

values  for  ^,  as  also  for  v^  and  for  -,^,  so  that  in  the  theorem  enunciated 
oaf  dv  ax 

and  proved  above,  in  Art  52,  a  proper  selection  of  those  values  is  cusumed 

to  be  made. 

55.  If  in  the  theorem  77~=3~'  j^  (where  y  is  written  for  v 

in  the  result  of  Art.  52)  we  suppose  u=x,  then 

du    dx     J       (x+h)^x 

d^=cUo=-^*'-° h ^- 

^^  dv   d^K 

Hence  we  have  j^.  j-=l, 
dx  dy 

dy^l^ 

dx'^dx' 

dy 

56.  In  this  application  of  the  general  theorem  of  Prop.  VI. 
y  is  assumed  to  be  a  function  of  x  and  consequently  x  is  the 

inverse  Junction  ofy.    So  that  -^  is  the  differential  coefficient 

of  y  with  respect  to  x  when  y  is  considered  as  afunx^ion  of  x, 

dx 
and  -7-  is  the  differential  coefficient  of  x  with  respect  to  y  when 

X  is  considered  as  the  inverse  fvmction  of  y : 

e.g,fii  y = sin  x,  then  x = sin-^y, 

-^=cosar(Ex.  1,  Art.  38), 

and  ~=  — i^  (Ex.  2,  ibid.), 

^y    Vl-y' 

J                 c?y     ^     ^^- -           1                cos^  - 

and  -/  .  -5-=cosar .  -— j^ = -=1 

<i«    ay  Vl-y»     N/l-sin^x 

57.  The  same  difficulty  occurs  in  Arts.  55  and  56  as  that 
discussed  in  Ari  54. 

If  y-A^) (1). 

and  this  equation  be  supposed  solved  for  x,  the  result  will  be 

of  the  form  x = F(y) (2). 

Now,  if  X  be  changed  to  X  in  (1)  and  F  be  a  value  deduced  for 
2/,  then  if  F  be  substituted  for  y  in  (2),  X  will  be  one  of  the 
values  thence  deduced  for  a?. 
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Hence  Lt 


when  F— y  is  indefinitely  diminished  is  a 


value  of  the  differential  coefficient  of  x  with  respect  to  y,  as 

F— t/ 
derived  from  equation  (2),  while  Lt-^ — -  when  X— a?  is  in- 

definitely  diminished  is  a  value  of  the  differential  coefficient  of 
y  with  respect  to  a;  as  derived  from  equation  (1).     And  since 


we  have 


F— y  X—x_^ 
X^x'Y-y      ' 
dy  dx_^ 
dx  dy 


when  the  limit  is  taken,  the  proper  selection  bevng  made  of  the 

values  deduced  for  -^  and  -,  . 

cte         dy 

58.  This  may  be  illustrated  geometrically. 

Let  the  curve  y^f(x)  be  drawn.     Let  the  tangent  to  the 


Fig.ll. 

curve  at  the  point  P,  (x,  y\  make  an  angle  yfr  with  the  axis  of 
dy 

d^_  ^ 

dy' 


X.     Then,  by  Art.  37,  ^-  =  tan  yfr  ;  and  in  the  same  way  it  is 
obvious  that  ^- = tan  (90 — >/r)  =  cot  i/r,  so  that 


^^.^  =  tanVr.cotiZr=l. 

dx  dy  ^ 

Suppose  however  that  the  ordinate  through  P  cuts  the  curve 
again  at  Pi,  Pj,  P3,  ... 

Then,  for  a  given  value  of  x  there  are  several  values  of  y, 
and  therefore  also  for  a  given  increase  Sx  in  the  value  of  x 
there  may  be  several  values  of  Sy  the  increment  of  y.  But  if 
it  be  carefully  noted  that  the  Sy  and  Sx  chosen  are  to  refer  to 
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the  same  hranck  of  the  curve  at  the  same  point  when  we  oon- 
eider  ^-  as  when  we  consider  -r-,  then,  under  these  circum- 
stances, these  expressions  are  respectively  the  tangent  and 


Kg.  12. 

cotam^ent  of  the  same  angle,  and  therefore  their  product  is 
unity. 

We  say  the  same  hramch  of  the  curve,  for  it  may  happen  that 
more  than  one  branch  of  the  curve  passes  through  a  given  point 


Fig.  13. 

P,  as  in  Fig.  13,  and  then  there  are  two  or  more  tangents  at  P 

d\i  doR 

and  therefore  two  or  more  values  of  -^  -  and  j-  at  P.     But  the 

dv        dx      ^     ^y 

product  of  the  j  and  the  3-,  which  belong  to  any  the  same 
branch  through  P,  is  unity. 

.59.  Differentiation  of  Inverse  Fonctions. 

When  the  differential  coeflBcient  of  any  function  of  x  is  found, 
that  of  the  corresponding  inverse  function  is  easily  deduced  by 
means  of  the  theorem  of  Art.  55. 
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For  let  x=f{y),  and  fcherefore  y—f'\x)\  then 

dy 


But 


therefore 


EXAMPLES. 

1.  Differentiate  by  means  of  the  definition  and  the  foregoing 
roles: — 

(L)        y  =  2;log8ina:. 
(ii)        y^zja^-x^. 

(iv.)      y-5^/^^:^. 


fisins 


(v.)        y = 2ja%  where  t* = a** 
(vL)        y  =  «^j  where  t^^logsinv,  and  r=(8intr)'',  and  «?=«*. 
The  results  of  any  preceding  examples  may  be  assumed. 
2.  If  t«29 1<2,  Ug,...  t7j,  1^2, 1^3,...  be  functions  of  a;,  prove  that 
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60.  It  is  the  object  of  the  present  Chapter  to  investigate  and 
tabulate  the  results  of  differentiating  the  several  standard  forms 
referred  to  in  Art.  38. 

We  shall  always  consider  angles  to  be  measured  in  circular 
measure,  and  all  logarithms  to  be  Napierian,  unless  the  contrary 
is  expressly  stated. 

It  will  be  remembered  that  if  u=</>{x),  then,  by  the  defini- 
tion of  a  differential  coefficient, 

61.  DifTerential  Coeffldent  of  a;^ 
If  u=^(aj)=a;^ 

then  i/>{x+h)  =  {x+h)'^, 

*°^  5^'^**-^ 

h 

Now.  since  fc  is  to  be  ultimately  zero,  we  may  consider  -  to  be 

less  than  unity,  and  we  can  therefore  apply  the  Binomial 

Theorem  to  expand  ( 1  +  - )  .  whatever  be  the  value  of  n\  hence 

du      r.      i»**f    ^  .  <^-l)  A*  .  71(^-1X71-2)  A«  ,        \ 
S^^Lh^^hYx-^  -^y—  ^+ 3j ^+... j 

=jKA=owa;**~M  1  +  -  x  (a  convergent  series)  j- 
38 
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62.  If  it  be  required  to  find  the  differential  ooeffidettt  Of  aT  Without  the 
use  of  the  fiinoindal  Theorem  we  quote  the  result  of  Ex.  6  p.  10,  viz. : 

and  proceed  as  foUoWs : 

'^^Lti^      %       ■  [as  before] 
or  A 


►-1 


63.  Differential  Ooeffloient  of  a"". 

If  u=0(aj)  =  a*, 

and  5^""^^*-^ h 

=  a*log^.     [Art.  21.] 
Cor.  If  u=»c*,   ^==^I<>g«^=^- 

64.  Differential  Ooefftoient  of  logoO?. 

If  u=0(a?)  =  loga^, 

^(aj+A)=loga(a;+A), 

and  jr=-^^*  ~ 


3^"^'*-'  h 


=  i<A.05loga(l+-). 

Let  5=2,  so  that  if  fc=0,  2?=oo ;  therefore 
^=Z,.4log,(l+l) 

=llog„e.     [Art.  20.] 


X 
^  ,-  ,  Ciu      1,  1 

Cob.  If  «=log^.  3^=^log^=i 
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65.  DifRarential  Coefficient  of  bxux. 
If  u=^(aj)=sina5, 

and  ^=-^*»-<> h 

28m^co8\^a;+2J 
"~S 


=  X<;kaO- 


sin  TT        /       L\ 

2 
=  cosa;.     [Art.  18.] 

66.  Differential  Coefficient  of  cos  a?. 
If  u=0(a;)=cosa?, 

^(a; + A)  =  co8(a; + A), 

and  ^  =  z«,,„_i__jj^ 

28m2sin(a;+^) 

=   —i/tAeO f 


2 

=  — sinaj. 

67.  Differential  Coefficient  of  tana?. 

If  u=^aj)  =  tanaj, 

0(aj + A)  =  tan(a; + A), 

J                         dv,     rx     tan(aj+A)— tana? 
and  ^  =  LU.o—^-^ 

_j.       sin  (a; + fe)cos  a? — cos(a; + fejsin  x 

**®  A.co8ajcos(a;+A) 

_ ,       sin  h  1 


h     co8a;cos(aj+A-) 

— 5-=8ec^. 
cosra; 


68.  Differential  Coefficient  of  cot  a?. 
If  u=0(aj)=cotaj, 

<t>{x + A)  =  cot(aj + A), 
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,  du     r±     cot(a;+fe)--cota? 


cos(a;+fe)6in  gg— cos  x  8in(a;+fe) 
'  ^**=*^  A8faiaj.Bin(a;+^) 

—  r/     si^^  \ 

-  -^«*=(r-^'sinajBin(a;+A) 

= L_s=  — cosec^. 


69.  DiflEbrential  Ooefflcient  of  sec  a?. 
If  u=0(a;)=seca;, 

0(a;+&)=sec(a;+AX 

du     |..     sec(a?+fe)— secag 

"'^  ^^^^^^'^^ A 

_  -       coso;— co8(a?+fe) 
""     ^"'^A  cos  X  cos(a: + A) 


(«4) 


sin  ^       Bin^ 

*""   A    '  cosoj  cos(a5+fc) 
2 
_  sin  35 
cos^' 

70.  Differential  Ooefflcient  of  ooeeca?. 
If  u==^(aj)  =  coseca5, 

^(aj+fc)  =  co8ec(a;+ A), 

d/w     y.     co8ec(a; + fe) — cosec  x 

"^^  ^=^^*"' h 

__  -.       sing— sin(a?+fe) 
""^^*-"Asinajsin(aj+A) 

sing     coe(^a;+2J 

=  -Lh^o-Y-  8inajsin(a;+/i) 
2 
costs 


sinV 


71,  Inyene  Trigonometrical  Functions. 
For  the  inverse  trigonometrical  functions  it  seems  useful  to 
recur  to  the  notation  of  Art  43,  and  to  denote  4>{x+h)  by  U, 
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72.  Differential  Ooeffldent  of  sin'^o?. 

If 

u  =  ^(cc)=Bin-^, 

U=^<f>(x+h)=8in'\x+h), 

Hence 

a;=sinu,  and  a5+A=sm  17; 

therefore 

fc=sm  17— sin  u, 

and 


du 


'Lh 


£7- 


u 


U-u 


73.  Differential 
If 

Hence 
therefore 

and 


2 
1^1         _       1 

C08U     Jl-&mhi    s/l-a? 

Coefficient  of  cos'^^. 

u=^(a;)=co8"^, 

I7=0(a;+A)=co8-Xa;+A). 

aj=cosu,  and  aj+A=cos  C7; 

fe=coe  C7— costi, 
dAh     J.      U—u     f,  17— u 

dx  h  co8c7— C08U 


^  '^ -L/tjj^s 


i7=f» 


I7-U 


sm- 


I7-U 


sin 


1 

~U+u 
2 


smu 


s/I—cobHu        s/l'-a? 


74.  Differential 
If 

Hence 
therefore 

and 


Coefficient  of  tan'^o?. 
U  =  ^(a3)=tan-^, 
Cr=^ic+fc)=tan-XaJ+A). 
a;=tanu,  and{C+&=tan  U\ 
A  =  tan  C7— tanw, 

C7-U 


du     I-.      C7— u 


:X<i 


^^^tani7— tanu 


—Ltu^s 


I7-U 


'^— Bin(f7-u) 
1 


=  C08^  = 


cos  17  cos  u 

1 


1 


sec^ii    l  +  tan»it    1+**' 
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75.  Differential 

If  u= 

U- 

du 
dx 


Hence 
therefore 

and 


Coefficient  of  cot~^;)?. 
=  ^(ic)=cot-^, 
=  <l>{x + A)  =  cot-  ^a; + A). 
=  cotu,  and  a;+A.=cot  U; 
=  cot  U'— cotu, 

U-v,     J.  U-u 

Lt  ^-^ 


=  — 8in%=  — 


'8in([7-u) 
1 


sin  [Tsinu 
1 


cosec^ii. 

76.  Differential  Coefficient  of  geo-^a?. 
If  u  =  ^(aj)=8ec-ia;, 

I7=0(aj+A)=8ec-\aj+fc). 
secu,  and  a;+A=8ec  U\ 
sec  17— sec  u, 

CT-u 


l+cot«u        1+a:** 


Hence 
therefore 

and 


05  = 

dx' 


:  XrtA=(J T =  />t^=i 


^cosu— cos  U 


cos  u  cos  IT 


sm 


CT-u 


__cos^_ 1 . 

sin  u    sec^uVl— cos^u 


'sec  C— secu 
cosucos  U 


2 


sin- 


[;^+u 


ic2 


^aR 


77.  DiflSsrential 

If  ^^= 

U- 

X 

h 
d/u 
dx 


Hence 
therefore 

and 


Xs/x^  —  i 

Coefficient  of  cosec^o?. 
=  0(aj)=cosec-^, 
=  ij>(x+h)=coQec'\x+h), 
=cosecu,  and  a3+A=cosec  U; 
=cosec  CT— cosecu, 

'IT 


-^^'^-Mnu-sin(/ 


^cosec  (/— cosecu 
sin  u  sin  If 
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CT-u 


COS  u        cosec^u  Vl — sm*i6 
1  1 


-V>4 


ts/a^—l 


78«  From  the  importance  of  the  results  it  has  been  thought 
preferable  to  deduce  the  differential  coefficients  of  the  inverse 
functions  sin~^  etc.  immediately  from  the  definition;  but  by 
aid  of  Prop.  VI.  of  the  preceding  chapter  we  can  simplify  the 
proofs  considerably. 


Ex.(L)  U 
we  have 

whence 

and  therefore 

and  since 

we  have 

Ex.  (a)  If 
we  have 

whence 

and  therefore 

and  since 

we  have 

Ex.  (iii.)  If 
we  have 

whence 

and  therefore 

whence  also 


u 

dx 
du 
du 
dx 


=sin"*4;, 
=8intt; 

-coau; 


1 


dx    coau    Vl-sin'^tt    Vl-o^* 
du 


co8~*a? = - — 8m~*a?, 


2 


dcos~^x_ 
dx 


X- 

dx^ 
du 
du^ 
dx 


=  tan-^4?, 
=tant«; 

-EW?U\ 

— 1_=_J_=     1     . 
8ec*w     l  +  tan'^    1+^' 


cot-^a?=^  -  tan-^or, 
dcot-^x  1 


dx 
u- 

X- 

dx 
Su 
du 
dx 
rfcover8~^_ 
dx 


l+x*' 
=veTs~^Xj 
= vers  w=l  — cost* ; 

=sinu; 


"sinw    ^/l_co8^M    *j2x-x^* 
1 
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79.  The  Integral  Oalculiis. 

Suppose  any  expression  in  terms  of  x  given ;  can  we  jmd  a 
Junction  of  which  that  expression  is  the  differential  coefficient  f 
The  problem  here  suggested  is  inverse  to  that  considered  in  the 
Differential  Calculus,  The  discovery  of  such  functions  is  the 
fundamental  aim  of  the  Integral  Calculus.  The  function  whose 
differential  coefficient  is  the  given  expression  is  said  to  be  the 
•* integral"  of  that  expression.  For  example,  if  if>(x)  be  the 
differential  coefficient  of  ^fl?),  i/>(x)  is  said  to  be  the  integral  of 
ipXx).  Moreover,  since  ^'(x)  is  also  the  differential  coefficient 
of  <p(x)+C,  G  being  any  arbitrary  constant  disappearing  upon 
differentiation,  it  is  customary  to  state  that  the  integral  of 
<l>Xx)  is  <p(x)  +  Gt  G  being  any  arbitrary  constant 

The  notation  by  which  this  is  expressed  is 
/<l>\x)dx  =  <t>(x)+G, 
yipXxydx  being  read  "integral  of  ^'(x)  with  respect  to  oj." 

Thus  we  have  seen 

-=-(sinaj)  =  cosa3, 
ax 

^(tan->«)=j^. 

etc., 
whence  it  follows  immediately  that 

ycoaxdx=:&inx, 
1 


/. 


^(ic=tan-^, 


l+x^ 

eta, 
where  the  arbitrary  constant  may  be  added  in  each  case  if 
desired. 

80.  We  do  not  propose  to  enter  upon  any  description  of  the 
various  operations  of  the  Integral  Calculus,  but  it  will  be  found 
that  for  integration  we  shall  require  to  remember  the  same  list 
of  standard  forms  that  is  established  in  the  present  chapter  and 
tabulated  below,  and  it  is  advantageous  to  learn  each  formula 
here  in  its  double  aspect.  We  have  therefore  tabulated  the 
standard  forms  for  Differentiation  and  Integration  together. 
Moreover,  we  shall  find  it  convenient  to  be  able  to  use  the 
standard  forms  of  integration  in  several  of  our  subsequent 
articles. 
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Table  of  Results  to  be  committed  to  memobt. 


u= 

u= 
u= 


C08'^. 

tan"^. 
cot"^. 

cosec"^. 


r.  =  VAra'l' 


=nx' 


.n-1 


g=a«log^. 


Ja^dx 


X' 


.n+l 


71  +  1 

logca* 


e«. 

dx 

/^dx 

=  e^. 

logaiD. 

dx     X    ^ 

/f 

=log^. 

log^. 

du_\ 
dx     X 

or 

^logoo; 
logae' 

sin  a;. 

du 

^  =  0080. 

Jco^Qcdx 

=  sina;. 

cos  a?. 

^=-8ina;. 

dx 

ysinaxlx 

=  — cosa^ 

tana;. 

da; 

/sec^xdx 

=  tana;. 

cot  a:. 

-=^=  —  cosec*a;. 

/coHechxix 

=  —cot  a;. 

seccc. 

cZu  _  sin  X 
dx     cos-a; 

^    cos^a; 

=  sec  a;. 

cosec  X, 

cZm         cos  X 
dx         sin^* 

=  —cosec  ax 

dx     Ji  -  ir2' 
dn_  _       1 

dib__     1 

du 1 

dx         l+a;^j 
d!tt_        1 
di     xjx-—i 
dii^  ^        ] 
cZa;         xJx^Z^ 
dvb  1 


or  — cos~^. 


A^     =sin-ia;, 

rdx_ 


=  tan"^a;, 
or  --cot"^ 


.    /—/==-   =sec-ia;, 


or  — cosec"^. 


u=ver8'*a;.        -7-=    y   _ 


dx     J2x-x^' 


u  =  covers"^. 


di6_ 
dx 


1 


y^    da;  _i 

—J-- =ver8  ^a;, 
J±x^^ 


JUx  —  i^ 


or  —  covers -^ax 
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81.  The  Form  u\ 

In  fonctions  of  the  form  u^  where  both  tt  and  v  are  functions 
of  X,  it  is  generally  advisable  to  take  logarUhms  before  proof- 
ing to  differentiate. 

Let  y=^^ 

then  log«y = v  log«t6 ; 

therefore  -  j^=  j-  •  logeU+v.  -  -^  Arts.  48,  52,  64. 

y  dx    ax      ^  u  doer 

dy      Jy  dv  .  V  du\ 

Three  cases  of  this  proposition  present  themselves. 

dt) 
L  l£  V  be  a  constami  and  u  a  function  of  a;,  -r-  =  0  and  the 

above  reduces  to    -j=v .  u*'"^  , 
ax  dx 

as  might  be  expected  from  Arts.  52,  61. 

d\L 
IT.  IS  u  he  a  constant  and  v  a  function  of  cc,  ;j-  =  0  and  the 

general  form  proved  above  reduces  to 
dy      _,  dv 

as  might  be  expected  from  Arts.  52,  63. 

IIL  If  u  and  V  be  both  functions  of  x,  it  appears  that  the 
general  formula 

is  the  sum  of  the  two  special  forms  in  I.  and  II.,  and  therefore 
we  may,  instead  of  taking  logarithms  in  any  particular  example, 
consider  first  u  constant  and  then  v  constant  and  add  the 
results  obtained  on  these  suppositions. 

82.  We  shall  presently  (Art.  162)  see  further  that  if  ^  be  any 
complex  function  of  x,  then,  in  whatever  way  the  various 
simple  functions  of  which  y  is  composed  be  connected  together, 
the  complete  differential  coefficient  of  y  is  the  algebraic  sum 
of  the  differential  coefficients  obtained  severally  by  consideri/ag 
all  the  functions  but  one  to  be  constant 

83.  Hyperbolic  Functions. 

The  differential  coefficients  of  the  direct  and  inverse  hyper- 
bolic ftmctionsare  now  appended  as  additional  formulae.    Their 
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verification  is  very  simple  and  is  left  as  an  exercise.  They 
will  be  found  useful  by  the  more  advanced  student  by  reason 
of  their  close  analogy  of  form  with  the  results  tabulated  above 
for  the  direct  and  inverse  trigonometrical  functions. 


Results  for  Hyperbolic  Functions. 


u  =  co8ha;= 
u  =  tanha;  = 
u  =  cotha;= 
u  =  sech  X  = 
u^coBechx 


2     ' 

2     • 

BJnhar 
cosh  a;* 
coahag 
sinha;' 

1 
cosh  a;* 
1 

sinha;* 


^=  cosh  a:. 
ax 


du 
dx 
du 
dx 


=  8inha;. 


^  =  8ech»ar. 


^  =  -co8ech»x. 
dx 

du 

dx 

du 

dx 


ybosh  xdx  =  sinh  x, 

ysinh  xdx  -  cosh  x, 

Jkechhedx  =  tanh  x. 

Jboseohhsdx  =-cotha:. 


_  _  sinh  a?  n 

cosh'v  y  < 

dtt  _  _  cosh  X  ret 

dx       sinh^a;*  J  si 


du 


M  =  siiih-^  =  log(a:+Vl-f  a:*).     ^ 


_  sinh  a? 
cosh'-'a?* 
coshx 
sinh^a;' 

1 


'sinha; 


oosh'a: 
cosh  x^ 


dx    =  -  sech  X. 


, du         1 

tt  =  oosh"^a;  =  log(a?+var'-l).    ^- 


sinh^ 

y^  dx 

dx 


tt  =  tanh-^aj  =  Jlog 
tt  =  coth-^  =  Jlog 


l+x 
l-x 

x  +  l 
x-l' 

u  =  sech'^a:  =  cosh"^-. 

X 

tt  =  cosech  -  ^ = sinh  "  ^- , 

X 


yf  dx 

du_  1  r    dx 

du_  1  f    dx 

dx 


as/^+l'       -^xJW+l 


dx    =  -  cosech  a^ 
=  sinh"^. 

=  006h"^. 

=  taiih~'a:^<i). 
=-coth-*a:(x>i). 
=  -aech'^. 
=  - cosech"^. 


84.  Transformations. 

Algebraic  or  trigonometrical  transformations  are  frequently 
useful  to  shorten  the  work  of  differentiation. 

2ar 


For  instance,  suppose 
We  observe  that 
whence 

Again,  suppose 
Here 
and  therefore 


y=tan~*^ „. 

y=2tan~*a7; 
d^_     2 
dx    Y+x"' 

y = tan"*a: + tan~^l, 
dy_     1 
dx    l-{-a^ 
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As  another  example  suppose 


therefore 


=|-ico8-i^; 
dy         X 


85.  Examples  of  DiflTerentiation. 

Ex.  1.  Let  y  =  ^/2,  where  ^  is  a  known  function  of  x, 
,  Here  y=»^i 

1     ^ 

"^^z'  dx 
This  form  occwr*  «o  o/if^  that  it  will  he  found  convenient  to  commit  it  to 
m/emory. 

Ex.  2.  Let  y=eV5^. 

Let  Jcotx^z  and  cota?=j?, 

80  that  y=^»  where  «=  i^jo. 


Now  ^=«'.   (Art,  63.) 


dz 
dz 


-—=——-,    (Ex.  1  above.) 

-^=-cose<r*jr, 

and(Art.53)  ^=f  .  ^  .  :^= -cosec^^r  ,  — 1=  .  ^VS^ti. 

dx     dz     dp    dx  2Vcotjp 

With  a  little  practice  these  actual  substitutions  can  be  avoided  and  the 
following  is  what  passes  in  the  mind  : — 

d{e^/^^)_  d(e'/^^     d(s/cot  x)  ^  d(cot  x) 
^      "disl^tx)      d{cotx)         dx 

=e\/^Ti  .  — -  — .  (  -  cosec'x). 
2vcotar 

Ex.  a  Let  y = (sin  ^)»«*'  cot{e^a + hx)}. 

Taking  logarithms 

log  y = log :»? .  log  sin  x  +  log  cot[e\a  +  hx)]. 

The  differential  coefficient  of  logy  is  -  -^, 

y  dx 

K.D.C.  D 
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Again,  log^.  log  sin  x  is  a  product,  and  when  differentiated  becomes 
(Art.  48)  .  -  log  sin  x+\og  x  .  - —  .  cos  x, 

X  2XL\X 

Also,  log  cot{e*(a+6^)}  becomes  when  differentiated 

-i^=(sin^y*«*  .  cot{eXa+6^)}  I  -log  sin  a: + cot  4? .  log^F 

-  2e*(a  -Vh-Vhx)  cosec  2(c'a  +  6x)  J. 

When,  as  in  the  above  example,  logarithms  are  taken  before 
differentiating,  the  compound  process  is  called  Logarithmic 
Differentiation.  It  is  useful  to  adopt  this  method  when  vari- 
ables occur  in  the  index,  or  when  the  function  to  be  differen- 
tiated consists  of  a  product  of  several  involved  factors. 

Ex.  4.  Let 

y^sla^  -  ft'-^cos'^log  x). 

dy    dJd?'  -  6^cos^(log  x)    d{d?  -  ^cos^log  :r)}    <£{co8  (log  j;) }    d(logx) 
dx'~d{a^-b^coar{logx)}         d{coa{\ogx)}  cHlogx)  dx 

=i{a'  -  6'cos^log  x))-^  X  { -  262cos(log  ar) }  x  { -  sin  (log  x)}  x  - 

_        6'8in2(logar) 
2Wa-  -  t^cos-^log  x) 

Ex.  6.  Differentiate  a^  with  regard  to  a^. 
Let  a^—z, 

Th  ??£!— ^^    dx    dx _6a^ 

dg^  dx  '  dz'^'Slz'' 2x 


dx 


Ex.  6.  Given  thsLta^-\-y^=Zaxy,  find  the  value  of  ■£. 
Here  ar'+3y«g=3a(y+xg). 
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EXAMPLES. 


Find  -^  in  the  following  cases : 
ax 

1.  y  =  Jx. 


^=;^- 


3.  .v=: 


\'\'hx 


4.  y  =  a;  + 


1 


-«* 


6.  y  = 

7.  y^{a  +  bx^)lctf3?, 

8.  y  =  sin(a  +  fee). 

9.  y  =  sin(a  +  fta;"). 

10.  y  —  BAVuJx. 

11.  y  =  /^sin  X. 

12.  y=^j%mjjx. 

13.  y  =  8in''aJ». 

14.  y  =  8in"^a*. 

15.  y  =  (sin'^ic)^  -  (cos'^a;)*. 

16.  y  =  tan"^(loga;). 

17.  y  =  sina\ 

18.  y^xlogx. 

19.  y  =  e^oga;. 

20.  y»=8in(e^loga;. 

21.  y  =  tan~^(e')logcota. 

22.  y  =  (a; +  a)"'(a; +  &)'•. 

23.  y  =  2^^ 


24. 

25.  y  =  ;7a^  +  a;*-*. 

26.  y  =  Vcosh  x. 
27  y  =  log  cosh  a:. 
2a  y^tAxr\\ArAix). 

29.  y  =  ver8~^x2, 

30.  y  =  ver8~^log(cotar). 

31.  y  =  cot"^(co8eca;). 


32.  y  =  sin"i 


1 


33.  y  =  tan 


sl\+x^ 
1 


34.  y 

35.  y 

36.  y 

37.  y 

38.  y 


39.  y  =  4^ 


40.  y=-^- 


7^:^-1 

sin'"a;  cos"rc 
(8in~iic)"*(co8"ia:)". 
sin(6'log  x) .  -^1  -(loga;)2. 

1  +«' 
J^x^ 

ViT^' 

xj^ 


-4 


41.  y 


=V: 


i^x~ 


42.  y  =  log 


1  +a;  +  ic^ 
a^  +  rc+l 


43.  y 

44.  y 

45.  y 


46.  y  = 

47.  y 

48.  y 

49.  y 


a^-x+l' 
-cos-i(l-2a;2). 

itan-'^-tan-i-Y 


a;co8  'X 


■■  cos(a  sin 


=  sm 


60.  y. 

61.  y  = 

62.  y  = 

63.  y  = 

64.  y  = 


-lO  +  ftcosa 
6  +  a  cos  x' 
«*«»"'' log(secV). 
^cos(6  tan"^£c). 
tan-i(a*^.a:2). 

sec(log„Va^T^. 
tan'^x  +  tanh'^ic 
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.V  ^  '  .  where  log*  means  log  log  log ... 

yiepeated  n  times). 

,  Jb  +  a  +  »Jb-a  tan  h 

58,  y  =  _4=-log .^ 

^  »Jb-\-a-^b  —  a  tan  ^ 

59.  y^BVEL-^xJl^-Jx^jr^). 

60.  y=tan-j*^  ^^  y=f,^r''*- 

61.  y  =  log|e'(JZ_)  |.  75.  y  =  (eosa:)-y 

62.  y=10i«'.  76.  y=(cot-ia;)i. 

64.  y=.^.  ^      % 

65.  y  =  ic^.  78,  y  =  6tan-V5  +  tan-i|\ 

66.  y  =  a;^.    ^  79  tany  =  e~'Sina!. 

67.  y=!B'  +  «i.  80.  o.x2  +  2Aa:y  +  6y«=l. 

68.  y  =  (8ina;)«"+(cosa:)'^'.  g^  ^_(a  +  to')>-ffl* 

69.  y  =  (cotx)~"  +  (cotha;)-'^'.  '  (&«")* 

70.  y  =  tan->-«-")-^..  ^^^  («>««')' =(™y)' 

1  +a:* 

71.  y  =  8in-i(6*""''). 

72.  y=V(l+cos^)(l-sm9, 

,  /-7= T"  S6»  y=!^' 

73.  y  =  tan"Wva;  +  co8"ia;. 

87.  y  =  a;log— ^. 

88.  ax^  +  2hxy  +  by^  +  2gx  +  2/y  +  c  =  0. 

89.  a;'"y"  =  (a;  +  y)"*+". 

90.  y  =  «*""^''logsecV. 

91.  Differentiate  logj^  with  regard  to  xK 

92.  Differentiate  (a:*  +  aa  +  a^)"  log  cot  ^  with  regard  to 

tan"^(a  cos  6a;). 
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93.  Differentiate  log. 


a  +  6tan|j 

with  regard  to 


a-6tan? 
2 

1 


a2co8«?-M8in^. 
2  2 


94.  Differentiate  af^'^  with  regard  to  sin"^. 

95.  Differentiate  tan"^"^^  "*"     ^  ^  with  regard  to  tan-ifc 

X 

96.  Differentiate  ^(Llfe/^^  with  regard  to  ^/^:^. 

97.  Differentiate  sec'^^^g^^  with  regard  to  Jl-x^. 

98.  Differentiate  tan-i-,:.^.^  with  regard  to  sec-i_l_. 

99.  Differentiate  tan-^-?^  with  regard  to  gin"^   ^^  . 

100.  Differentiate  a^logtan-^a;  with  regard  to  ^^^^^. 

101.  Ify  =  a:«'*'""  prove  a:^=--^'. 

ac     1  -  y  log  X 

102.  Ify=^    oj    ^  prove  ^=^    2a; 

^■^i  +  .-.tooo,  ^"T+r-^^ 

103.  Ify=ar  +  1    1     ,  prove  $1=1    x    , 

05+...  to  00,  a;  +  - 

104.  If  y  =  ?EL2    cosa;      . 

^        ]     4.—-—     sina: 

^    1    +-T—    £2i5 

1    +  ...  to  00, 
prove       dy^(l+y)<^^x  +  y»inx 
dx     1  +2y  +  co8a;-8ina;' 


105, 


If  y  =  V  sina;+ Vsina;  +  \/sinic  + Vetc.  to  oo, 


prove       ^=,^. 
*^  6^     2y-l 

106.  If  ^^  =  the  sum  of  a  G.  P.  to  n  terms  of  which  r  is  the 
common  ratio,  prove  that 
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107.  If--  =  a  +  —     I      ,  prove 


dxKQj^'^Q^' 


108.  Given  (7=l+rcos^  + 


^     '**     X*  [Coll.  Ex.] 

r2cos  29    r^cos  3^ 


2!      ^      3! 


and  S=r6m0  +  —^-^+     ^^     + ..., 

show  that 

(7^+5^=  (02  +  ^2)  cos  ^; 

C^_S^=(C7»  +  ^2)sinft  [Coll.  Ex.] 

109.  If  y  =  sec  4x,  prove  that 

S  =  (/!?/4-tr  ^l^«^«  ^  =  ^^-  [Coll.  Ex.] 

110.  If  3/ =  e-"8ec-i(a;  ^«)  and  si^  +  a^z  =  a^,  find  ^  in  terms  of 

X  and  s.  [Trinity  Schol.] 

111.  Prove  that  if  a;  be  less  than  unity 
1  2x         ix^        8x'^  J  •  r         1 


i+x     l+x^     1+aj*     l+iB^  1-a; 

112.  Prove  that  if  a;  be  less  than  unity 

l-2:r         2x-4a^        ia^-Sx^,  ,.-         1  +  2a; 

,+  ...  ad  inf.  =- 


l-a;^a;2     l-x^-^x^     l^xi^  +  afi  l+x  +  a^ 

113.  Given  Euler's  Theorem  that 

ta  XXX  X     sin  a; 

Z«„.,cos  -  cos  -  cos  23  •  •  •  ^^ V"  =  "V 

prove  ^  tan|  +  22*^n  1  +  28**'*  S"*"  *  *  *^  ^°^'  =^-  cota:, 

and  1 8ec2  ?  +  -^^  sec^  J^  +  ^,  sec^  J  +  ...  ad  inf.  =  cosec^a:  - 1. 

114.  Given  the  identity 

(2 cos  26 -  1)(2  cos  2W -  1)...(2  cos  2"^  >  1)  =  ^^^^ ^^^  '\  \ 
^  2  cos  2^+1 

„    2'8in2''^         2"+isin2"+i^         2  sin  2^ 
prove  tnat    2/r.i  2  cos  2"^  -  1 "  2  c^s^^^ +T  "  2  cos  2^  +  1* 

115.  Given 

sin<^8in(2ai-<^)6in(4a  +  <^)...  sin  {2(71- l)a  +  <^}=?^^ 
where  2na  =  t 
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prove  that 

cot  <^  +  cot(2a  +  <^)  +  cot(4a  +  <^)  + . . .  +  cot{ 2(n  -  l)a  +  <^} 

=  n  cot  7i</>, 
and  that    cosec^  +  co8ec2(2a  +  <^)  +  cosec2(4qi  +  <(>)+... 

+  cosec2{2(n  -l)a  +  <f>}  =  n^cosechi^. 
116.  From  the  expression  for  sin  0  in  factors  prove 

^cot^=iH.2^2:::g^. 

2  *^  2 

and  hence  that  ircothir=  1  +- — --  +  ,^i_  +  ,, — _,+  ...ad  inf., 

1  +  l-*     1  +  2^     I  +o^ 

andthat            ^coth?.  1  + j^^  +  ^,+ ji^+...  ad  inf. 
117    Prove         tan  tf  _  ■^,-. 1 

and  deduce       ^tanh.  =  2,-1-^+2^,+ 2^:-^,+  ...  ad  inf., 

and  —  tanh  —  = 4 a +  ...  ad  inf. 

4  2     l  +  12^1  +  3a^l+5« 

n—         1 


118.  Prove    ^  coth  a;  =  1  +  aj^V""*— -^ 

119.  Prove  that 

2r7r 


a:*- a"     a;-a     a  +  a       -^j^i  2r7r       „ 

a^  —  2ax  cos  —  +  w^ 
n 

if  n  be  even, 

2r7r 
„_i        a;-acos 

but        =-L.+22::: 


a;-'  -  2aa;  cos +  a^ 

n 

if  n  be  odd. 

120.  Prove  that 

2r7r+^ 

^-1/^      *t       zi\  a; -a  cos 

war"  i(aj"  -  a**C08  ^)  _  ^r-m-i n 

X**  -  2a:"a'*cos  d  +  a*'"-^^    "TT  2r7r  +  ^  .      ' 

a^  -  2aa;  cos h  a^ 

n 

121.  Detennine  the  coefficients  A^,  A^...  A^^o  that 

^[{a:- -  J^a:--!  +  ^^-2 -..  +  (- ir^^}^]  =  aT^, 
m  being  a  positive  integer.  [Univ.  London,  1890.] 
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122.  Writing  sgu  for  singdu,  etc.,  establish  the  following  results — 

(«)  ^gda;  =  cga:. 

(7)^tga:  =  -L. 
dx  °        cgx 

123.  The  functions  x^^x^tX^... x^ being  defined  by  the  equations 

find  the  differential  coefficient  of  the  function  towards  which  x^  tends 
when  w  increases  indefinitely.  [Frenkt.] 

124.  If  8^  denote  the  sum  of  the  r^  powers  of  the  roots  of  the 
equation  af*  +  p^af"'^  +  p^"^ -^  ...  +Pn  =  0, 

prove  that  if  the  coefficients  be  expressed  in  terms  of  «j,  s^y  s^,,.  s^ 

then  wiU  ^^  "V  [Brioschi.] 

125.  Defining  the  BessePs  function  of  the  n^  order  as 

*^  ^     2»n!\       2(2n  +  2)     2.4(2n  + 2)(2n  +  4) "  "7 
prove  (1)    ^/o(«^)=-/i(a:). 

(2)2^„(a;)  =  /,.,(a:)-/.^,(a;). 
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SUCCESSIVE  DIFFERENTIATION. 

86.  Bepeated  Operations. 

The  operation  denoted  by  -5-  is  defined  in  Art.  37  without 

any  reference  to  the  form  of  the  function  operated  upon,  the 
only  assumption  made  being  that  the  function  is  a  function 
of  the  same  independent  variable  as  that  referred  to  in  the 
operative  symbol,  viz.  x.  It  is  moreover  clear  that  the  result 
of  the  operation  is  also  a  function  of  x,  and  as  such  is  itself 
capable  of  being  operated  upon  by  the  same  symbol     That  is 

to  say,  if  2^  be  a  function  of  x,  -p  is  also  a  function  of  a?,  and 
therefore  we  can  have  j-(  j^)  as  a  true  mathematical  quantity 

And  further^  it  will  be  thus  seen  that  the  operation  -j-  °^ay  ^ 
performed  upon  any  given  function  of  a?  any  number  of  times. 

87.  Notation. 

The  expression  -j-v^)  is  generally  abbreviated  into  \-f-)  y 

or  -Y^  and  is  called  the  "  second  derived  function  '*  or  "  second 
differential  coefficient "  of  y  with  respect  to  x.  And,  generally, 
if  the  operator  -j-  be  applied  n  times,  the  result  is  denoted  by 

(d  \*  d^v 

-j-jyoT  -j-^  and  is  called  the  n^  derived  function  or  n^ 

differcTUial  coefficient  of  y  with  respect  to  x. 

67 
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It  will  be  convenient  to  denote  the  operative  symbol  ^- 

by  D,  which,  in  addition  to  being  simpler  to  write,  makes  no 
assumption  that  the  independent  variable  is  denoted  by  x ; 
and  in  many  problems  the  independent  variable  is  more  con- 
veniently denoted  by  some  other  letter.  For  example,  in 
dynamical  problems  the  time  which  has  elapsed  since  a  given 
epoch  is  frequently  taken  as  the  independent  variable  and  is 
denoted  by  t,  while  the  letters  x,  y,  z,  are  reserved  to  denote 
the  co-ordinates  at  that  time  of  the  point  whose  motion  is 
considered. 

It  appears  then  that  if  we  use  indices  to  denote  the  number 
of  times  an  operation  has  been  performed,  we  may  write 

D  .  D^-^y  =^  D^y  =  ^^^^. 
dx 

88.  Analogy  between  the  operator  -r-  and  sjrmbols  of  quantity. 

The  index  notation  employed  above  to  denote  the  number 
of  times  an  operation  is  repeated  is  exactly  analogous  to  the 
index  notation  used  in  algebra  to  denote  powers  of  symbols  of 
quantity. 

If  a  be  an  algebraic  quantity,  the  algebraical  notation  for 
a  ,a  is  a^,  and  for  a.  a.  a  is  a^  and  so  on ;  the  index  here 
denoting  the  number  of  factors  each  equal  to  a  which  are 
multiplied  together.  But,  as  defined  above,  there  is  no  idea 
of  multiplication  in  D .  D  or  D*,  but  a  simple  repetition  of  an 
operation.  In  the  same  way  D^  has  no  quantitative  mesming 
in  itself,  but  represents  an  operation  consisting  of  employing 
the  process  of  differentiation  n  times.  For  example,  the 
difference  between  such  quantities  as  D^y,  {Dy)\  and  D^y'^ 
should  be  carefully  noted.  The  index  in  the  first  case  has 
reference  only  to  the  symbol  of  operation  "-D,"  which  is  there- 
fore to  be  applied  twice  to  y. 
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In  {Dyf  the  index  is  a  purely  quantitative  one  used  in  the 
algebraical  sense  to  denote  the  product  Dy  x  Dy, 

While  in  Dh/^  we  are  to  understand  that  the  square  ofyis 
to  he  differentiated  tvdce. 

That  the  ultimate  results  are  different  may  be  easily  seen 
by  taking  any  simple  caso, 
e.gr.,  if  y  =  x^ 

then  Dy  =  2x, 

and  i)27/  =  2 (1) 

Again  {Dyf^4Kc\ (2) 

whilst  2/2  =  (d^^ 

and  Dy^^^a?, 

giving  i)y  =  12a;2 (3) 

A  comparison  of  the  results  (1),  (2),  (3),  will  at  once  satisfy 
the  student  of  the  truth  of  the  above  remarks. 

89.  The  operator  D  satisfies  the  elementary  rules  of  Algebra. 

We  will  next  consider  how  far  the  analogy  goes  between 
symbols  of  quantity  and  the  symbol  of  operation  which  we 
have  denoted  by  2). 

The  fundamental  rules  of  algebra  are  three  in  number  and 
are  known  as 

(1)  The  "  Distributive  Law," 

(2)  The  "  Commutative  La%o,''  and 

(3)  The '' Index  Lawr 

These  three  laws  form  the  basis  of  all  subsequent  algebraical 
formulae  and  investigations. 

(1)  The  Distributive  Laxo  is  that  denoted  by 

m(a+6+c+...)  =  ma+m6+7nc+... 
Now,  in  Chap.  II.,  Prop,  iii.,  it  is  proved  that 

D{u+v+w+,,.y=Du+Dv+Dw+..., 
so  that  the  symbol  D  is  distributive  in  its  operation. 

(2)  The  Commutative  Law  in  algebra  is  that  expressed  by 

ab  =  ba. 
Now,  in  Chap.  II.,  Prop.  11.,  it  is  proved  that 

Dcy-^cDy, 
so  that  the  symbol  D  is  commutative  with  regard  to  constants. 
But  it  is  clear  that  the  positions  of  the  D  and  the  y  cannot 
be  interchanged ;  such  an  error  would  be  similar  to  writing 
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6  sin  instead  of  sin  ft     So  that,  while  D  is  commutative  with 
i^gard  to  constants,  it  is  not  so  with  regard  to  variables. 
(3)  The  iTidex  Law  in  algebra  is  denoted  by 

m  and  n  being  supposed  to  be  positive  integers. 

Now,  to  differentiate  a  result  m  times  which  has  already  been 
operated  upon  n  times  is  clearly  the  same  as  differentiating 
m+n  times,  t.6.,  D^ .  D^y  -  D^'^^y. 

So  the  operator  D^ .  D^  is  equivalent  to  the  operator  D^+^ 
where  m  and  n  are  positive  integers. 

Hence  the  symbol  D  obeys  the  Index  Law  for  a  positive 
integral  exponent. 

To  sum  up  then,  the  operative  symbol  D  satisfies  all  the 
elementary  rules  of  corahinaiion  of  algebraical  quantities, 
with  the  exception  that  it  is  not  commutative  with  regard 
to  variables. 

90.  It  follows  from  the  above  remarks  that  any  rational 
algebraical  identity  has  a  corresponding  symbolical  operative 
analogue. 

For  example,  (m + a)(m + 6) = m* + (a + b)m + ab, 
so  also  the  operation  {D+a)(D+b)  is  exactly  equivalent  to 
the  operation  II^+(a+b)D+ab. 

Similarly,  to  the  identity 

(m+ay=m^+2am+a^ 
corresponds   the  equivalence   of  the  operations  {D+aY  and 
B^+2aD+a^ 

91.  It  is  clear  that  in  cases  like  the  above  an  ab  initio  proof 
may  be  given  of  the  identity  of  the  operations  represented. 
For  instance,  suppose  it  be  required  to  show  that 

(D+a){D+b)y^[D^+(a+b)D+ab]y, 

we  have  (D + b)y  =^Dy+ by, 

and  (J)+aXD  +  b)y  «  (D+aXDy+by) 

^D(Dy+by)+a{Dy+by) 
^D'y+bDy+aDy+aby 
^l}^+(a+b)Dy+aby 
^[L^+(a+b)D+ab]y, 

the  result  to  be  proved:  and  the  process  of  proof  is  exactly 

the  same  as  that  employed  in  proving  that 

(m+a)Cm+b)  =  m^+(a+b)m+ab. 
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However,  such  proofs  are  unnecessary  after  the  remarks  of 
Art  89,  for  they  simply  repeat  in  form  the  proof  of  the  cor- 
responding algebraical  theorem. 

It  will  now  be  obvious,  for  instance,  without  further  proof, 
that  since 

we  shall  also  have 

92.  Notation. 

The  first  derived  function  of  y  with  respect  to  the  independ- 
ent variable  is  often  denoted  by  y^,  y\  or  y.  This  notation  can 
be  conveniently  extended,  and  we  shall  often  find  it  convenient 
to  denote  Dy,  Dh/,  Dh/, ...  D^y 

ty  yi,   2/2»     Vs*     —  2/n, 

or  by  y^\y^^\  y^'\  ...2/<~>, 

or  by  y\    f,    y"\        etc., 

or  by  y,     y,      y,  eta 

It  is  clear  however  that  the  notation  of  dashes  or  dots  as  used 
in  the  last  two  systems  is  inconvenient  for  higher  differential 
coeflScients  than  the  fourth  or  fifth  by  reason  of  the  number  of 
dashes  or  dots  which  it  would  be  necessary  to  use.  The 
bracketed  index  notation  is  a  somewhat  dangerous  one,  from 
the  liability  of  confusion  with  an  algebraical  index.  The 
suffix  notation  appears  to  be  free  from  objection  in  cases 
where  there  can  be  no  misunderstanding  as  to  which  is  the 
independent  variable. 

93.  Standard  Basalts  and  Processes. 

The  itf^  differential  coefficients  of  some  functions  are  easy  to 
find. 
Ex.1.  If     y^€f^\  yi^ae'^'y  y^^d^€^\..,yn^oJ'^, 
CoR.(i.)  If  a=l 
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Cor.  (li.)      y  =  a'^  =  e^iogwa  j 

y^  =  (logea)e«i^.«  =  (log,a)a* ; 
^2  =  ao&a)Vio«^.«  =  (logea)V ; 
etc.  =  etc., 

2/„  =  (log^)«e^i«8*«  =  (logea)«a*. 
Ex.  2.  If      y  =  loge(a;+a); 

1  1  _(-l)(-2) 

(-l)(-2)(-3)...(-9i  +  l) 
^"^  (x+ay 

Ex.3.  If       y=:sm(aa;+6); 

yi  =  a  cos(aic+6)  =  a  sin\ax+b+^) ; 

y^  =  ahin{ax+b+--^j ; 


2/„  =  a'^in(ax+b+'^y 
Similarly,  if     y^  cos(ax + 6), 

2/n  =  a^cos^oa; + 6 + ^ j . 
Cor.  If         a  =  1  and  6  =  0; 
then,  when        y  =  sin  aj,  yn  =  sinf  aj + -^ j ; 

and,  when         y  =  cos  x,  yn  =  cosf a;  +  -^j  • 

Ex.  4.  If       2/  =  ^sin(6a; + c) ;  ♦ 

2/i  =  a6^sin(6aj +c)  +  be^coa{bx + c). 
Let  a  =  r  cos  <p  and  6  =  r  sin  <p, 

so  that  r^  =  a^+b^  and  tan  0  =  - ; 

^     a 

and  therefore  y^  =  r6^in(6a; +c+^). 

*  Murphy,  Camb,  Trans*  vol.  V. 
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Similarly         y^''r^e^sm(bx+c+2<l>\ 

and  finally      yn'^r'^ef^inibx+c+TKf}) 

=  (a* + b^)^ef^Bin(bx + c + ti  tan  - 1-) . 
Similarly,  if     j/  =  ef^coQ{bx + c), 

As  the  above  results  are  frequently  wanted,  it  will  be  well 
for  the  student  to  be  able  to  obtain  them  immediately. 

Examples. 

1.  Find  the  n^  differential  coefficient  of  cos^j:  sin'or. 

We  must  first  transform  this  expression  trigonometrically. 
Let  co8J7+4  8ina:=y. 

Then  by  Trigonometry  2  cos  J?=y  +  -,         2  cos  X:ar=y*+ 

24sinar=v--,        2*smib?=v*-   ... 

Thus  27. 2»i3co87j:  sin^^r  =  1^  +  ^  V  (i/  -  -") 

= 2t  sin  IOjf  +  8i  sin  8x + 6i  sin  6j:  -  16t  sin  4a?  -  28t  sin  2x, 

Thus  2^cos7a:8in'j? 

=  -sin  l(Xr-4  8in8ar-3  8in6a:+88in4a?+14sin2jr, 

and  therefore  2*  — -(cos^x  sin'x) 

cur 

=  -  10'*8in(lOj?+^)  - 4 .  8"sin(ar +  ^) -3 .  6»sin(6.r  + -|^) 

+  8 .  4"8ih(4a7+^W  14 .  2'^in(2a:+^y 

Find  y„  in  the  following  cases : — 

2.  y=8in^jr.  6.  y=sina;sin2j;sin3j:. 

3.  y=8in*ar.  7.  y=c^cos2a?. 

4.  y=8in'xco8'jr.  8.  y=c*'sin'6a?.  , 

6.  y=8in*xco8*ar.  9.  y=e*^in2a?co83a?. 

94.  Fractional  expressions  of  the  form  ^--j-^  (both  functions 

being  algebraic  and  rational)  can  be  differentiated  n  times  by 
first  putting  them  into  partial  fractiona.    (See  p.  72.) 
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Ex.  1.       y= 


(6— c)(6-a)  x-6    {c-'a){c-h)  x-(^ 
(see  note  on  partial  fractious) ; 

therefore    v-         ^'  (-l)"n!  ^  (-l)-Ml 

therefore    y«=(^_5)(^_^)  (^af^^^{h-c){h-a)J^hT^^ 

Ex.  2.  v= ^ . 

To  put  this  into  Partial  Fractions  let  a?= 1  +z  ; 

h2r+- 


then  y=V  L+|±.^' 


32»    9«    9  3+« 

-       ^  5  4 

"3(a7-l)*"*"9(:p-l)"*"9(ar+2) 

whence  v  -(^  +  l)K-iyi  5n!(-l)- 

Whence  y„_.____^   +9(^-i)n*i 

4yt!(-l)'' 


Examples. 

Find  the  n"»  differential  coefficients  of  y  with  regard  to  ;i?  in  the 
following  cases : — 

X  1 

1  ar" 

^'  ^"(3a;-2X^"^'  '^^  ^""(^-1)3(^-2)* 

95.  When  quadratic  factors  (which  are  not  resolvable  into 
real  linear  factors)  occur  in  the  denominator,  it  is  often  con- 
venient to  make  use  of  Demoivre's  Theorem.* 

Ex.  Let     2/=(^^^)2^j2={(aj+a)+£6}{(aj+a)-«6}' 
Then  y=A(— i-, "—X 

♦Liouville,  Journal  de  FEcole  Polt/techniqut, 
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^''"2i5^"^^'l(aj+a-i6)«+i"(a;+a+ib)n+ir 
Let  x+a=rco8d,  and        6=rBin0; 

whence         r*= («?+«)*+ 6*,  and  tane  =  -— . 

Hence    y«=:^J^^{(cose-i8ine)-«-i-(cose+isin0)-»-i} 


6n+2 


where  ©=tan 


=  f^n-i  J 


(aj+a)' 


Cor.  If  y  =  tan-i^,  y,  = ^^— _, 

and  therefore    y„  =  ""  Ji^^"^^' sin  ^© sin^ft 

where  tan  6 = — —  =  cot  y, 
x+a  ^' 

Examples. 

Find  the  n^  differential  coefficients  of  y  with  respect  to  jr  in  the  fol- 
lowing cases. 

2.  y=tan-^?.  8-  y=^tan->j7. 

^   "*  9.  y=tan->  _£^IE^ 

4.y=tanh-ii  ^^-^^arS^i- 

6    v-  ^  12  2^+^4-2 

X.D.C.  X 
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96.  Leibnitz's  Theokem.* 

To  find  the  n^  differential  coefficient  of  a  product  of  two 
functions  of  x  in  terms  of  the  differential  coefflcienta  of  the 
separate  functions. 

It  was  proved  in  Chap.  II.,  Prop,  iv.,  that 

d .     .      dw  ,    dv 

It  appears  from  this  formula  that  the  operative  symbol  -r- 

or  D  may  be  considered  as  the  sum  of  two  operative  symbols 
Dj  and  D^  such  that  D^  only  operates  on  u  and  differential 
coefficients  of  u,  while  Dg  operates  solely  upon  v  and  differential 
coefficients  of  v.    For  with  such  symbols 

T%  /     V       du 

and  DJiuv)  =  it-—, 

*  ax 

whence  D(uv)  =  Vj-+'u-r  =D^(uv)+D^(uv) 

We  may  therefore  write  for  D  the  compound  symbol 

Now,  since  D^  and  D^  are  symbols  which  indicate  differentia- 
tions, they  each,  like  the  original  symbol  JD,  obey  the  die- 
tributive  and  index  laws  and  are  commutative  with  regard 
to  constants  and  each  other.  It  therefore  follows  by  formal 
analogy  with  the  Binomial  Theorem  that  the  operations 

and  A"  +  nA"-'A+^^- A"-'^2H  -+I>^'' 

are  identical. 

Now  i>i»(ttv)=v^. 


u 

V 


etc 
*  Commercium  EputtoHcum,  voL  i. 
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Hence 

"'^■'■^cZi'rfS^"^     1.2     da2*"(^«^2 

a  result  which  may  be  written 

It  appears  therefore  from  this  formula  that  if  all  the  differ- 
ential coeflScients  of  u  and  v  be  known  up  to  the  n^y  inclusive, 
the  n^  differential  coefficient  of  the  product  may  at  once  be 
written  down, 

97.  Extension. 

It  will  be  also  clear  that  this  result  admits  of  extension  to 
the  case  of  a  product  of  several  functions. 
For  instance,  if  y = uvWy 

which,  agreeably  with  the  above  notation,  may  be  written 

so  that      ^{"i^vw)  =  (Di +D^+ D^yuvw. 

This  may  be  expanded  by  formal  analogy  with  the  Multi- 
nomial Theorem,  giving  a  result  which  may  be  written 

d^        x—VJlL  ^^  ^*^  ^^^ 

the  summation  being  extended  to  all  positive  integral  values  of 
r,  8,  t  inclusive  of  zero,  which  satisfy 

98.  Indnctive  Proof  of  Leibnitz's  Theorem. 

From  the  importance  of  this  theorem  it  is  considered  useful  to  add  here 
an  inductive  proof. 

[Lemma.  If  nCr  denote  the  number  of  combinations  of  n  things  r  at  a 
time,  then  will  wCV+nCr+i^n+i^r+i- 

This  will  form  an  easy  exercise  for  the  student.] 
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Let  y^uv^  and  let  suffixes  denote  differentiations  with  regard  to  x. 
Then  yi=UiV+ttrx, 

y^=u^'\-%u^^'\-uv^  by  differentiation. 
Assume  generally  that 

+  ...  +  WVn.  (a) 

Therefore,  differentiating, 

+  W„-,,Vr+l|"^*'^|  +  ...+WVn+l 

+«+iCr+ittn-.rt'r+i  + ...  +wv„+i,  by  the  Lemma ; 
therefore  if  the  law  (a)  hold  for  n  differentiations  it  holds  for  n+1. 

But  it  was  proved  to  hold  for  two  differentiations,  and  therefore  it 
holds  for  three  ;  therefore  for  four  ;  and  so  on  ;  and  therefore  it  is  gener- 
ally true,  t.tf., 

99.  Applications. 

Ex.  1.  y=a:'sinar. 

yn^^d^miax  +  ^W7tar*a*-'sin[aar+ ^l^7r\ 

+^|zi)3.  2^a-«sin(a^  +  ^-^7r) 
^n(n-^Xn-2)3 ^  ^ .  ia-38in(a^+?L- 3^). 
Ex.  2.  Differentiate  n  times  the  equation 

therefore  bj  addition 

^y-+j+(2»+  l>y.+i+ («'+l)y,=0, 

4a+(2«+l)-g^^+(n'+l)g=0. 

Ex.  3.  When  the  general  value  of  y„  cannot  be  obtained  we  may  some- 
times find  its  value  for  ar^^O  as  follows. 

Suppose  y=(sinh~^jr)^. 

Here  yi  =  2  sinh"^^/ ^/r+^. (1) 

therefore  ( 1  +  3^)y^ = 4y, 

whence  differentiating  and  dividing  by  2yi 

(1+^)^2  +  ^1  =  2 (2> 
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Differentiating  n  times  hy  Leibnitz's  Theorem 

(1 +a%,+i+27try„+i+n(n-%„ 

or  (l+^-+s+(2n  +  l>Fy,+i+nV«=0. 

Pattmg  a?=0  we  have        (y«+s)b= -»*(y*)o (3) 

indicating  hy  snffiz  zero  the  value  attained  upon  the  vanishing  of  x. 

Now,  when  ^==0  we  have  from  the  value  of  y  and  equations  (1)  and  (2) 
(y)o=0,  (yi)o=0,  (y,)o=2. 

Hence  equation  (3)  gives 

(y8)o=(y6)o=(yr)b= =(y«+i)o=o 

and  (2^4)0= -2«,  2, 

(yo)o=     4«.2«.2, 
(ys)o=-6».4«.2«.2, 
eta, 

(y«)a=(-l)*-'2.2«,4«.6« (2it-2)» 

=  (-l)»-^2»-ip- !)!}«. 

Examples. 

1.  K  y=x^d"  find  y,.  3.  K  y^sxTa^  find  yn. 

2.  If  y=J7^inar  find  y„.  4.  If  y=a:"«^8in6a:  find  y^ 
5.  Prove  that  the  differential  equation 

is  satisfied  hy  y=sinh(m  sinh^'^). 

Prove  also  that 

(l+««)y«+a+(2»+l)ary,+i  +  (n*-wi>,=0, 
and  find  the  value  of  y^  when  a?=0. 

100.  Some  Important  Symbolic  Operations. 

It  has  been  proved,  Art  93,  that  if  r  be  a  positive  integer, 

Let  us  define  the  opei*ation  D"*'  to  be  such  that 

Thus  D"^  represents  an  integration  (Art.  79).  We  shall  sup- 
pose moreover  that  no  arbitrary  constants  are  added. 

Now,  since  D^a-^'e-* = e«* = D^D - *•««*, 

it  follows  that  D-»-e«*= a'^'e^. 

Hence  it  is  now  clear  that 

for  all  integral  values  of  r  podtive  or  negative, 

101.  Let  f{z)  be  any  function  of  z  capable  of  expansion  in 
integer  powers  of  z,  positive  or  negative  (  =  2-4^0*"  say,  Ar  being 
independent  of  z\ 
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Then  y(Dy«=(5L4^y»» 

102.  Next  let  y^ef^X,  where  X  is  any  function  oix. 
Then  since  D^ef^ = a'^ef^, 

we  have  by  Leibnitz's  Theorem 

yn^ef^{a^X+j:!^a^'^DX+^G^a^'^D^X+...+D^X\ 
which  by  analogy  with  the  Binomial  Theorem  (Art.  91)  may 
be  written  D<^e^X = €f^{D + a^Xy 

n  being  a  positive  integer. 

103.  Now  let  X^iD+cO^'Y, 
so  that  we  may  write         F=  (D+a)"^X. 

Then  I)^ef^r=  e^iD+a^T  (Art.  102), 

or  D»6«<2>+a)-'*X=e«*X, 

and  therefore  D-«e«*X=6«*(2)+a)-»-I. 

Hence  in  all  cases  for  integral  values  of  n  positive  or  negative 
D^e^X^ef^D+aYX. 

104.  As  in  Art.  101  we  shall  have 

/(D)e«*X= 2(il^)e««X 
=  2(^^e«'X) 
=^ef^^Ar{D+ayX 
^e^f(D+a)X, 

105.  Again  D^ ^mx={^m^ ^mx, 

and  therefore  I>^^''^'^=(— 'Wi*)' ^ mx. 

Hence,  as  before  (Arts.  101  and  104),  it  will  follow  that 
/(i)2)^ma;=/(-m2)^mcc. 

Ex  f^^'an  hx  dx 

=/)-'c**sin6a:=«^/)+a)-'8inftj7(Art.  103) 

^^^^^a-Dywi  hx  (Art.  105). 


=e«^ 


sin  hx-h  cos  6x 


a- +  6-' 


=fl«Xa«+6')-»sinf6ar-tan-»^'\  (compare  Ex.  4,  Art.  93). 
V  a; 
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106.  SncceBsive  Differentistion  of  F{a^). 

[Lemma,    iin^^—-^ — p ifc  is  an  elementaiy 

exercise  to  show  that 

This  is  left  to  the  student.] 

We  shall  establish  inductively  that 

^F(a;«)=5U2i(2x)»-«^-V). 

the  series  continuing  until  a  zero  coefficient  occurs;  ^A^  being 
supposed  unity,  and  indices  of  F  denoting  differentiations  with 
regard  to  a?. 
For  differentiating  this,  the  coefficient  of 

is  ,|il2*+2(n-2A;+2)»il2ir-2,  i.e.  n+1^2*, 

by  the  lemma. 
Hence  we  obtain 

SO  that  if  the  law  holds  for  n  differentiations  it  holds  for  71  + 1. 
Moreover,  the  law  is  obvious  for  one  and  for  two  differentia- 
tions.    Hence  it  is  true  for  any  positive  integral  value  of  n. 
Ex.  If  F(a^)=€f^,  then  since 

we  obtain 

107.  Soccessive  Differentiation  of  F{Jx\ 

[Lemma.     If  nBu—- — ■ — V^ — ^^ then  will 

i»fi2*+n^2*- 22(n + A;— 1)  =  H+i^j*. 
The  verification  is  left  to  the  student.] 
We  shall  establish  inductively  that 

the  summation  continuing  until  a  zero  coefficient  occura ;  n^o 
being  supposed  unity,  and  indices  of  ^denoting  differentiations 
with  rej^urd  to  ^Jx. 
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For  differentiating,  the  coeflScient  of 

/     1     \n+ifc+l 

is  ,^2t+2(n+A;-l)^2*-2, 

i.e.  n+i-Bsi  by  the  lemma. 
Hence  we  obtain 

/7n+l  __  /     1      \n+l+i: 

so  that  if  the  law  holds  for  n  differentiations  it  holds  for  'n.+l* 
Moreover  the  law  is  obvious  for  one  or  two  differentiations. 
Hence  it  is  proved  true  for  any  positive  integral  value  of  n. 
Ex.  Prove  that 

[Math.  Teipos,  1886.] 

108.  Function  of  a  Function. 

A  general  expression  for  the  n^  differential  coefficient  of  a 
function  of  a  function  will  be  found  in  Chapter  V. 

100.  Note  on  Partial  Fractions. 

Since  a  number  of  examples  on  successive  differentiation  and  on  inte- 
gration depend  on  the  ability  of  the  student  to  put  certain  fractional 
forms  into  partial  fractions,  we  give  the  methods  to  be  pursued  in  a  short 
note. 

Let  v^  be  the  fraction  which  is  to  be  resolved  into  its  partial  fractions. 

1.  If  f(x)  be  not  already  of  lower  degree  than  the  denominator,  toe  can 
divide  out  until  the  numerator  of  the  remaining  fraction  is  of  lower  degree: 

._  ^ =  l+_^f-.? 

Hence  we  shall  consider  only  the  case  in  which /(^r)  is  of  lower  degree 
than  <l>{x). 

2.  If  <^a7) contain  a  single  factor  {x-a\  not  repeated,  we  proceed  thus: 
suppose  <^ar) = (a:  -  a)^:F), 

and  let  y(^)       _    ^     ,  y(^) 

A  being  independent  of  x. 

Hence  ^,  =  ^  +  (x  -  a)^f\ 

\lfix)  ylr{x) 

This  is  an  identity  and  therefore  true  for  all  values  of  the  variable  x ; 

put  ^ = a.    Then,  since  ^(o?)  does  not  vanish  when  x==a  (for  by  hypothesis 

yf^x)  does  not  contain  ^  -  a  as  a  factor),  we  have 
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Hence  the  rale  to  find  A  is,  ''Pat  x=am  every  porticm  of  the  fraction 
except  in  the  Victor  x—a  itself." 

Ex.     (I)  :r-c       _a-c       1        b-c       1 

(x-aX^-b)    a-h'  x-a    5— a  *  x-b' 

^^  (^-aX^-i>X^-c)""(a-6X«-c5^-a    (6-cX6-o)a:-6 

,    c^-^pc+q       1 
(c-aXc-6)  J?— c* 

Ex.  (iii.)  ,      ,^   "'.^ 5X=^/^v~^+      ^ 


(or -1X^-2X^^-3)    2(ar-l)    a7-2^2(x-3y 
Ex.   (iv.)  ,  — ^ =-^. 

Here  the  numerator  not  being  of  lower  degree  than  the  denominator,  we 
divide  the  numerator  by  the  denominator.     The  result  will  then  be 

expressible  in  the  form   1  +  -^^ — | t>  where  A  and  B  are  found  as 

before  and  are  respectively  -^  and  ^ . 

^  a-b         b-a 

3.  Suppose  the  factor  (^-a)  in  the  denominator  to  be  repeated  r  times 
so  that  <^jr)=(^-  ^W^). 

Put  j?-a=y. 

Then  J^)_A«_+i^)_ 

<K^r2/'ylr{a+yy 

or  expanding  each  function  by  any  means  in  ascending  powers  of  y, 

Divide  out  thus : — 

Bo+B^±^  ^o+^iy+...  (^^1^+^23^+..., 
eta, 
and  let  the  division  be  continued  until  y^  is  a  factor  of  the  remainder 
Let  the  remainder  be  y'XCy)- 

Hence  the  fraction=^o^A  4.-f %+...+ ^^+t>--^^v 

■*'i-a'^    V<^)  • 
Henoe  the  partial  fractions  corresponding  to  the  factor  {x—df  are  deter- 
mined by  a  long  division  sum. 

Ex.  Take  7 f;^-TTv 

Put  x-l=y. 
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Hence  the  fraction  »: 


(l+y)' 


~~|y+; 


iy« 


Therefore  the  fraction 


-iy* 


=  i,+  3     i       1 


"2/^4y«^8y    8(2+y; 


"2(ar-l)'^4(j:- 1)^^8(^-1)     8(ar+J) 

4.  If  a  factor,  such  as  a^-\-ajc+bf  which  is  not  resolvable  into  real 

linear  factors  occur  in  the  denominator,  the  form  of  the  corresponding 

partial  fraction  is  -^  —T-^^,    For  instance,  if  the  expression  be 

1 

the  proper  assumption  for  the  form  in  partial  fractions  would  be 
A    ,_B_        C        Dx+E    Fx+G    Hx+K 

where  Ay  Bj  and  C  can  be  found  according  to  the  preceding  methods,  and 
on  reduction  to  a  common  denominator  we  can,  by  equating  coefficients 
of  like  powers  in  the  two  numerators,  find  the  remaining  letters  /^,  E^  Fy 
Gy  Hy  K.  Variations  upon  these  methods  will  suggest  themselves  to  the 
vtudent. 


EXAMPLES. 

1.  If  y  =  tan"!**,  g^d  y^ 

2.  If  y-a^logsB,  find  y^ 
5.  Ify  =  a:^,  findyj- 

4.  If  y  =  ^,  find  y^  distinguishing  the  cases  in  which  r  <  ,    = 
or  >  n ;  supposing  n  to  be  a  positive  integer. 

5.  If  y  = -4  sin  wix  +  j5  cos  i/ia:,  prove  thaty3  +  m^  =  0. 

6.  If  y  =  -^  «"" + Bc'^y  prove  that  y^  -  mhj  =  0. 

7.  If  y  =  ax  sin  a:,  prove  that  ic^yj  -  2a^i  +  (rc2  +  2)y  =  0. 

8.  If  y  =  a  co8(log  «),  prove  that  x^y^  +  «yi  +  y  =  0. 

9.  If  y  =  oa:"**  +  &»"",  prove  that  a^Va  =  ^^  +  ^  )y« 

10.  If  y-«  =  1  +  2  V2  cos  2a:,  prove  that  y,  =  y(3y«  +  l)(7y«  - 1). 

[Oxford,  1889.] 
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11.  I{y  =  x  log  — — -,  prove  that  a^^  =  (y  -  ^i)*« 

ci  -t*  ux 

12.  If  y»  sin  a  prove  4— 5??^=  105  sin  4a:.  [Oxpoed,  1890.] 

13.  Find  the  n^  differential  coefficient  of 

^{a«a:2  _  2naa;  +  n(n  +  1)}. 

[I.  C.  S.] 

14.  If  u  =  sin  no?  -f  cos  noSy  show  that 

ti^  =  n-{l +  (-!)- sin  2na;}». 

p.  C.  S.] 

15.  If  y  =  sin'^a:,  prove  that  (1  -  a^yg  "■  ^1  =  ^  >  ^'^  *'^**' 
(1  -  ^)yn^.  -  (2n  +  l)a:y,^,  -  n^y.  -  0. 


16.  lly='A{x+  J^^Tay  +  B{x+  s/x^  +  a^)"", 

then  will    (a^  +  a«)y^^,  +  (2m  +  l)xy^^,  +  (m^  -  n2)y^  =  0. 

1        I 

17.  If  y*  +  y"-  =  2x,  prove  that 

(«^  -  l)y«+s  +  (2n  +  l>ry,^,  +  (n^  -  m%,  =  0. 

18.  If  y  =»  6~*  cos  a:,  prove  that  y^  +  4y  «  0. 

21.  If  y  » (ai*  -  0"^>  fi*^^  y«u  ^  being  a  positive  integer. 

22.  If  y  =  a^log  x^  find  y^ 

23.  If  y  =  (l  +aj+aj«+a:3)-i  a^d  d  =  cot"ia;,  show  that  y^  is 

i(  -  l)-n !  sin"*^d{8in(n  +  l)d -  cos(n  +  1)6  +  (sin  tf  +  cos  0)'*'^}. 

[Math.  Tripos.] 

24.  Ify=»6**"   *  =  OQ  +  a,a:+a2a:^+ ...,  show  that 
(i.)(l+a^)y,  +  (2a:-l)y,  =  0; 

(ii)  (l+««)y«+,+  {2(n  +  l)x-l}y.^,  +  n(n+l)y,  =  0 
(iii)  (n+2)a,+j  +  na,  =  a,+i. 
The  last  equation  is  to  be  found  by  substituting  the  series  for  y  in 
equation  (i.)  and  equating  the  coefficient  of  a:"  to  zero. 

25.  If  y  »  sin(m  sin"^a;)  =  a^  +  a^x  +  a^  +  . . . ,  show  that 

(i.)  {l-x^)y2'^^i-fnh/; 
(iL)(l-a^)y.,,-(2n  +  l)xy,,,-(n»-m2)y.  =  0; 
and         (iiL)  (n  +  l)(n  +  2)a,^.a  =  (n«  -  m«)a^ 

26.  If  «****"**  =  a^  +  aiaj+a2a:^+...,  prove 

(n+l)(n  +  2K^,=  (n«  +  a>^ 

27.  If  (8in~^)*  =  a,j  + aia:  +  aja:*  + 038:*+...,  show  that 

(n+l)(n+2)a,^,  =  nV 
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28.  UUfV^tooe  functions  of  <,  and  if  suffixes  denote  differentia- 
tions with  regard  to  <,  prove  that 


d 

"i.  »1.  Wl 

= 

Ml,  r„  w, 

dl 

ttj,  »j,  tOj 

«2.  %  Wj 

«8.  »S.  Ws 

"4.  "4.  W4 

29.  If 


^-1 


[Ck>LL.  Exam.] 
be  differentiated  t  times,  the  denominator  of  the 


result  will  be  (^-1)'^^  and  the  sum  of  the   coefficients  of  the 
several  powers  of  «*  in  the  numerator  will  be  (  -  1)*! .  2 .  3  ...  i. 

[Caius  Coll.] 

30.  Prove  that 

d*u     d^uv        dH"^  {   dv\     n(n-l)    rf*"*/  cPv\  ,     i\m  ^"^ 

31.  Show  that  if  2;  =  cot  y 

d*       af^ 
^  r— -^  =  n !  sin  y {  sin  y  -  ^Cjcos  y  sin  2y  +  ^C^cos^  sin  3y  -  . . . } . 

[Oxford,  1890.] 

32.  Prove  that  ifaob^ 
d^        h-^cx 

doT  a  +  26a;  +  cx^ 

=  (-l)"n!f       J       J^^osHn^-  l)tan-i^^Hgl 

[London,  1890.] 


33.  Show  that  tan(  y— jsin  vix  =  tanh  my .  cos  mx ; 

tan"^(y  -  jsin  wia;  =  tiinh~^my .  cos  ma;; 
gd^y  y- )sin  rtix  =  gd~^(my)cos  ma:. 


also 
and 

34.  Prove 


[Oxford,  1888.] 


(0^^=»-,-.(A 


idxj 


35.  Prove  that  if  a;  +  y  =  1 
da:" 


[Gregory's  Examples.] 


[Gb 
:^(a;V)  -  n!  (2^  -  .Cfy-'^a:  +  ^dy-V  -  ,..) 


36.  Prove  that 


[Murphy,  Electricity.] 
to«+l  term8  =  ^j^,QV-(logxr'}. 


+  ...1 


[Math.  Tripos,  1889.] 
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37.  Find  the  n^  differential  coefficients  of  sin  (c^  and  cos  9?. 

38.  Establish  Bodrigues'  Theorem'^  that  if  n  be  a  positive  integer 

sinn««-— -— — (- — )     (sin  «)*"'. 

1.3.5...(2n-l)\sma:(2te/     ^        ' 

39.  Prove  that 

dr    .  .,  1.3.5... 2n-3    r      ^-7    ,»     ^-,"1 

where  T  -  1 . 3.5  ...(2^-1)  /l-a:Y 

*'"(2n-3)(2n-5)...(2n-2A;-J)Vl+ic/ 

[Febnbt.] 

40.  Ify][x)  =  a^  +  o^a;  +  a^  +  ...  +a^+  ...,  prove  that 

IVj  +  2''a2+  ...  +r^ar+  ...  «  R^)'^^)!     ' 

41.  If  <^n)  be  a  rational  algebraic  function  of  n,  prove  that 

42.  \ff{x)  can  be  expanded  in  positive  integral  powers  of  a?,  prove 
that 

43.  Show  that  the  BesseVs  Function  JJix)  (Ex.  125,  Chap.  III.) 
satisfies  the  differential  equation 

dhb     1  du     /,     n^       rv 

44.  Prove  that  Legendre's  function  of  the  n"*  order,  viz., 

satisfies  the  equation 

|^{(l-..)^"}.«(n.l)P.  =  0. 
and  may  be  expressed  as 

where  w  =  aj  +  1  and  v  =  a;  -  1 ; 


22 


+  pCr6«c'»«"-V-i)«+-. 


*  M.  Frenet  hM  pointed  out  {ReeueU  d*Exercice$)  that  thii  remit  which  is 
Qsomnj  ascribed  to  Jacob!  and  known  by  his  name  (being  given  bj  him  in  CreUe*$ 
Journal)  had  been  previonsly  published  by  Bodrigues. 
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EXPANSIONS. 

110.  The  student  will  have  already  met  with  several 
expansions  of  given  explicit  functions  in  ascending  integral 
powers  of  the  independent  variable ;  for  example,  those  for 
(x+a)^,  e*,  log(l+aj),  tan"^,  sinic,  coscc,  which  occur  in 
ordinary  Algebra  and  Trigonometry. 

The  principal  methods  of  development  in  common  use  may 
be  briefly  classified  as  follows : 

I.  By  purely  Algebraical  or  Trigonometrical  processes. 
II.  By  Taylor's  or  Maclaurin's  Theorems. 

III.  By  Differentiation  or  Integration  of  a  known  series,  or 

equivalent  process. 

IV.  By  the  use  of  a  differential  equation. 

These  methods  we  proceed  to  explain  and  exemplify. 

ill.  Method  I.    Algebraic  and  Trigonometrical  Methods. 

Ex.  1.  Fiud  the  first  three  terms  of  the  expansion  of  log  sec  a:  in  ascend- 
ing powers  of  x. 
By  Trigonometry 

cos  07=1  —^-\ 4- 

Hence  log  sec  at  =  -  log  cos  :p  =  -  log(l  -  2), 

where  ^=_-_  _j  +  ^.  «...  ; 

and  expanding  log(l  —z)  by  the  logarithmic  theorem  we  obtain 
log8ec^=2+-  +  ~+... 


-s--]" 


78 
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~2'    24"*"  720     • 

^24 
hence  log8eca;=~  +— +^ 


Ex.  2.  Expand  qo^x  in  powers  of  x. 
Since  4  008*07=008  3:t:+ 3  co8  ^ 

weobfaun         co8'«=i/(l+3)-(3'+3)^+(3*+3)|'-... 

Similarly  8in'ar=i{(3»- 3)J  -  (3» - 3)|^+(3' - 3)^ - ... 

Ex.  3.  Expand  tan  x  in  powers  of  ^  as  far  as  the  term  involving  ^. 

J? 1 ... 

Since  tanx=      ^'    ^• 


2r4!  - 


we  may  by  actual  division  show  that 

^     2  J, 
tanar=:ir+  — +  — aH^+... 

Ex.  4.  Expand  i{log(l+A)}*  in  powers  of  x. 
Since  (1  +^)»'  =  e«''*««+'>, 

we  have,  by  expanding  each  side  of  this  identity, 

=  l+ylog(l+^)+|){log(l+^)f+... 
Hence,  equating  coefficients  of  ^, 

in^ij^Ms    ^     1  +  2  ,  .1.2  +  2.3  +  3.1   ,       ^ 
i{log(l+*)}«=2,-   g,-^+ -J .r*-etc., 

a  series  which  may  be  written  in  the  form 

^-(i+i)5+(i+i+4)^-(i+i+i+i)^+... 
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Examples. 

1.  Prove      <»«■»»«= l+«»+J:p«+T4iya^... 

2.  Prove   coeh-a;=l  +  -2y +  n(3n-2)|*... 

3.  P„>ve  log^=.^-^... 

4  Prove         log.^_=g-^... 

x^     7 

5.  Prove        log xcot  x=  -  ^  -  dn^-" 

6.  Prove         log*!^!^=  .^+^:^  -  .-|Vr^... 

*     J?  3     90        6.7.9*^ 

7.  Expand  sinh'x  and  cosh'jr,  giving  the  general  term  in  each  case. 

8.  Prove  log(l -.+^)= -.+^+?f?+^-^-|!-f +^... 

9.  Expand  log(l  +4r'tf»)  as  far  as  the  term  containing  ^. 

10.  Expand  in  powers  of  r, 

(6)  tan-^^l^.  (d)  coB-.£^. 

11.  Prove  that 

where  r/'k  denotes  the  sum  of  all  products  it  at  a  time  of  tlie  first  r  natural 
numbers. 

112.  Method  II.    Taylor's  and  Maclaurin's  Theorems. 

It  has  been  discovered  that  the  Binomial,  Exponential,  and 
other  well-known  expansions  are  all  particular  cases  of  one 
general  theorem  known  as  Taylor's  Theorem,  which  has  for  its 
object  the  expansion  off(x+h)  in  ascending  integral  positive 
powei's  of  h,  f{x)  being  a  function  of  x  of  any  form  whatever. 
It  will  be  found  that  such  an  expansion  is  not  always  possible, 
but  we  reserve  for  later  articles  a  rigorous  discussion  of  the 
limitations  of  the  theorem. 


113.  The  theorem  referred  to  is  that  vmder  certain  drcum- 


Btances   A^+h)=Ax)+hf(x)+lj''{x)+^.r{x)+... 


+^/"(a;)+-toiniimty, 


an  expansion  of  f(x+h)  in  powers  of  ^. 
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This  result  was  first  published  by  Taylor  in  1715,  in  his 
"Methodus  Incrementorum  Directa  et  Inversa."  In  1717 
Stirling  pointed  out  another  form  of  Taylor's  Theorem,  viz., 

•x^)=/(0)+^/(o)+|/xo)+|^r^^^^ 

+2^0)  +  '..  to  infinity, 

which  is  easily  deducible  from  Taylor's  Series  by  writing 
0  for  X  and  xforh;  the  meaning  of  /^(O)  being  that  f(x)  is  to 
be  differentiated  r  times  with  respect  to  x,  and  then  a?  is  to  be 
put  equal  to  zero  in  the  result. 

The  latter  series  gives  a  method  of  expanding  any  function 
of  X  in  positive  integral  powers  of  x.  Being  a  form  of  Taylor's 
Theorem  it  is  subject  to  the  same  limitations.  It  is  generally 
known  as  Maclaurin's  Theorem,  though  its  publication  by 
Maclaurin  was  not  made  until  twenty-five  years  after  its  first 
discovery  by  Stirling. 

114.  Taylors  Theorem,  also  deducible  from,  Maclaurin' s. 

It  has  been  shown  that  Maclaurin's  series  is  deducible  from 
Taylor's  form.   Taylor's  series  is  also  deducible  from  Maclaurin*s. 

For,  let  A^)  =  F(^+y)> 

then  fix) = FXx + y\  etc., 

so  that         f(0)^F{y)JXO)^r(yXf(0)  =  F\yl  etc. 

Hence  Maclaurin's  Theorem 

/(^)=/(0)+^/(0)+g/'(0)+... 

becomes       F{y+x)  =  F{y)+xFXy)+'^r(y)  +  ,,,, 
which  is  Taylor's  form. 

Taylor's  Theorem. 

115.  Prop.  To  prove  that,  iff(x+h)  can  be  expanded  in  a 
convergent  series  of  positive  integral  powers  of  h,  that  ex- 
pansion is 

f(x  +  h)=f(x)+hf(x)  +  ^^/Xx)+  ...to  00. 


Put  x+h^X ;  then  since  x  and  h  are  independent 
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Hence  ^4?=^^¥->-^=/W. 

dti         dX      dfi 

SimUarly  ^P  =f{X\  etc. 

Now,  asav/ming  the  possibility  of  such  an  expansion,  let 

/(x+h)=A,+AM^J^+^^,  + (1) 

where  -4^  A^^  A^t ...  are  functions  of  x  alone^  not  containing 
h,  and  are  to  be  determined. 

Differentiating  with  regard  to  A  we  have,  by  the  preceding 

work,  fix+h)=^^^=A,+AM^^,+^.^,  + (2) 

Differentiating  again 

f(<^+h)=^^^^=A,+AM^!^^  +  A^+-. (3) 

etc 
Put  ^  =  0,  and  we  have  at  once  from  (1),  (2),  (3), ... 
A,=^f{x\  A,=f(x\  A^=f\x\  etc., ... 
Substituting  these  values  in  (1) 

Ax+h)=f{x)+hf{x)+^f{x)+...+^^-^r{x)+... 

116w  This  theorem  may  be  written 

A««)={.+^l+*;(l)'4;©v...}/(«), 

and  by  analogy  of  form  with  the  exponential  theorem  the 
operator  may  be  represented  shortly  by 

e  *^  or  e*^. 
Thus  fix+h)  =  ^''f(x). 

Stirling's  or  Maclaurin*s  Theorem. 

117.  Prop.  To  prove  that  if  f{x)  can  be  expanded  in  a 
convergent  series  of  positive  integral  powers  of  aj,  that  ex- 
pansion is 

f(x)=f(,0)+xf(P)+f^riO)+^f"{0)+...  to  oo. 
Assiumvng  the  possibility  of  such  an  expansion,  let 

/ix)=A,+A,x+A,^+A,^+ (1) 
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where  Aq,  A^,  -4^, ...,  are  constants  to  be  determined,  Tiot 
containing  x. 

Then  differentiating  we  have 

fix)  =  A,+A^+A,^+A,^+ (2) 

f{x)=A,+A^+A,f-^+A,^+ (3) 

etc. 
Hence  putting  aj=0  in  (1),  (2),  (3),  ... ,  we  have 

^o=/(0).  ^i=/(0),  A,=f\0),  etc., ... ; 
and  substituting  these  values  in  (1) 

Xa:)=/(0)+x/(0)+|]/'(0)+|J/"(0)+...+gAO)+... 

118.  It  will  be  noticed  that  in  the  above  proofs  there  is 
nothing  to  indicate  in  what  cases  the  expansions  assumed  in 
the  equations  numbered  (1)  in  Arts.  115,  117  are  illegitimate, 
and  we  shall  have  to  refer  the  student  to  Arts.  130  to  142  for 
a  fuller  and  more  rigorous  discussion. 

119.  It  is  important  before  proceeding  further,  that  the 
student  should  satisfy  himself  that  the  well-known  expansions 
of  such  functions  as  {x+k)^,  e*,  sin  x,  etc.,  are  really  all  included 
in  the  general  results  of  Arts.  115,  117. 

For  example,  if  /(x)=^,  f(x+h)  =  {x+hy,  f(x)=:7uf'\ 
fix) = w  ( w  - 1  )a?"~*,  eta    Hence  Taylor's  Theorem, 

gives  the  binomial  expansion 

SSI 

Again,  suppose  /(:p)=^,  then/'(^)=^,  /"(^)=«*,  etc., 
therefore  /(0)=1,/X0)=1,/"(0)  =  1,  etc. 

Hence  Maclaurin's  Theorem, 

/w=/(o)+^/'(o)+^r(o)+... , 

gives  ^=1+^+^+^  +  ..., 

the  result  known  as  the  Exponential  Theorem. 

120.  We  append  a  few  examples  which  admit  of  expansion, 
and  to  which  therefore  the  results  of  Arts.  115, 117  apply. 
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EXAKPLES. 

Prove  the  following  results  : — 

2.  log(l+x)=x-^+^_.... 

3.  tan-^r  =  x---  +  --.... 

4.  c'cosar  =  l+2^cos^.:r+2*co8?E^+2*co8?j?:^+... 

4  4   2!  4  3! 

+23oos:^£:+.... 

4    n\ 

5.  co8^.co8h^=l — 4r  +  -g^ —  12T 

[Oxford,  1888.] 

6.  log(l+e«)=log2+i^+4a^-^^2-- 

7.  c^'=I+ar+i^-Ja:*-.... 

8.  8m(j7+A)=8inar+Aco8ar—     sin^  -—  cos^+.... 

^ !  o! 

rt        •       1/      .   r\         •    -1  ^  ^  ^*  .     1  +  2^    A^  . 

Vl-^    (1-:f2)|2!     (l-:r2)f3! 

10.  loff8in(ar+A)  =  logsin:r+Acot^-— -C08ec2j?  +  —  ^f.^,,., 

^  2  3  sin^ur 

11.  8ec-K^+A)=sec-':F+ — _^-=:_-^^^lLl%.... 


Method  III. 

121.   Expansion  by  Differentiation  or  Integration  of  a 
known  aeries  or  equivalent  process. 

The  method  of  treatment  is  indicated  in  the  following  examples : 

Ex.  1.  To  expand  tan-\v  in  powers  of  x^  assuming  :r  to  be  numerically 
less  than  unity.    Gregorie's  Series.* 

Suppose  /(or)  =tan~^J7=aQ+ai5:+ 02.^2+033:'+..., 

then  /(^)=— -=ai  + 202^:+ 3^3372 +4a4a:3^_^^^ . 

also  (l+^)-^  =  l-a:2+^-^+...- 

Hence,  comparing  these  expansions,  we  have 
a2  =  a^  =  ag  =  flr^=  ...  =0, 
and  «i  =  l,  303=  -1,  5oj  =  l,  etc. 

Also  ao = tan ""'0  =  nTT  ; 

therefore  tan"^j:=7i7r+ar-— +  ^--— +.... 

3      5       < 


*  Commercium  Epistolicum,  p.  98. 
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This  result  may  be  obtained  immediately  by  integration  of  the  series 
for   ^^  Tiz., 

the  constant  a^  being  determined  as  before. 

Ex.  2.  To  expand  sinr^x. 

Suppose  f{x)=mr^x=^a^'\-(tiX'\-a^'\-a^'\-  „.  ; 

therefore  f(x)=-:,^_^  =ai-\-2a^'{-Za^'\'4M^3i^'\-..,, 

wl-x^ 

Hence,  comparing  these  series,"  we  have 
a2=a4=ag=  ...  =0, 

and  ^1=1,  3a3=J,5a5=    *-.... 

Also  a0=sin~H)=w7r. 

and,  as  before,  this  might  have  been  obtained  immediately  by  integration 
of  the  expansion  of   - : .-> 

Tgy-  3.  Again,  if  a  known  series  be  given,  we  can  obtain  others  from  it 
htf  differentiatiOTU 

For  example,  borrowing  the  series  for  (sin~^a?)*  established  in  Ex.  2  of 
the  next  Art,  viz. — 

i{sin-x)»=^+2^+2^^+2,4.6^ 

^  '       2^3  4^3.5  6^3.6.7  8^      ' 

we  obtain  at  once  by  differentiation 

»J\^a^  3        3.5        3.5.7 

Examples. 


1.  Prove  log(a?Wl+^)  =  8inh-'^=.r-i'^+l4.-^ 

2.  Prove  tanh-'j?=ar+^+ -+.... 

3      5 

Expand  examples  3  to  9  in  ascending  integral  powers  of  x. 

3.  tan"^.r+tanh"'x. 

4.  tan-^  r^3+  ainh-^ ,  ^  - 


5.  tan-^^^-'^^+tanh-i?^^. 

l-ar»^  1  +  ar* 

6.  tan->  ^  -. 
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7    flAr*-l       ^ 
8.  8inh-X3^+4j:^)- 


9.  tan-i^^Il^-yZg. 

10.  Deduce  from  Ex.  3,  Art,  121, 

/I     ^i  •  -1  ^    2ar*    2.4   .T^ 

(l-x»)«8m'x=^--_3--— .y-.... 

And  hence  by  patting  x=8in  ^,  prove 

^     ,^    ,     8in»^    2  sin*^    2.4  8m«d 
^cot^=l— ^--._^-._-^..... 

[QUABTEBLT  JOUBNAL,  Vol.  vi.] 

11.  Oiven  that 

sin  log(l+^)=^x+:^«;r'+^-^+ ...  +^^+- 

C08  log(l+:r)=  1 +^J;r+ J^:r»+^x'+...+^+... , 

calculate  the  fir8t  eight  coefficients  of  each  expansion. 

[Math.  Tbipos,  1887.J 

12.  Prove  that  when  a:  is  between  -  ^  and  +  ^, 

-^  co8:r-.-^co8  3^+ico8  6j?-  ...to  infinity  =^(^-^y 

[Math.  Tkipos,  1875.] 


Method  IV. — Br  The  Formation  of  a  Differential 
Equation.* 

122.  This  method  may  often  be  employed  with  advantage. 
Assume  a  series  for  the  expansion 

(say  aQ+a^x+a^^+ ). 

Then  form  a  differential  equation  in  the  way  indicated  in 
several  of  the  examples  in  the  preceding  chapter.  Substitute 
the  series  in  the  differential  equation  and  equate  the  coefficients 
of  like  powers  of  x  on  each  side  of  the  equation.  We  shall 
thus  obtain  sufficient  equations  to  find  all  the  coefficients 
except  one  or  two  of  the  first  which  may  be  easily  obtained 
from  the  values  of /(O)  and /'(O). 

*  Profesaor  Williamson  has  pointed  out  that  some  historical  interest  attaches  to 
this  method,  as  having  probably  been  employed  by  Newton  in  his  expansion  of 
sin(m  sin'^)  and  other  expressions. 


Digitized  by  LjOOQ IC 


EXPANSIONS.  8T 

Ex.  1.  To  apply  this  method  to  the  expansion  of  (1  +x)\ 

Let  ff^(l+xf=^<z^-\-aiX+a^+a^+ (1) 

Tlien  yi=w(l+J7)"-^  or(l+^)^i=ny.    (2) 

But  yi=ai  +  2a*r+3a5r*+ (3) 

Therefore  substituting  for  (1)  and  (3)  in  the  differential  equation  (2) 

Hence,  comparing  c<%fficients 

2a3+ai=TOai, 
Z(z^+2a^=na^,        etc., 
and  by  putting  ^=0  in  equation  (1^ 

giving  Oi»w, 

an-2        n(n-lXn-2) 

n--r+l  n(ii-l)...(n-r+l) 

^~ — ;: — ^'•-1- ;:! > 

whence  (l+ar)-  =  1  +n4:+?^7i^a:«+... . 

Ex.  2.  Lety=y(^)=(8in-'x)2. 

y,  =  2  8in-U-.  -7-^--, 

Differentiating,  and  dividing  by  2yi,  we  have 

0-^]6^2=^i+2 (1) 

Now,  let      y=ao+OiX+aaar»+...+a^+o„+ia:*+*  +  a«+j>a;"+'+..., 
therefore    yi =ai  +  2a,a?+ . . .  +  wa^-»  +  (71  +  l)a^+ia:*+ (n  +  2)a„+2^+'  + . . ., 
and 

.y,  =  2a,+  ...+»(n-i;a^-»+(n  +  l)na»+i^-»  +  (n+2)(n  +  lK+2^+..  • 
Picking  out  the  coefficient  of  ar"  in  the  equation  (which  may  he  clone 
without  aetval  subititution)  we  have 

(w+2)(n+l)a„+,-n(w-l)a„=*«a^ ; 

therefore  a.,,=^__^^L^_  ^ (2) 

Now,  ao=/(0)=(8in-H))2, 

and  if  we  consider  sin"^^  to  be  the  smallest  positive  angle  whose  sine  is  x^ 

8in-H)=0. 
Hence  ao=0. 

Again,  ai=/(0):=2shi->0.—L==0, 

vl-0 

and  a,-i/'(0)=i(jl^+0)  =  l. 
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Hence,  from  equation  (2^  a^,  Og,  07,  ... ,  are  each=0, 
1  2*  2«      2* 

and  ''♦=3:4- ^=374=4!^* 

42  2«.4«       2«.4«   o 

tta  = .    <Ia  =    = .   2. 

^    6.6      *     3.4.5.6       6!    ^ 
ei/C  ^~  etc  * 

therefor  (si„-..).=^+ij2x.+?yV+?!- J-«W+.... 

A  different  method  of  proceeding  is  indicated  in  the  following  example. 

Ex.  3.  Let    y=Bin(m8in"*x)=a0+aia:+a2    +03.^,  + (1) 

2!         o! 

Then  yi  ==  co8(m  sin"  ^x)     ^     , 

whence  ( 1  -  ^)yi* = m%l  -  y^. 

Differentiating  again,  and  dividing  by  2yi,  we  have 

(l-^]&^2-^i+»^V=0 (2) 

Differentiating  this  n  times  by  Leibnitz's  Theorem 

(l-a%„+,-(2n  +  l>r5^,+i  +  (m«-w%,=a     (3) 

Now,  Oq = (y)*>H) = 8in(m  sin  ~H)) = 0, 

(assuming  that  sin"^^  is  the  smallest  positive  angle  whose  sine  is  x) 

ai=(yi)*-o=wi, 

etc. 

Hence,  putting  :r=0  in  equation  (3), 

Hence  a^,  a^  a^  ... ,  each=0, 

and  03=  -  {m*  -  l*)ai  =  -  m(m*  -  1*), 

a^=  -(m»-3»)a3=7w(m2-l2Xwi*-3«), 

07=  -(m8-5«K=  -m(m«-l2)(w2-3«)(m«-6«X 
etc. 
Whence 

sm(m  sm-^o?) =mx ^-— — ^x^ + —^ ^ ^^ 

fn(m«-l^m»-3«X^H»-5«)^^ 
7! 
The  corresponding  series  for  cos(m  sin"^^)  is 

cos(mBin-M=i-4f+"'<"';-^'>^-"'<""-y-''w.... 

If  we  write  ^=sin  ^  these  series  become 
sin  me=msin  6-!^^^  rin»g+"Km«-y -3«)  ^.^_^^^^ 

2!  4:  ol 
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Ex.  4.  Expressions  of  the  form  {t&a-'^xy/pl  may  be  easily  expanded  as 
follows  : 

Taking  tan~^x  to  He  between   -  and  —  -  we  have 

4  4 

tan'~'wF=«p— _~  4-  — .... 
3     5 

We  may  therefore  evidently  assume  expansions  of  the  form 
y = (tan-*ar)'/j?  I = Opfl^  -  ap+»a?P+' + ap+4^+*  - . . . 
r = (tan-^o:)'- V(/>- 1)' = ^i»-i^~^  -  ^i»+i-^''^  +  ^P+>»^*' - . . .  • 
Then  yi=Kl+^"S 

or  l>a^'-^-(/>+2K+:»a^+^+(^  +  4)ap+^*»-... 

whence,  equating  coefficients, 

(/)+4)Op+4=6p-i  +  6p+i+6j,+3, 
etc., 

and  the  law  which  connects  the  several  coefficients  is  obvious. 
Thus  starting  with  Gregorie*s  Series  we  successively  deduce 

21  2     V       3/4     V       3    6/6     V       3     5^7/8 

3!  2  3      12    4V       3//5      12    4V       3/     6\       3     5//? 

etc 
These  results  have  been  communicated  to  me  by  Professor  Anglin  of 
Queen's  College,  Cork. 

Examples. 

1.  Apply  this  method  to  find  the  known  expansions  of 

a*,  log(l+^X  sinx,  tan"'ar. 

2.  If  y=sin-*^— ao+^i^+^V^+^^+'**> 
prove  that  «.,,=__^_.^a. 

and  in  this  manner  deduce  the  expansion  given  in  Ex.  2,  Art  121. 

a  It^'^^^*=c^'¥aiX+a^+a^  +  ,,.y  prove 

(2)  ^-.-.==l+ar+^f +?<^^+?!^^ 

.      a(a*+l)(a'+3')  . 
+ 6! — ^+- 
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(3)  3>educe  from  (2),  by  expanding  the  left  side  according. to  the 

exponential  theorem  and  equating  the  coefficients  of  a,  a^,...the 

series  for  sin-^o:,  (sin'^a?)^, . .. ,  and  show  that  if  in  the  development  of 

(sin~*:ry 

^ — j— ^>viz., 

^  .  1    :r3     1.3   £j 
l"^2'  3"*"2.4'  S"*"'"' 
every  number  which  occurs  be  increased  by  unity,  the  result,  viz., 
^    2£*    2^  ^ 
2'^3  4"^3.5'  6 

is  equal  to  («^^'?)'. 

4.  Prove  that  if  log^=tan"'x 

(l+a^^)y„={l-2(n-l)x}y„_l-(n-l)(»-2)^„_J, 
and  hence  find  the  coefficient  of  a^  in  the  expansion  of  y  by  Maclaurin's 
Theorem.  [I.  c.  S.  Exam.] 

prove  that  a^  -  o^n-a =^^^^- 

6.  If  y  satisfy  the  equation  y^  —  m^=0,  and  if  the  first  and  second 
terms  of  its  expansion  be  respectively  A-VB  and  (^«i-^m)r,  show  that 

the  general  term  is  {^  +(  -  l)*^}^J?r.    Hence  show  that 

7.  If  y  satisfy  the  differential  equation 

y2  +  2%i  +  (iEr»+62)y=0, 
and  the  first  terms  of  the  expansion  of  y  are 

continue  the  expansion. 

o    T*  -1       4r"^n^      J  (sin-^a:)8     «— a^ 

8.  If  8m-^a?=2    -ff  and^  =2    — -, 

show  that  «« +2 = ^*«n + ^w 

Hence  establish  the  expansion 

31  2*  3"^2~i\i2'^3V6'^2.4.6U2"^3«"*"5V7'^*"* 

^    ^  ,  .  sinh-*j?  2  ,  .  2.4  , 

9.  Prove  (a)  ___=..-g^+ _^- .... 

^  ^  "  2!  ~2  3'  4'''3.5  6  '■■' 
(c)log(lW2)=l-|.^+2^5.J-.... 
/j\    2,      /1+V3\     ,     Ij  1.2     1.2.3.  ,.  , 

10.  Establish  the  expansion 

TT*     ,^1     11     1.2.1     1.2.3. 

■8=^  +  2- 3+3- 3~6  +  4-37677'*'--  [Anoun.] 
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Continuity. 

123.  Def.  a  function  (ftx  is  said  to  bo  continuous  between 
any  two  values  a,  6  of  the  independent  variable  involved  if,  as 
that  variable  is  made  to  assume  successively  all  intermediate 
values  from  a  to  6  the  function  does  not  suddenly  change  its 
value,  but  is  such  that  its  Cartesian  graph  \y  =  <px\  can  be 
described  by  the  motion  of  a  particle  travelling  along  it  from 
the  point  (a,  ^a)  to  the  point  (6,  ^6)  without  moving  off  the 
curve. 

124.  Trace  the  curve  y  =  (/>x  between  the  ordinates  AL{x  =  a) 
and  BM(x=b).  Then  if  we  find  that  as  x  increases  through 
BOThe  value,  as  ON  (Fig.  14),  the  ordinate  <f>x  suddenly  changes 
firom  NP  to  NQ  without  going  through  the  intermediate 
values,  the  function  is  said  to  be  discontinuous  for  the  value 
X  =  OJV"  of  the  independent  variable. 


M 


N 
Fig.  14. 


O'  A  .         :        B  X 

Fig.   15. 

125.  Similarly,  we  may  represent  geometrically  the  dis- 
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continuity  of  a  differential  coefficient 


For$^ 


-^  represents  the 

tangent  of  the  angle  which  the  tangent  line  to  the  curve  makes 
with  the  axis  of  x.  If,  therefore,  as  the  point  P  travels  along 
the  curve  the  tangent  suddenly  cfumges  its  position  (as,  for 
example,  from  PT  to  PT  in  Fig.  15),  without  going  through 
the  intermediate  'positions,  there  is  a  discontinuity  in  the 

value  of  -j^. 
ax 

126,  Prop.  If  any  fvmction  of  x,  say  <f>x,  vanish  when  x=a 
and  when  x  =  b  and  is  finite  and  continuous,  as  also  its  first 
differential  coefficient  <f>x  between  those  values,  then  will  ^'x 
vanish  for  at  least  one  intermediate  value. 

For  if  ^'x  were  always  positive  or  always  negative  between 
x  =  a  and  x^b,  (px  would  be  continually  increasing  or  con- 
tinually decreasing  between  those  values  (Art.  42)  and  there- 
fore could  not  vanish  for  both  x^a  and  a;  =  6,  which  would  be 
contrary  to  the  hypothesis.  Hence  €l>x  must  change  sign  and 
therefore  vanish  for  some  value  of  x  intermediate  between 
x=^a  and  x=b. 


01         /A  B^     X 

Kg,  17. 
127.  The  same  thing  is  obvious  at  once  from  a  figure.     For, 
suppose  the  curve  y  =  i>x  cuts  the  axis  at  A  (x=a,y=0)  and 
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B  (x  =  b,  y=0),  then  it  is  obvious  (Fig.  16)  that  if  the  curve 
y=^<f>x  and  the  inclination  of  its  tangent  be  continuous  between 
A  and  B^  the  tangent  line  must  be  parallel  to  the  axis  of  x 
at  some  intermediate  point  P. 

It  is  also  clear  that  the  tangent  may  be  paiullel  to>  the  axis 
of  X  at  other  points  between  A  and  B  besides  P  as  in  Fig.  17, 
so  that  it  does  not  follow  that  <f>'x  vanishes  only  once  between 
two  contiguous  roots  of  <f>x=0, 

128.  The  same  proposition  is  thus  enunciated  in  books  on 
Theory  of  Equations :  "  A  real  root  of  the  equation  <f/x  =  0  lies 
between  every  adjacent  two  of  the  real  roots  of  the  equation 
^  =  0";  and  is  known  as  RoUe's  Theorem. 

Examples. 

1.  Show  ttat  if  a  rational  integral  function  of  a:  vanish  for  n  values 
between  given  limits,  its  first  and  second  differential  coefficients  will 
vanish  for  at  least  (w  —  1)  and  (w-2)  values  of  x  respectively  between  the 
same  limits.     Illustrate  these  results  geometrically. 

[L  C.  S.  Exam.] 

2.  Prove  that  no  more  than  one  root  of  an  equation  f(x)=0  can  lie 
between  any  adjacent  two  of  the  roots  of  the  equation /'(:r)=0. 

3.  Show  that  the  following  expressions  are  positive  for  all  positive 

values  of  a: : 

(i.)  (^-iy+1; 

(ii)  (jp-2y+a?+2; 
(iii.)  (or- a^'+'g +207+3; 
(iv.)  a:-log(l+^). 
[N.B. — By  Art.  42,  if  J^  be  positive,  y  is  increasing  when  x  is  increas- 
ing.   Hence,  if  y  be  positive  when  ^=0,  and  if  also  ^^^  be  positive  as  x 

increases  from  0  to  oo ,  it  follows  that  y  will  be  positive  for  all  positive 
values  of  jr.] 

129.  There  is  much  difficulty  in  giving  a  rigorous  direct 
proof  of  Taylor's  Series,  as  might  be  expected  from  the  highly 
general  character  of  the  result  to  be  established.  It  is  found 
easier  to  consider  what  is  left  after  n  terms  of  Taylor's  Series 
have  been  taken  from  f{x + h).  If  the  form  of  this  remainder 
he  STich  that  it  can  be  made  smaller  than  any  assignxihle 
quamiity  when  sufficient  terms  of  the  series  are  taken,  the 
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differcTice  between  f(x+h)  and  Taylor^ 8  Series  for  f{x+h) 
will  be  indejinitdy  ataaU,  and  under  these  circumstances  we 
shall  be  ahle  to  oMert  the  truth  of  the  theorem. 

130.  Lagrange  Formula  for  the  remainder  after  the  first  n 
terms  haVe  been  taken  from  Taylor's  Series. 

Theorem. — If  f{z)  and  all  its  differential  coefficients  up  to 
the  nth,  inclusive  be  finite  and  continuous  between  the  values 
z=^x  and  0=aj+fe  of  the  variable  z  then  will 

f{x+h)=f(x)+hf{x)+^^f{x)+„. 

where  Q  is  some  positive  proper  fraction. 
Let      f(x+h)=f{x)+hfXx)+^^f{x)+... 

+(^/»-K-)+t!^. • (1) 

R  being  some  function  of  x  and  ^,  whose  form  remains  to  be 
discovered. 

Consider  the  function 

/(x+^)-/(a;)-2/'(a;)-J/'(a;)-...-^'^^j/»-i(x)-    ^^<piz), 

say;  then  differentiating  with  regard  to  z  (keeping  x  constant), 

f(:x+z)        -fix)-  zfXx)-...-^^l-^f«-\x)-^^^^<pXz), 

f'ix+z)  -    /'(a:)-...-^,/n-.(a.)-^-|"-;^fi3^», 

etc.,  etc.,  eta 

f'-Kx+z)  -  f'Kx)-         zR=<//^\z), 

f\x+z)  '  -  B^^p^zY 

All  the  functions  <f>(z),  <f>'{z).,.,  (p%z)  are  finite  and  con- 
tinuous between  the  values  0  and  h  of  the  variable  z,  and 
evidently  ^(0),  ^'(0)i  ^"(^)---  >  0'*"HO)  are  all  zero.  Also  from 
equation  (1)  0(/i)  =0.     Therefore  by  Art.  126, 

fj/  (i?)  =0  for  some  value  (Aj)  of  z  between  0  and  A, 
<t>"  (^)  =  ^  ^^^  some  value  Qi^  of  z  between  0  and  \, 
<t>"{^)  =  0  for  some  value  (^)  of  z  between  0  and  h^ 
and  s6  on ;  and  finally 

^«  (0)  =  0  for  some  value  (A»)  of  z  between  0  and  An-i. 
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Thus  f\x+hn)-R=0, 

Now  since     A«<An-i<^-2---  <h^<h^<h, 
we  may  put  hn=6h  where  6  is  some  positive  proper  fraction. 
Thus  R^f'ix+eh). 

Hence  substituting  in  equation  (1) 

+(S)i^"^^>+^>^+^^) (2) 

This  method  of  establishing  the  result  is  a  modification  of  one 
due  to  Mr.  Homersham  Cox  (Camb.  and  Dublin  Math.  Journal). 

131.  If  then  the  form  of  the  function  f{x)  be  such  that  by 

making  n  sufficiently  great  the  expression  -  ,f\x+Qh)  can  be 

made  less  than  any  assignable  quantity  however  small,  we  can 
make  the  true  series  for  f(x+h)  differ  by  as  litUe  as  we  please 
from  Taylor's  form 

/(x)+A/(a;)+|-j/»  + ...  to  oo . 

The  above  form  of  the  remainder  is  due  to  Lagrange,*  and 
the  investigation  is  spoken  of  as  Lagrange's  Theorem  on  the 
Limits  of  Taylor's  Theorem. 

132.  The  corresponding  Lagrange  formula  for  the  remainder 

afler  n  terms  of  Maclaurin's  Series  is  obtained  by  writing  0  for 

x^ 
X  and  X  for  h  and  becomes  —^f\dx), 

thus  giving 
/(x)=/(0)+a!/'(0)+^AO)  +  ...+(-^)T/"-KO)+S/"(^)- 

133.  The  following  investigations  of  an  expression  for  the  remainder 
are  taken,  with  but  few  changes,  from  Bertrand's  "Trait6  de  Calcul 
DiflRb^ntiel  et  Int6gral."t 

We  shall  assume  that  f(z)  and  all  its  differential  coefficients  up  to  the 
nth  inclusive  are  finite  and  continuous  between  the  values  jc  and  :r+A  of 
the  variable  i. 

Let  B  denote  the  remainder  after  n  terms  of  Taylor's  series  have  been 
taken  from  f{x + A) ;  so  that 

Ax+h)=f{a:)-^hf{x)+^lf(x)^...+^^^  XI) 

*  Oaleul  dee  Fonotionn,  p.  88.  f  Pages  282-285. 
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Let         ;r+A=X,  hence 

Put  R  =  ^ ^P,    a    form    suggested    by  the  remaining  terms  of 

Taylor's  series.     Consider  the  function  formed  by  writing  z  instead  of  x 
throughout  the  left  hand  member  of  equation  (2)  except  in  P. 

Let  </>(r)= 
/(Z)-/(.)-^/(.)-<^/'(.)-...-<^^ 

From  equation  (2)  <^^)=0,  and  it  is  evident  that  <^X)=0. 

Also  <f>{z)  and  <f>{2)  are  finite  and  continuous  between  these  values  of  the 
variable  z.  Hence  <t>{z)  vanishes  for  some  value  of  z  intermediate 
between  z=x  and  z—X=x  +  h,  say  for  z=x-\-Oh  where  ^  is  a  positive 
proper  fraction. 

Differentiating  equation  (3)  with  respect  to  z 

«"-i|^^<')-p5> <« 

whence  P=f\z)  for  that  value  of  z  which  makes  if>{z)  vanish,  i.e. 

z=x+6h. 
Hence  F=f*(x+6h) 

and  R=^f^(x+ek) (5) 

ni 

134.  A  different  form  of  the  remainder  is  due  to  Cauchy. 

In  equation  (2)  put  R=(X—x)P  and  proceed  as  before,  then,  instead  of 
equation  (4),  we  shall  have 

which  vanishes  as  before  for  some  value  of  z  between  z=x and  z^X^x+k, 
say  tor  z—x+Oh;    whence 

and  therefore  R  =  ^}iZ^Tll^f{x+  Oh). 

135.  Another  form  is  obtained  by  SchlOmilch  and  Roche  by  assuming 
a  slightly  different  form  for  R^  viz., 

JX-xy^-^  p 

Jt?+1  ' 
This  gives,  instead  of  equation  (4), 

whence  P=(1=^;^'/X^+^A). 

(71-1)1 

and  R^jl:Z^^:^f-{x^-eh). 

{n^l)\{p+l) 

136.  The  last  form  includes  those  of  Arts.  133,  134  as  particular  cases  ; 
for  putting  p-\-\  —  n  it  reduces  to  Lagrange's  result,  and  putting  p—0 
it  reduces  to  Cauchy's. 
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137.  The  corresponding  forms  of  remainder  for  Maclaurin's  Theorem 
are  obtained  hy  writing  0  for  x  and  .r  for  A,  when  the  three  expressions 
investigated  above  become  respectively 

138.  The  student  shoald  notice  the  special  cases  of  equation 
(2),  Art  130,  when  n=l,2,  3,  etc.,  viz., 

fix+h)=f{x)+hf{x+eji), 

fix+h)=f(x)+hfXx)+^,f(x+e^). 

etc.; 
all  that  is  known  with  respect  to  the  d  in  each  case  being  that 
it  is  a  positive  proper  fraction, 

139.  Geometrical  Illustration. 

It  is  easy  to  give  a  geometrical  illustration  of  the  equation 

f{x+h)  =f{x)+hfxx+eh). 

For  let  X,  f{x),  be  the  co-ordinates  of  a  point  P  on  the  curve 
y=zf(x),  and  let  x+h,  f(x+h)  be  the  co-ordinates  of  another 
point  Q,  also  on  the  curve.  And  suppose  the  curve  and  the 
inclination  of  the  tangent  to  the  curve  to  the  axis  of  aj  to  be 
continuous  and  finite  between  P  and  Q ;  draw  FM,  Qlf  per- 
pendicular to  OX  and  PL  perpendicular  to  Q^,  then 
f{x+h)^f(x)_NQ-MP_LQ, 
h  "     MN 


'•^^UnLPQ. 


Rg.  18. 
Also,  X'\'dh  is  the  abscissa  of  some  point  R  on  the  curve 
between  P  and  Q,  and  f(x+6h)  is  the  tangent  of  the  angle 
which  the  tangent  line  to  the  curve  at  R  makes  with  the  axis 
of  ^.    Hence  the  assertion  that 


h 


E.D.C 
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is  equivaleDt  to  the  obvious  geometrical  fact  that  there  must 
be  a  point  R  somewftere  between  P  and  Q  at  which  the  tangent 
to  the  curve  is  parallel  to  the  chord  PQ. 

140.  Failure  of  Taylor's  Theorem. 

The  cases  in  which  Taylor's  Theorem  is  said  to  fail  are  those 
in  which  it  happens 

(1)  That  f(x),  or  one  of  its  differential  coefficients,  becomes 

infinite  between  the  values  of  the  variable  considered ; 

(2)  Or  that  f(x),  or  one  of  its  differential  coefficients,  becomes 

discontinuous  between  the  same  values ; 

(3)  Or  that  the  remainder,  —f^(x+dh),  cannot  be  m,ade  to 

vanis/i  in  the  limit  when  n  is  taken  sufficiently  large, 
so  that  the  series  does  not  approach  a  finite  limit. 

Ex.  If  /W=N^^, 

f{:c+h)=s/x^f(x)=-^  etc 
Hence  Taylor's  Theorem  gives 

If,  however,  we  put  x=0,  -^-r-  becomes  infinite,  while  Jx+k  be- 

^i^X 

comes  Jh. 

Thus,  as  we  might  expect,  we  fail  at  the  second  term  to  expand  V^  in  a 
series  of  integral  powers  of  A. 

141.  In  Art.  115  the  proof  of  Taylor's  Theorem  is  not  general, 
the  assumption  being  made  that  a  convergent  expansion  in 
ascending  positive  integral  powers  of  x  is  possible.  The  above 
article  shows  when  this  assumption  is  legitimate. 

For  any  continuous  function  in  which  the  {p+Vf^  differ- 
ential coefficient  is  the  first  to  become  infinite  or  disccmtinuous 
for  the  value  x  of  the  variable,  the  theorem 

f(x  +  ll)=f{x)+hryX)+...+^^fP{fC  +  eh), 

which  involves  no  differential  coefficients  of  higher  order  thar^ 
the  p^,  is  rigorously  true,  although  Taylor's  Theorem, 

fails  to  furnish  us  with  an  intelligible  result 


e' 
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Ex,  If  /W-(a?-a)*, 

iwe  have  f\x) = -  (or  -  a)^, 

and  Taylor's  Theorem  gives 

(x+A-a)*=(.-a)t+|(x-a)*A+M(.-a)i^+'|  _i_  |;+... , 

which  fails  at  the  fourth  term  when  x^a. 
But  Equation  2  of  Art.  130  gives  the  result 

{x+h-a)^^{x -  a)*+|a;  -  a)*A+i^^  |'(^+^A-a)4, 

which,  in  the  case  when  ^=a,  reduces  to 

^=225' 
and  this  obeys  the  only  limitation  necessary,  viz.,  that  6  should  be  a 
positive  proper  fraction. 

142.  The  remarks  made  with  respect  to  the  failure  of  Tay- 
lor's Theorem  obviously  also  apply  to  the  particular  form  of  it, 
Maclaurin*s  Theorem,  so  that  Maclaurin's  Theorem  is  said  to 
fail  when  any  of  the  expressions  /(O), /'(O), /''(O), ...  become 
infinite^  or  if  there  be  a  discontinuity  in  the  function  or  any 
of  its  differential  coefficients  as  x  passes  through  the  value 

fly" 

zero,  or  if  the  remainder    -J\Ox)  does  not  become  infinitely 

emaU  when  n  becomes  infinitely  large,  for  in  this  case  the 
series  is  divergent  and  does  not  tend  to  any  finite  limit. 

Examples. 

1.  Show  for  what  values  of  x  and  at  what  differential*  coefficient 
Taylor's  Theorem  will  fail  if 

/(x)--^ — -^—^^- 

2.  Can  logx  or  tan-*\/"  be  expanded  by  Maclaurin's  Theorem  in  a 
series  of  ascending  positive  integral  powers  of  :r  ? 

3.  If  f{x)  —  e'*^  how  does  Maclaurin's  Theorem  fail  for  an  expansion  in 
ascending  powers  of  ^  ?    lsf{x)  continuous  as  x  passes  through  zero  ? 

4.  If /(x)=  -^,,    show  that   there  is  a  discontinuity  in  ^^"^  as  x 

1  +  ^  ctr 

through  zero. 
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143.  Examples  of  Expansions  by  Haolaorin's  Theorem,  with 
investigation  of  Remainder  after  n  terms. 

1.  Let  /W^^*, 

then  /•(a;) = a*(log^)",  and  f^O) = (log/i)". 

Hence  the  formula 

gives 

««=  1  +x  log^+|*(log^y+ ...  +-^!:!^  (log^)-»+?"o»«(log^)". 

Now  — ^   V  og<^;    (ji^jj  ijg  made  smaller  than  any  assignahle  quantity  by 

sufficiently  increasing  n ;  hence  the  remainder,  after  n  terms  of  Maclauriu*8 
Theorem  have  been  taken,  ultimately  vanishes  when  n  is  taken  very 
large,  and  therefore  Maclaurin's  Theorem  is  applicable  and  gives 

a*=l+a?log/i+|*(log^)«+|^(log,a)3+  ...  to  oo. 

2.  Let  /(^)=log(l+a), 

Hence  /(0)=0,/(0)  =  l,/'(0)=  -l,/-(0)=2..., 

/•(0)  =  (-l)-Kn-l)!. 
And  the  Lagrange-formula  for  the  remainder,  after  n  terms  of  Maclaurin's 

Series  have  been  subtracted  from/(^),  viz.      ^  ,-\  becomes 

nl 

n      Ai  +  ^J  ' 
^nd  if  or  be  not  greater  than  1,  and  positive,  — — ^-  is  a  proper  fraction, 

l  +  UJC 

and  therefore  by  making  n  sufficiently  large  the  above  remainder  ulti- 
mately vanishes,  and  therefore  Maclaurin's  Theorem  is  applicable  and 

gives  log(l+.r)=4r--^-+ -— ^+  ...  to  co, 

where  x  lies  between  0  and  1  inclusive. 
It  appears  that  if  we  con8ider/(:F)=log(l  -:r)  the  remainder  b 


n\l-6ar) 


In  this  form  it  is  not  clear  that  the  limit  of  the  remainder  is  zero.    But 
if  we  choose  for  this  example  Cauchy's  form  of  remainder,  Art.  134,  it 

reduces  to 

1^  (x-6xyr, 

\-e\\-ex)' 

and  if  x  be  positive  and  less  than  unity,  f  ~-^  is  also  less  than  unity,  and 

\  —  ux 

therefore  -  -1^—^^^    can  be  made  as  small  as  we  like  by  sufficiently 
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increasmg  n.    Hence  Maclaurin's  series  is  applicable  aiid  gives 
log(l-^)= -.r-^-^-*^_  ...to  00. 

3.  Prove  amaa;=ax-'^+~ -...+— ~am^^+...,  and   that  the 
remainder  after  r  terms  may  be  expressed  as 


^Bin{aex+^y 


4.  Prove    coscu:=l-^4-^-... +^cos  ^+ ...,  and  that  the 
2!        4!  n\  2 


remainder  after  r  terms  may  be  expressed  as 
r 


5.  Prove  (l-^)-=l+ru?+^^^tI)a:»+... 

72(n+l)...(H  +  r-2)      t 


+- 


rl  (1  -  ^ar)"+»-' 


6.  Expand  and  find  the  remainder  after  n  terms  of  the  expansion  of 
«^co8&r. 

Results.    l+<^+g!^x'+°<°'-^^-^x'+.... 
2!  3! 


Remainder=^^  ^^'*^^coa(b6x+n  tan-'-Y 
n\  \  a) 


144.  The  Bale  of  Proportional  Parts.     Interpolation. 

Let  us  suppose  that  fio^  is  one  of  those  functions  Tsuch  as 
log  sin  a;)  whose  values  have  been  calculated  and  tabulated  at 
small  intervals  h  of  the  variable  aj,  so  that  the  values  of  /(oj), 
y(a;+A),/(ic+2A)...  may  be  taken  when  wanted  from  the  tables 
to  a  certain  number  of  decimal  places.  It  is  required  to 
make  an  easy  rule  to  obtain  a  close  approximation  for  the 
hitherto  uncalculated  value  of  f{x+h)  where  h  lies  between 
0  and  h. 

We  shall  assume  that  h,  and  therefore  k,  is  so  small  that  its 
square  may  be  rejected. 

Then  since 

/(a;+A)=/(a;)+V(a;)+|j/'(x)+|/"(x+a,^) (1) 

and        f{x-^k)=f{x)-VlcfXx)+^f{x)+^/"\x+ejc)....  ...(2) 
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(3) 


we  have  on  rejection  of  squares  of  h  and  k 

f(x  +  k)''f{x)Jc 

f{x  +  h)^f(:x)    h 

which  gives /(aJ+^*)  in  term-t  of  the  known  quantities,  h.  A:,  f{x), 
f(x+h).     This  rule  is  known  as  the  rule  of  Proportional  Parts. 

145.  Insensibility  and  Irregularity. 

It  will  be  seen  that  if  at  any  point  of  the  tables  f{x)  is  very 

small,  the  term  hf{x)  may  bo  so  small  that  the  difference  between 

the  tabulated  values  o{f(x)  B.ndf(x+h)  is  not  perceptible  within 

the  number  of  decimal  places  to  which  the  tables  are  calculated. 

In  this  case  the  difference /(ic + A) —/(aj)  is  said  to  be  insensible 

and  the  rule  of  proportional  parts  cannot  be  applied. 

fix) 
Again  if,  although  h  is  small/-., --^  is  large  at  any  point  of 


I^(x) 


fix) 


the  tables,  the  term  — ^,      bears  to  the  term  hf\x)  a  ratio 

which  is  not  necessarily  small.  In  this  case  the  term  in  h^ 
cannot  be  rejected.  There  is  then  said  to  be  irregvZarity  in 
the  tables  and  the  rule  of  proportional  parts  does  not  hold. 

Ex.  Suppose  /(j:)=log8in;r. 


Then 


1% 
log  8in(x + A) = log  sin  or  4- A  cot  ^  -  -  cosec*  J7. . . . 


Now  when  x  is  very  near  90*,  cot  x  is  very  small, 

and  when  x  is  near  0'  or  90**,  -  ,  t.«.  cosec  2x  is  very  large. 

Hence  at  the  90*  end  of  the  tables  for  log  sin  x  there  is  insensibility, 
whilst  at  either  end  of  the  tables  there  is  irregularity. 


Fig.  19. 
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The  accompanying  graph  of  log  sin  a?  for  values  of  x  lying  between 
x=30  and  x»90**  will  illustrate  the  smallness  of  the  differences  when  the 
angle  ia  nearly  a  right  angle,  and  the  very  rapidly  increasing  magnitude 
of  the  differences  as  the  angle  decreases  to  zero. 

It  will  be  seen  that  the  geometrical  meaning  of  Equation  3  of  Art.  144, 
viz.,  "  The  Rule  of  Proportional  Parts,"  is,  that  the  portion  of  the  curve 
between  the  two  very  adjacent  points  whose  abscissae  are  x  and  x-\rhy 
may  in  general  be  regarded  as  straight  in  interpolation  for  the  value  of 
/(•r+i). 

146.  On  the  Value  of  6  in  the  Equation 

f{x+h)=f{x)+hf{x+eh). 

Hitherto  all  that  is  known  of  6  is  that  it  is  some  function 
of  X  and  h,  less  than  unity,  and  positive. 
Let  its  expansion  in  powers  of  A  be 

A^  A^,A^...  being  functions  of  a;,  to  be  determined. 
Then  expanding  both  sides  of  the  equation 

f{x-\-ii)^f{x)+hf\x-\-eh) 

we  have       /x+/i/'aj+|j/'a;+|j/"x+|*/"'x+... 

=fx+hfx-^AJiYx+{A,fx-{.^p^)h^ 

+  {AJ'x+A,AJ"'x^^^)h*-^.... 

upon  substituting  for  0  its  equivalent  series  and  collecting  the 
several  powers  of  h 

Hence  equating  coefficients 

,    ^      Alf'x     f'x 

AJ-x^A^AJ-x^^f^J^-  etc. 
These  equations  give 

1  A^ry. 


■^0— 9»  -^1  = 


'iAf'x 


_rxrx-(j"'xf 

whence  B-Uh    ^^    ,j,.f^r^-(f"^)\ 

wnence  ^-^^^'i^fx^"        ^aifxf      +- 
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It  appears  therefore  that  the  limiting  value  of  6,  when  h  is 
indefinitely  diminished  is  | ;  that  is  to  say,  the  point  R  in 
Fig.  18  is  in  the  limit  half  way  between  the  ordinates  of 
PandQ. 

It  should  be  noticed  that  if  f(x)  be  a  rational  quadratic 
function  of  x,  f"x  and  all  higher  difierential  coefficients  vanish. 
Hence  for  such  a  function  d=^,  and  we  have  the  equation 

/(x+A)=/(a;)+v(x+|) 

as  may  at  once  be  verified. 

147.  The  nth  Differential  Ooefficient  of  a  Aincuon  of  a  fimction. 
Let  y=/(u)  where  it  =  0(ic). 

Then  will  gS^=S^."^rA«) 

where  »*Jfr=the  coefficient  of  hP'  in  {^(x+A)— ^(ir)}*';  and  the 
summation  extends  to  all  positive  integral  values  of  r  from 
r=l  tor=n. 

To  prove  this,  suppose  x  increases  to  aj+ A ;  then  ^(a:)  becomes 
^(x+h)  i,e.y  il>{x)+z  where  z  is  written  for  if>{x^h)  —  <f>{x)  or 

H\^)+%f{x)+^,f'{^)+ (1) 

Hence  yi[«)  becomes /(tt+ a). 

Thus  f{<l>{x+h)}=f{u+z). 

Expanding  each  side  by  Taylor's  Theorem 

=/(u)+2/'(«)+^/(u)  +  -+2/*(«)  + (2) 

Substituting  the  series  (1)  for  z  in  the  right  hand  member  of 
equation  (2)  we  obtain  on  equating  coefficients  of  h^ 

+coeff  A»  in  ^--l^j[^(a;+/i)-^(a;)]»-y»-i(u) 

+coeffi  A»  in  _^-.[^(a;+A)_^(x)]»-«/-«(tt) 
+etc., 

the  result  stated. 

Digitized  by  LjOOQ IC 


EXPANSIONS.  106 

Ex.  1.  Suppose  M=A'2,  and  therefore  y—f(pi^)> 
Here  </>(a? + A)  -  <i>{x) = A(2a7 + A). 

We  thus  have  to  pick  out  the  coefficient  of  A*  from  the  series 

^(ar+A)r(^+(-^'y,(2x+/0--y--V)+(-^,(2*+A)"-*/*-'(^+... 

thus  obtaining 

as  inductively  proved  in  Art.  106. 

Ex.  2.  If  w=a+6x+cr*  and  Wi  =  6  +  2car,  prove  that 

oar 

(  Kr-1)      cu  r(r~lXr-2)(r~3)      <M        \ 

[Laobanos.] 
Bernoulli's  Numbers. 
148.    To  expand  u=f  (^)=^  Zir~T  *^  po^*^*  of  x. 

Let  «=/(:f)  and  v!^f{0\ 

Ui=f{x)andu\^f(oi 

u^=f(x)axidu\=f{0), 
with  a  similar  notation  for  higher  differential  coefficients.     Then  Mac- 
laurin's  Theorem  gives 

Changing  the  sign  of  x  we  see  that  the  left  hand  member  of  this  equation 
remains  unaltered  ;  hence  we  have 

«  =  tt'-;Pl*'i+— t«'a-..., 
and  by  subtraction 

0=arw'i  +  2^ti'8+2^M'4+..., 

whence,  by  equating  to  zero  the  coefficients  of  the  several  powers  of  x^ 

we  infer  that  ^i = w'j = w  ^  = . . .  =  0, 

so  that  the  expansion  contains  no  odd  powers  of  x* 

Again,  since  e'u^u+^+x-^i 

we  have,  by  differentiating, 

e«(Mi+«)=:Wi+i+(^+l)f, 
e%U2+2Ui+u)^Ui+(x+2)^ 

etc., 
*  This  artifice  may  often  be  advantageously  employed. 
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and  putting  ^=0  in  these  equations  we  obtain  from  the  first,  third, 
fifth,  etc,  w'=J+|, 

5tt'4  +  10w'j+w'=4, 
7w'e+35w'4  +  21w'a+tt'  =  |, 
etc., 
giving  w'=l,  w's=l,  ^'4=  -^V»  w'^^rV*  ^8=  -irV  etc 
Hence  ±l-JL±=i+-z i.r'a.JL- — i_4... 

This  series  introduces  a  set  of  coefficients  which  are  found  of  great 
importance  in  the  higher  branches  of  analysis.  The  series  is  frequently 
written  in  the  form 

and  the  numbers  Biy  B^  -^s*  •••»  which  are  calculated  above  are  called 
Bernoulli's  numbers,  having  been  first  discovered  and  used  by  James 
Bernoulli.* 

The  coefficients  of  this  expansion  were  investigated  as  far  as  the  term 
containing  ^r'*  by  Rothe,  and  published  in  CreWs  Journal,  Professor 
Adams  has  recently  calculated  thirty-one  more.f 

149.  Many  important  expansions  can  be  deduced  from  that  of  -  — I-^. 

^  ^—  1 

For  example,  ,v  coth  x = J7— 1- —  ==  x  __!: 

Writing  ix  for  x,  ix  coth  ix  becomes  o^cot  ar,  and  we  have 

Again,      tan  x = cot  ^  -  2  cot  2x 

1     j.2^x     „2*.r3  ^ri      j.2^x     p  2^4:3        "l 

=i-^^2r-^'4:  "••-l25^^^2r"^'4r— J 

EXAMPLES. 

1.  Find  the  first  three  terms  of  expansion  in  powers  of  x  of 
log(l+tana;).  Resxjlt.  x^^a^ +  ^0^  +  .,, 

2.  Expand  as  far  as  the  term  containing  x*^  (!)  log(l  +  cos  a;)  and 
(2)  log(l  +  X  sin  x). 

f(l)log2-'^-fl.... 
Results.  \  4     96 

l(2)x3-fx«4.... 
*  Ars  Conjectandi,  p.  97. 
t  Encydopctdia  BriU. :  Infimterimal  Calc.    Proceedings  of  the  British  Assoc.^  1877. 
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3.  Provelogco6a;=-^-2||-16U-272j,. 

5.  Prove  «*•*"=! +a;+ic2  + 2^.^ 

2  o 

6.  Prove  log— — -  =  ----  + 


e*-l     2     24     2880*  ■• 

8.  Prove  lQg(l+*  +  a:*<-«'+««)=a!  +  ^+J  +  5?-i^  +  f+... 

Is       o       4        D        o 

9.  Prove  (l+a;)'=l+ar2-|a:»  +  |a;4-faJi... 

10.  If  a^  be  the  coefficieDt  of  a;"  in  the  expansion  of  e'sina;,  show 

that  .  Mr 

sin — 

^"       1!        2!   ""ST  "^T"' 

[I.  C.  S.  Exam.] 

11.  From  y  =  (a;  +  ^l+ar)"  obtain  a  linear  differential  equation 
with  rational  algebraic  coefficients,  and  by  means  of  it  find  the 
expansion  of  y  in  ascending  powers  of  x, 

12.  From  the  relation  y  —  — obtain  a  linear  differential  equa- 
tion with  rational  algebraic  coefficients,  and  by  means  of  it  find  the 
expansion  of  y  in  ascending  powers  of  a;.  [i.  c.  8.  Exam.] 

13.  If  tan  y  =  1  +  flKB  +  &c^,  expand  y  in  powers  of  a;  as  far  as  a:*. 

[L  C.  S.  Exam,] 

14.  K  Jq,  Jp  etc,  be  the  successive  coefficients  in  the  expansion 
of  y  =  ««-«+■'»"«,  prove 

[I.  C.  S.  Exam.] 

15.  If  a^  +  a^^.ia:***  +  a„^.ja:"*'be  three  consecutive  terms  of  the 
expansion  of  (1  -  a:2)»8in"^a;  in  powers  of  a;,  prove  that 

n-1 
n  +  2 
also  that  all  even  terms  vanish,  and  that  the  expansion  is 


««+«= ^«- 


3        3.5  3.5.7 


[QUABTSRLT  JoUBNAL]. 
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16.  If 

^+2-21og(c|) 

and 

y=«o+«i«+|'^*+-» 

show  that 

«»+!.  + «.+l  +  ««,  =  0- 

[Oxford,  1888.] 
17.  Prove  •^''+^^>y'^'"-^'>=y^a-)  +  §/"H  +  r/""('^)  +  - 

18.  If  e^iogx, 

prove  that  «  +  «=^  +  -2l^+...=«  +  log2.^  +  L^^-^,+  ... 

19.  Deduce  from  Taylor's  Theorem,  by  putting  A  =  -a,  the  series 

m  =/(o) + ./(x)  -  ^r  (X) + gr  (X)  -  etc.  ^3_^^^  J 

20.  Prove 

tan-i(a;  +  A)  =  tan-^a;  +  (A  sin  9)  sin  ^  -  ^^™^^^  sin  2^ 

(Asin^)*  .    ozi    (Asin^)*  •    j/i  .    i. 
+  ^^ — ^ — '-  sin  3^  -  > — - — ^  sm  4^  +  etc., 

where  x  =  cot  ^. 

21.  Verify  the  following  deductions  from  Ex.  20 : — 

(l)5  =  »  +  co80.8in0  +  ^^'^  sin  20  +  2?^  sin  3^+2^  sin  40  +  ... 

by  putting  A  =  -  a;  =  -  cot  ft 

(2)  -^  =  ^  +  8in^  +  isin2^  +  j8in3^  +  isin4^+... 
2     2 

by  putting  A  =  -  Vl+a^=  "^^ff 

/ov  ir__sin^     1    sin  2^     1    sin  3d     1    sin  4d 
^^2^^008^    2*'cos2^     3'co?^    I'coB^e'^'" 

by  putting  A  =-«--=-  -^— ^ ^.  [Eulkr.] 

X        sm  d .  cos  d  '-  •• 

fix\ 

22.  If  4v.  \  be  a  rational  fraction  in  which  the  denominator  has  n 

F{x) 

factors,  each  equal  to  a; -a,  and  the  remaining  factors  are  x-A, 
x-k,  etc.,  so  that  F{x)  =  (a;  -  aY<i>{x)  where 

<i){x)  =  {x-h){x-k).,.^ 
prove  that 

F(x)     (X  -  af  <f>(a)     (X  -  af  da\<t>(a)j 
1        ^"1/      /(«)       1      jff_ 
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23.  Establish  the  following  approximations  to  the  length  of  a 
circular  arc : — 

Let  C  be  the  chord  of  the  whole  arc, 

H  do.  half  the  arc, 

Q  do.  quarter  the  arc. 

8J7—  C 

(1)  Arc  =  — - — nearly.  [Hoyohens.] 

(2)  Arc  =  ^±^?«f:^i2^  nearly. 

45 

Examine  the  closeness  of  the  approximation  in  each  case. 

24.  Find  by  division  the  first  six  of  Bernoulli's  coefficients. 

TW^rA  1     1       1       1       5      691 

iney  are  -,  ^,  -.  -,  -,  — ^. 

25.  Prove  by  continuing  the  differentiations  in  Art.  148  that 

n+1     2     2!   ^  4!  ^  ' 

a  formula  from  which  the  values  of  the  coefficients  B^^  B^,,,  can  be 
successively  deduced  by  putting  n  =  2,  4,  6,  etc.  [Dk  MorvBE.] 

26.  Expand  (-5—^)  ^^  powers  of  0. 

[DifierentiAte  expansion  of  cot^,  Art.  149.] 

27.  Prove  -^  =  1  +  2(2  -  1)  Ji|92  +  2(2'  - 1)^^^  +  . . . 

sm^  2!  4! 

[U8eco8ec^=cot|-cot^and  Art,  149.] 

2a  Prove  tanh«=?!(%ll)5.«-2J(21li)5,,^+... 

29.  By  taking  the  logarithmic  differential  of  the  expression  for 
sin  6  in  factors  and  comparison  of  the  expansion  of  the  result  with 
that  of  ^cot  ^  (Art.  149),  show  that 


^*-^"(2^-\^^2^'^35=^-7 


2(2n)! 


•n(^l-;^j  [Raabk.] 

where  nn  -  -^  j  denotes  the  continued  product  of  such  factors  as 

1  -  —  for  all  integral  prime  values  of  r  from  2  to  oo . 

30.  Show  that 

,  ^sinha;     j.  2,^^      p  ^^^  ^  p  2«ic« 
^^^-^ ^^^272!""^«4T4!-*"^^6r6!"- 
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31.  Expand  log?5_?  and  log  tana;  by  means  of  Bernoulli's  num- 

X 

bers.  [Catalan.] 

32.  Show  that 

J     cosh^-cosx    22--»cos^ ^  -f;,,  =  0. 
^  Qt?  2      2n    (2n)! 

[Math.  Tripos,  1890.] 

33.  Expand  sin(m  tan-ia;)(l  +  ac^)? 

in  powers  of  x,  [Bebtrand.] 

34.  Being  given  the  two  convergent  series 

y  -  a^j  +  o^a:  +  agO:*  +   _  +^^2^4.  _^ 

prove  va^  =-  Vn-i  +  ^^^n-^  +  3  Vn-s  +  •  •  -  +  w6«»o- 

35.  Prove   tan-iaT  =  --^|l  +  | -^  +  |ii('^i^ 

[Frbnet.] 

36.  In  the  equation 

f{x-{-h)=f{x)^-Jf{x^-eh\ 
if  6/  be  expanded  in  powers  of  hy  the  first  four  terms  will  be 

2^24/2      48       /,2      '^  ^  576O/28  ^••* 

suffixes  being  used  to  denote  differentiations. 

37.  In  the  equation 

f{x^h)  =/(x) + hf{x) + ...  +.-!^r'\x + ^/t) 


show  that  the  limiting  value  of  ^  as  ^  is  indefinitely  diminished  is  — 

n 

38.  K  in  a  plane  curve  y  =f{x),  V  be  the  midpoint  of  a  chord  AB 

drawn  parallel  to  the  tangent  at  any  point  P  (a;,  y),  prove  that  when 

AB  approaches  indefinitely  near  to  the  tangent  at  P,  the  angle  which 

PV  makes  with  the  axis  of  x  approximates  to  tan'^fp  -  — ),  where 

Py  q  and  r  are  respectively  the  first,  second  and  third  differential 

coefficients  of  y  with  regard  to  a^  [Oxford,  1890.] 

Show  also  that  the  angle  which  PV  makes  with  the  normal  is 

ultimately  tan'^J/?-^    3J2      ['*  [Oxford,  1886.] 

*  In  a  circle  PF  coincides  with  the  normaL  This  angle  therefore  measures  the 
deviation  of  the  curve  from  the  circular  shape.  Transon  (Liouville,  vol.  YL )  calls  the 
angle  the  ** deviation."  Dr.  Salmon  names  it  the  *' Aberrancy  of  Curvature  **  (see 
Higher  Plane  Curves^  p.  356). 
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39.  If  w  =  «^  =  ^„a;", 

prove  that     -n..-^,{a.^a^..-^^^^^^^ 

[GREaoRY's  Examples.] 

40.  Show  that 

where  5i.=the  sum  of  the  products  r  at  a  time  of  the  first  n  natural 
numbers.  [Murphy.] 

41.  If  F(z)  SLridJ[z)  be  two  functions  which  are  continuous  and 
finite,  as  also  their  differential  coefficients,  between  the  values  x  and 
aj  +  A  of  the  variable  «,  and  if  /'{z)  does  not  vanish  between  these 
limits,  prove  that 

F{x  4  h)  ^  F(x)  ^  F'^j-  eh) 
f^x  +  U)-f(xj'     'f^^eii) 

where  6  is  some  positive  proper  fraction.  [Cauchy.] 
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PARTIAL  DIFFERENTIATION. 

150.  Functions  of  several  Independent  Variables. 

Our  attention  has  hitherto  been  confined  to  methods  for  the 
diflferentiation  of  functions  of  a  single  independent  variable. 
In  the  present  chapter  we  propose  to  discuss  the  case  in  which 
several  such  variables  occur.  Such  functions  are  common; 
for  instance,  the  area  of  a  triangle  depends  upon  two  variables, 
viz.,  the  base  and  the  altitude ;  while  the  volume  of  a  rec- 
tangular box  depends  upon  three,  viz.,  its  length,  breadth,  and 
depth ;  and  it  is  plain  that  each  of  these  variables  may  vary 
independently  of  the  others. 

151.  Partial  Differentiation. 

If  a  difierentiation  of  a  function  of  several  independent 
variables  be  performed  with  regard  to  any  one  of  them  just  as 
if  the  others  were  constants,  it  is  said  to  be  a  partial  differen- 
tiation. 

The  symbols  ^-,  :r-,  etc.,  are  used  to  denote  such  differentia- 

ox  oy 

tions,  and  the   expressions  — ,  ^-,  etc.,  are  called  partial 

differential  coefficients  with  regard  to  x,  y,  etc.,  respectively. 
Thus  if,  for  instance, 

u^eFysmZy 

we  have  ^  =  ye^  sm  z, 

--ssic^sm^, 
--=e*yco8  5?. 

oZ 


112 
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152.  Analytical  Meaning. 

The  meanings  of  the  differential  coefficients  thus  formed  are 
clear ;  for  if  we  denote  u  by  f(x,  y,  z)  the  operation  denoted  by 

—  may  be  expressed  as 


dx 


JjVJisO T —t 


and  similarly  for  -^r-  or  7^. 
''         dy       dz 

These  partial  differential  coefficients  are  often  conveniently 

written  u^.,  Uy,  Ug, 

153.  Geometrical  Illastration. 

It  will  throw  additional  light  upon  the  subject  of  partial 
differentiation  if  we  explain  the  geometrical  meaning  of  the 
process  for  the  case  of  two  independent  variables. 

Let  PQRS  be  an  elementary  portion  of  the  surface  z^f(x,  y) 
cut  off  by  the  four  planes 

T=y,  Y=zy+Sy^  [Capital  letters  representing 
X = oj,  X=x+ Sxf        current  co-ordinates], 
so  that  the  co-ordinates  of  the  comers  P,  Q,  R,  8  are 
forP  ^.yjix,y\ 

for  Q  x+Sx,  y,  f{x+Sx,  y\ 

fox  a  x,y+Sy/f(x,y+Sy), 

and  for  R  x+Sx,  y+Sy,f(x+Sx,  y+8y). 


2 
s 

n 

r-     ^  / 

N                    M 

i 

/ 

/■    / 

X 

A- 

N,  Mi 


Fig.  20. 


If  PLMN  be  a  plane  through  P,  parallel  to  the  plane  of  oiyy, 
and  cutting  the  ordinates  of  P,  Q,  R,  S  in  P,  i,  M,  N  respec- 
tively, we  have 

KD.a  H 
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LQ=f(x+Sx,y)-f{x,y), 

N8=f(x,  y+Sy)-f{x.  y).         \ (1) 

MR=fix+Sx,  y+Sy)-f(x,  y). 

Hence  the  partial  differential  coefficient  —  obtained  by  con- 

sidering  y  a  constant  is 

=i«^„„/M:^L|W^l)  =  £<^=£«tan£P<2. (2) 

OX  JTlJ 

=  tcmgent  of  the  angle  which  the  tangent  a^  P  to  the 

CK/rved  section  PQ  (parallel  to  the  plane  xz)  maJces 

with  a  line  drawn  parallel  to  the  axis  of  x, 

"dz        ,      .  , 

Similarly  ^,  which  is  obtained  on  the  supposition  that  x  is 

constant 

=i^tani\rP/Sf. (3) 

=ta/ngent  of  the  angle  which  the  tangent  at  P  to  a  section 
parallel  to  the  plane  of  yz  racJces  with  a  parallel  to 
the  cuds  of  y. 
It  further  appears  from  the  figure  that 

|m  y+sy)^Lt../^+'^'y+'y^-f^^'y^'y> 

j^       MR^NS 

=  tcmgent  of  the  cmgle  which  the  tangent  at  8 
to  the  curve  8R  makes  with  a  paraUd  to 
the  Qc-aocis, 
Now  when  Sy  or  PN  is  diminished  without  limit  the  plane 
NSRM  approaches  indefinitely  near  to  the  plane  PQL^  and  the 
tangent  at  ;S  to  the  curve  SR  ultimately  coincides  with  the 
tangent  at  P  to  the  curve  PQ, 

i.e.  Lti,^o^f(x,  y+Sy)=:^f(x,  y) 

and  the  order  of  proceeding  to  the  limit  when  8x  and  Sy 
vanish  is  immaterial. 

154.  If  the  tangent  plane  at  P  to  the  surface  cut  LQ,  MR, 
NS  in  Q^,  R,  8'  respectively, 

iQ'=PZtanXPQ'=^.<te, (4) 

N8'=PNta,nNP8'=^.Sy, (5) 

if 
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Also  the  section  made  on  the  tangent  plane  by  tbo  four  bound- 
ing planes  of  the  element  is  a  parallelogram,  and  the  height  of 
its  centre  above  the  plane  PLMN  is  given  by  \MR  and  also 
by  l(Lq+NB).  which  proves  that 

MB!=LQr+NSr 


.(6) 


The  expressions  proved  in  (4),  (5),  and  (6)  are  jurat  approxir 
mationa  to  the  lengths  LQ,  N8,  and  MR  respectively,  and 
differ  from  those  lengths  by  small  quantities  of  higher  order 
than  PL  and  PN,  and  which  are  therefore  negligible  in  the 
limit  when  Sx  and  Sy  are  taken  very  small.  The  investigation 
of  the  total  values  of  LQ,  NS,  MR  must  be  postponed  until  we 
have  investigated  the  extension  of  Taylor's  Theorem  to  func- 
tions of  several  variablea    (Art.  175.) 

165.  We  may  state  the  rale  established  in  the  preceding  article  (equa- 
tion 6)  thus : 

In  the  limit,  the  total  variation  in  z 

=     the  variation  due  to  the  change  in  x 
+the  variation  due  to  the  change  in  y, 
supposing  that  as  each  variation  is  estimated  the  other  quantity  is 
regarded  as  constant 

This  may  be  illustrated  further. 

Let  F  be  any  point  (co-ordinates  r,  0),  Let  a  point  travel  from  P  to 
any  contiguous  position  Q(r+8r^  6+8$)  along  any  path  whatever.  Let  x 
and  x+Sx  be  the  abscissae  of  F  and  Q,  Let  F  and  Q  be  so  close  that  Sx, 
Br^  B6  are  infinitesimals  of  the  first  order,  so  that  in  comparison  with  them 
their  squares,  products,  and  higher  powers  may  be  disregarded. 

Draw  circular  arcs  whose  centres  are  at  the  pole  0  and  radii  OQ  and  OF 
cutting  OF  at  F  and  OQ  at  Q^  respectively. 


O  M      N 

Fig.  21. 
Then  FP'^Sr,  FQ^^rSO,  and  to  the  first  order 
P'C[-(r+8r)S^=r8^, 
chord  P'§=arc  FQ^^rhO. 
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Also  the  angle  QFO  differs  from  a  right  angle  by  an  infinitesimal  of  the 
first  order. 

Hence  to  this  order  the  projection  of  FQ  on  the  initial  line=  -  P'Q«in  0 
=  -rS^sin  6.  Also  projection  of  P§= algebraical  sum  of  projections  of 
PF,  FQ.  Thus  we  have  the  following  equation  among  first  order 
infinitesimals,  viz. : 

&r=8rcos^-r8^8ina (1) 

It  should  be  noticed  that  the  projection  of  PF^  viz.  Srcos^,  is  the 
variation  in  x  due  to  a  change  5r  in  the  value  of  r,  6  remaining  constant : 
whilst  the  projection  of  FQ  or  of  PQ^  is  the  variation  in  x  due  to  an 
increase  h$  in  the  value  of  ^,  r  remaining  constant. 

Moreover,  since  x = r  cos  ^, 

1  "dx  /\     "bx  .    /> 

we  have  =- =cos^,  ^^=-rsm^; 

or  od 

so  that  equation  (1)  may  be  written 

verifying  equation  6  of  Art  154  in  this  case. 

Examples. 
\,  li  A  =xy^  explain  geometrically  the  equation 

by  reference  to  the  area  of  a  rectangle  whose  sides  x,  y  are  allowed  to 
increase  to  ^+&r,  y+^y,  the  increments  being  infinitesimals  of  the  first 
order. 
2.  If  V=xyz^  show  geometrically  that 

156.  Differentials. 

It  is  useful  at  this  point  to  introduce  a  new  notation,  which 
will  prove  especially  convenient  from  considerations  of  sym- 
metry. 

Let  Dx,  Dy^  Dz  be  quantities  either  finite  or  infinitesimally 
small  whose  ratios  to  One  another  are  the  aarae  aa  the  limiting 
ratios  of  Sx,  Sy,  8z,  when  these  latter  are  ultimately  diminished 
indefinitely.  We  shall  call  the  quantities  thus  defined  the 
differentials  of  x,  y,  z.  Also,  as  we  shall  be  merely  concerned 
with  the  ratios  of  these  quantities,  and  any  equation  into 
which  they  may  enter  will  be  homogeneous  in  them,  it  is 
unnecessary  to  define  them  further  or  to  obtain  absolute  values 
for  them.    The  student  is  warned  again  (see  Art.  89)  that  the 
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differential  coefficient  :j^  is  to  be  considered  as  the  result  of 

d 
performing  the  operation  represented  by  -r-  upon  y,  an  opera- 
tion described  in  Ari  37.    The  dy  and  dx  of  the  symbol  -^ 

cannot  therefore  be  separated,  and  have  separately  no  meaning, 
and  hence  have  no  connection  with  the  differentials  Bx  and  By 
as  defined  in  the  present  article;  but  at  the  same  time  we  have 
by  definition 

By :  Bx = Limit  of  the  ratio  &y :  &x 

and  therefore  By  =  -^Bx, 

By 
and        j^  (which  is  a  fraction) 

=:-—  (which  is  the  result  of  the  process 
"^        of  Art  37). 

We  have  used  a  capital  in  the  differentials  Bx,  By,  Bz 
for  the  purpose  of  explanation,  and  to  avoid  any  confusion 
between  the  notation  .  for  differentials  and  for  differential 
coefficients;  but  when  once  understood  there  is  n'o  necessity 
for  the  continuance  of  the  capital  letter,  and  it  is  usual  in  the 
higher  branches  of  mathematics  to  denote  the  same  quantities 
by  dx,  dy,  dz.    Hence  we  shall  in  future  adopt  this  notation. 

157.  Equation  6  of  Art.  154  may  now  be  written 

when  8x,  Sy,  Sz  become  infinitesimally  small.  This  value  of  dz 
is  termed  the  total  differential  of  z  with  regard  to  x  and  y. 
The  total  differential  of  z  is  therefore  equal  to  the  atim  of  the 
partial  differentials  formed  under  the  supposition  that  y  and 
X  are  alternately  constant. 

Ex.  Consider  the  surface 

then  |-^=ar3^and|i=2x5^, 

whence  dz = ^an^dx  +  2a^dtf, 
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158.  It  is  easy  to  pass  from  a  form  in  which  differentials  are 
used  to  the  equivalent  form  in  terms  of  differential  coefficients. 
For  instance,  the  equation 

may  be  at  once  written 

dz^Zz  da^    dz  dy 

dt""^  di^dy  dt' 
where  t  is  some  fourth  variable  in  terms  of  which  each  of  the 
variables  ar,  y,  z  may  be  expressed ;  for 

dz^j,  .  dU  ^=77/  •  ^^>  ^2/  =  ;^  •  ^^  (-^^^  loQ). 

Similarly  the  equation  d8^=dx^+dy'^ 
niay,  by  the  same  article^  be  written  in  the  language  of  differ- 
ential coefficients  as 


or 


or 


or 


(S)'HI)'='. 

\dt/      \dtJ  ^\dtJ' 


y  \dyJ 

159.  Total  Differential  (Analytical). 

Two  independent  variables.    We  may  investigate  the  total 
differential  of  the  function  <l>(x,  y)  analytically  as  follows  : 

Let  u=^a;,y), 

and  when  x  becomes  x+h  and  y  becomes  y+k,  let  u  become 

u+Su,  then     u+Su^</)(x+h,  y+k) 

and  Su = 0(aj +h,y+k)— if>(x,  y) 

__<t>(x+K  y+k)^ip(x,  y+k)   J.  .  <t>(^.  y+k)-</>(x,  y)  ,     .. 
•"  h  "^  k  ^fc,.\£L) 

And  in  proceeding  to  the  limit  when  h  becomes  indefinitely 

small  <p(x+hy+k)^<t>{x,y+k) 

h 

becomes  (by  Art.  152)         if>{x,  y+k), 
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and  ultimately  when  k  also  diminishes  indefinitely 

Again  <l>(x.y+k)-4>(x,y) 

tC 

at  the  same  time  becomes 

^'  ^^  or  — . 
dy  dy 

And  lastly  in  the  notation  of  differentials  (Art.  156)  the 
ultimate  values  of  the  ratios  Suihik  may  be  expressed  as 
du'.dx: dy.    Hence  equation  (A)  becomes 

160.  Several  indepevdent  variables. 

We  may  readily  extend  this  result  to  a  function  of  three  or 
of  any  number  of  variables. 

Let  u  =  </>(Xi,x^x^), 

and  let  the  increments  of  a^,  ajg,  x^  be  respectively  h^,  ^,  h^ 
and  let  the  corresponding  increment  of  u  be  ^ ;  then 
8u = <p(Xi+h^,  X2+ h^  x^+h^)  —  </>(Xi,  x^  x^ 

.  0(^1,  a?2>  ^3+^3) "  0(^»  ^2>  ^3)?.   . 

.  *?  . 

whence    on   taking   the    limit   and    substituting   the    ratios 

du :  dx^ :  dx^ :  dx^  instead  of  the  ultimate  ratios  of  Suih^ih^ih^ 

we  have  d^^^dx.+~dx.+^dxs, 

dx{^    dx^     ^    dx^     ^ 

i.e.,  the  total  differential  of  u  when  x^,  x^  x^  all  vary  is  the 
sum  of  the  partial  differentials  obtained  under  the  supposition 
that  when  each  one  in  turn  varies  the  others  are  constant 

161.  And  in  exactly  the  same  way  if 

U  =  <f>{x^,X^,...Xn), 

we  have        du=^:;-<lx,+7^—dx^+:;^-HlXj,+  ...+^r^dxn' 

dx^     ^    dx^  Bajg     ^  dXn 
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162.  Total  Differential  Coefficient 

If  U  =  <f>(Xi,X^ 

where  a^  and  x^  are  known  functions  of  a  single  variable  x,  we 

have  du,=^dx,+^da:^ 

and  remembering  (Art.  156)  that 

a/vb^^-T-dx,  aiCi=--j-^aa^  cUe^^-rHix, 

,  ^  .  ciu     3w     c?ic,  .  du     dx^ 

we  obtain  -^= -—  .  __a^       ,  ^, 

dx    da^     ax     dx^     ax 

And  similarly,  if  u  =  if>(a^,  aJjj*  •  •  •»  ^n). 

where  a^,  a:,*  •••»^  ^^'^  known  functions  of  a?,  we  obtain 

^_Bu    dx^    'du    d^        dw    dxn 
dx''da^' dx     dx^' dx     "*d(Cn*  dx 
And  further^  if  a^,  a:2>  a^s, ...,  a:„  be  each  known  functions  of 
several  variables  x,y,z,..,,we  shall  have  in  the  same  way  the 
series  of  relations 

du_^  dx^  du  'dx^  3t^  ^ 
^a;■"^a;,  '  dx  dx^'  dx  dx^''^' 
3tt__3u  dx^  'bu  dx^  du_  dXn 
dy'^dx^  •  dy  ^dx^  '  dy^"'^n  *  W 
etc 

163.  An  Important  Case. 

The  case  in  which        u= 0(aj,  y), 
y  being  a  function  of  x,  is  from  its  frequent  occurrence  worthy 
of  special  notice. 

d^     - 
smce  ^=1. 

164.  Differentiation  of  an  Implicit  Function. 
If  we  have  0(aj,  y) = 0, 

then  0(aj+A,  y+Aj)  =  0. 

Hence 
0(a;+fe,  y+t)-^(a;,  y+fc)  ,  ^a;,  y+fc)-0(a;,  y)    fc_ 
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which,  when  h  and  h  are  indefinitely  diminished,  becomes  (as 
explained  in  Art  159) 

3^    5^    d^ 

'dx^?n/  '  dx      ' 

dy  ^     'dx 

This  is  a  very  vsefvl  forwAjda  for  the  determination  of  -j— 

in  cases  in  which  the  relation  between  x  and  y  is  an  ymplicit 
one,  of  which  the  solution  for  y  in  tenns  of  x  is  inconvenient  or 
impossible. 

Ex.  4>{x,f/)^x^-¥f-3axy=0;  find  ^. 
Here  |^=3(a;a-ay) 

and  2^=3(y*-<w) 

3y 

165.  Order  of  Partial  Differentiations  Conmiatative. 
Suppose  we  have  any  relation 

y  =  <f>(x,a\ 
where  a  is  a  constant,  and  that  by  differentiation  we  obtain 

Then  since  the  processes  of  differentiation  take  no  cognizance 
of  the  particular  values  of  any  of  the  constants  involved  it  is 
obvious  that  the  result  of  differentiating  <f>(x,  a)  would  be 
F{Xy  a') ;  that  is,  the  operation  of  changing  a  to  a'  may  be 
performed  either  before  or  after  the  differentiation,  with  the 
same  result.  We  may  put  this  statement  into  another  form, 
thus :  Let  Eahe  9Ji  operative  symbol  such  that  when  applied 
to  any  function  of  a  it  will  change  a  to  a\  i.e.,  such  that 

then  in  operating  upon  the  function  if>(x,  a)  the  operations  Ea 
and  J-  are  commutative,  that  is, 
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Next,  suppose  z=<f>(x,  y). 

The  partial  diflTerential  operatioDs  —  and  ^  have  been  defined 

to  be  such  that  when  the  operation  with  regard  to  either  vari- 
able is  performed  the  other  variable  is  to  be  considered  constant. 
We  propose  to  show  that  these  operations  are  com/mAUatwe, 

t.e.,  that  :^  ^z = —  ,^z. 

^dy      dy  dx 

Let  Ey  denote  the  operation  of  changing  y  to  y+8y  in  any 
function  to  which  it  is  applied ;  then  Ey  and  the  partial  oper- 

ation  —  are  commutcUive  syTriboU,    And 

I  Ix^^'  y)=-^^ay.o   '     ^  ^y 5^,  by  Def., 

:^Ey<t>(x,y) ^^- 

=  X^=o ^^^ 

3  Ey<f,(x,y)-<p(x,y) 
"dx  Sy 

_  3  J.      Ey<f>(x,y)-il>(x,y) 

~a^^^'^=^ ^T^ 

166.  Another  Proof. 

The  ordinate  y(0,  0)  of  the  point  in  which  any  surface  z=J{x,y)  cuts  the 
^-axis  is  clearly  independent  of  the  particular  path  traced  by  any  point 
moving  from  the  arbitrary  position  (or,  y,  z)  to  the  ultimate  posi- 
tion {0,  Oyf(Oy  0)} ;  notwithstanding  that  in  some  cases,  in  estimating  the 
ultimate  value /(O,  OX  it  may  be  necessary  to  evaluate  an  undetermined 
form.  In  other  words,  whenever  it  is  necessary  to  evaluate  /(A,  it)  for 
zero  values  of  A  and  ky  the  order  or  manner  of  making  A  and  k  diminish  to 
zero  is  indififereut,  and  it  is  allowable  if  we  choose  to  suppose  them  to 
approach  their  ultimate  values  simultaneously. 

Thus     Zf»-o  X^*.o/(A,  k)  =  Ltt^o  Zi^-o/(A,  k)  =  Ltk^^f(h,  k). 

Again,  it  was  pointed  out  in  the  previous  article  that  processes  of 
differentiation  take  no  cognizance  of  the  particular  values  of  any  constants 
involved.     It  therefore  follows  that  if 

A 

then  will  Z<>-,'^(^+^'  "')-'^-^'  °'>=F(x,  a') ; 

A 
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« 

that  is,  a  may  be  changed  to  of  either  before  or  after  the  limit  is  taken, 
with  the  same  final  result. 
Now,  hy  definition, 

and,  since  x  and  y  are  independent,  we  may  regard  y  and  its  increment  k 

as  constants,  while  x  is  varying.    Hence  the  value  of  ..T^iJQ^  when  y+k 

ox 
is  written  for  y,  is 

(This  has  also  been  established  geometrically  in  Art.  153.) 
Therefore, 

|^,«x.y)=X*^, '- J '- 

=Z*»-o  Itj^o'f^^'^^^'^^^  -  <^^»  y  •*-^)  -  <^J?-f  A,  y)+<Ka?,  y)^ 
and  as  it  has  been  established  that  the  order  of  proceeding  to  the  limit  is 

indifferent,  ^-  ■^-  <K^>  y)  ^^7  ^  shewn  equal  to  the  same  expression. 
ox  oy 

167.  Extension  of  Bala 

This  rule  admits  of  easy  extension  by  its  repeated  applica- 
tion.   Thus 

(^)(|^V=©(|i)(iV 

^^^  (ir(l)v-(|)U)v 

Also  if  we  have  more  than  two  independent  variables,  for 
instance  if  u = ^(aj,  y ,  z) 

=(l)©(i>— . 

so  that  the  order  in  which  the  differentiations  are  performed  is 
immaterial  in  the  final  result. 

168.  Notation. 

It  is  usual  to  adopt  for 

©-.(D(|>.  ©'©'(!>-• 
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the  more  convenient  notation 


etc. 


and  the  propositions  above  enunciated  will  then  be  written 

dxdy     'dydx 

'doc^'by    -dy^Kx?' 

'dx^'dy^  ""  dy^dx"^* 
etc. 
We  shall  also  sometimes  find  it  useful  to  further  abbreviate 

the  expressions  ^.  ^^,  ^g*  ®*^»  ^^^  ^»'  ^«y»  ^>  ®^ 

169.  The  formulae  here  established  may  be  easily  verified  in  any 
particular  example. 

Ex.  Let  u=mii(xt/)y 

then  «**=ycos(:py), 

and  iigx= cos  xy  -  a:y  sin  j:^. :..(1) 

Again  Wy =0?  cos  xt/, 

and  «^=cos^— ay  sin^, (2) 

and  the  agreement  of  expressions  (1)  and  (2)  verifies  for  this  example  the 
result  of  Arts.  166, 166. 

170.  It  is  convenient  to  use  the  letters  p,  g,  r,  8,  t,  to  denote 
the  partial  differential  coefficients 

3^     3^    32^      B20      2^^ 
^'    dy'    dx^'    dxdy'    dy^* 
where  ^  is  a  given  function  of  the  two  variables  x  and  y. 
Hence  we  have,  if  z  =  <p(x,  y\ 

dz=pdx+qdy,  Art  159; 
and  to  obtain  -^  from  the  implicit  relation  if>(x,  2/)=0,  we  have 

dx         q 

171.  To  obtain  the  Second  Differential  Coefficient  of  an  Implicit 
Function. 

To  obtain  ^^  we  have  only  to  differentiate  the  last  result  of 
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the  preceding  article ;  thus, 

dq>      dq 

Now  ^=^+^^  =  r+«f-P)=?!:Z^. 

ax    dx    'dy  dx  ^2^         2 

and  ^=W+?i^  =  «  +  f('_?)=?!zP<. 

dx    dx    dy  dx  \    ?/         2 

qh'—Zpqa+jiH 

Similarly  -j-—,  etc.,  may  be  found,  but  the  results  are  compli- 


givmg 


cated. 


Examples. 


1.  If  u=af*y*y 

du       dx  ,    d/u 
prove  —  =  m — + w-^> 

'^  u         X        y 

and  verify  the  formula        75-0- =o-o- 
oxoy    oyox 

2.  Verify  the  formula^  ^  =;=n-t=^  i^  ®*ch  of  the  following 

oxoy    oyox 

(1)  w=8in-^^- 

(2)  «=^ 

(-3)  «=log^ 
(4)  w=a^. 

3.  If  ^=^^^' 


cases: 


show  that 


'dy'dz^    'dz^ 

4.  If  47=r  cos  ^  and  y =r  sin  ^, 

prove  dx = cos  ^rfr  -  r  sin  ^rf^, 

and  0?^ = sin  Odr+r  cos  ^^ ; 

and  hence  that  dx^ + dy^ —df^  +  t^dO^, 

and  that  xdy  -  y<ir = i^dO. 
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5.  If  u=\og{:x:^  +  t/^+z^\ 

oydz      Zzdx     "dxdy 


6.  Prove  that  if 


7.  Show  that  if  af +1/^=0", 

8.  Show  that  at  the  point  of  the  surface 

a^^t—c  where  x^y^z^ 

g-^=  -{x\ogexY\  [Oxford,  1889.] 

9.  If  there  be  an  equation  between  three  variables  ^,  <,  Vy  prove  that 

m    x(f)    x(f^)    =-1. 

Xat/vooDct.        xaV/pooDat.       \Ci/p/tisaajA. 

172.  Tojimd  -p  and  -r-  ^rom  <^  cgito^-wm*' 

Here,  as  in  Art.  164, 

9aj"^32/  •da;'^B0  *  da?  ' 
dF^  dF^  dy  -dF,  da^^ 
'dx      ?)y  '  dx      'dz  '  dx 


Solving 

these 

equations  we  obtain 
dx 

dz 

d^ 

'  dx      dz  ' 

3F,- 
■  dx 

-dF, 

dx 

3Fj    3F, 
1 

9^x 

■9y 

3jF^    dF^    dF^    dF^' 
dy  '  dz      dy  '  dz 


which  give  the  values  of  -^  and  3^. 
°  dx         dx 

Ex.  Given  y=Fi(x,  z\ 

and  z=F^x,f/), 


prove 


3/^1  aPi  3Fg 
dy^'g^'^  dz~'  dx 
dx      ^_dFy    a/^2 

32        ^^ 
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173.  Oiven  that 

V=if>(x+it,  y+fjt,  0+^,...) 
where  x,  y,  z ...,  ^,  j;,  f ...,  and  t 

form  a  system  of  vadependent  variables,  to  show  that 

Let  0^=0?+^^, 

etc., 
80  that  ^=1,^1=  I,  etc., 


.|l=0,  ^^=0,etc.; 
then  ^=^a5i,yi,«i,...). 

Similarly  ^=3^/ «*<^' 

and  ^r=?Z.^i+?Z.^i+... 

174.  Hence  we  have  the  following  identity  of  operators, 
and  as  the  variables  are  all  vadepeiident  and  the  operators 

the  development  being  made  in  formal  analogy  with  the 
Multinomial  Theorem. 

For  example,  in  the  case  of 

V=<f>(x+it,  y+pjt), 
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weshaUhave      ^=f^+,^Z 

etc. 


Taylor's  Theorem.    Extension. 

175.  To  Expand  <p(x+h,  y+k)  in  powers  of  h  and  k. 
By  Taylor's  Theorem  we  obtain 

^x+h,  y+k)  =  4>(x+h,  y)+k  '^  ^        +21     ^        +- 
and  expanding  each  term  we  have 
<f>(x+h,y  +  k)  =  <t>(x,y)+h^+j^^i+... 

?)y        ^xdy 
^2ldy^^'" 

+2!r  ■dx'^^'*%^^'^-^y^r- 

or,  as  it  may  be  written  symbolically, 

4^x+h,  y+k)  =  4>(x.  y)+(h^+k^)^+^hl+k^y^+... 

176.  Since  it  is  immaterial  whether  we  first  expand  with 
regard  to  k  and  then  with  regard  to  h,  or  in  the  opposite  order, 
we  obtain  by  comparison  of  the  coefficient  of  hk  in  the  two 
results  the  important  theorem 

dx'dy'^dydx 
already  established  in  Arts.  165,  166. 

177.  Agreeably  with  the  notation  of  Art  116,  we  may  write 
the  result  of  Art.  175  as 

<t>ix+h,y+k)=e''    '^iPix.y) 
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178.  Further  ExtenBion.    Several  Variables. 

The  form  of  the  general  term  in  the  preceding  case  and  the 
Airther  extension  of  Taylor's  Theorem  to  the  expansion  of  a 
function  of  several  variables  is  more  readily  investigated  as 
follows : 

Let  <t>(^+it,y+rit,...) 

be  called  F{t).    Then  Maclaurin's  Theorem  gives 

and  by  Art.  174 

and  since  the  variables  x,  ^, ...,  are  independent  of  t,  we  may 
put  f =0  either  before  or  after  the  operation  has  been  performed. 

Hence     Fr(p)=(i^+f^+..)'<p(x,  y,,..). 

We  thus  obtain 

Now,  patting  h=£t,  k=tit,  Z=f<, ...,  we  obtain 
^x+h,  y+k,  z+l,...)=^x,  y,  z, ...) 

+l:fhl+k^-+...y<P(<^+eh.y+ek,...). 

179.  Extension  of  Haclanrin's  Theorem. 

Moreover,  if  we  put  a;  =  0  and  y  =  0,  and  then  write  x  for  k 
and  y  for  k,  we  have  an  eictension  of  Madaurin'a  Theorem 
which,  for  two  independent  variables,  may  be  written 

^«.y)-^«,0)H.T(g)^+j,(|)^ 


+etc 

BD.C. 
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180.  If  we  now  recur  to  Art.  154  we  see  that  the  true  value 
of  MR  is  f{x+Sx,  y+Sy)-f(x,  y) 

showing  what  error  was  made  in  that  article  in  taking  MR  as 
an  approximation  to  the  correct  value. 

The  student  will  find  no  difficulty  in  writing  down  the  true 
values  of  the  lengths  of  LQ  or  NS, 

Euler's  Theorems  on  Homogeneous  Functions. 

181.  Ifu=^Ax^yP+Bx^'y^+...=^XAx^yP,  say,  where 

a  +  /3  =  a'+i8'=...=n, 

to  show  that  x^ — j-?/— - =nu. 

dx     ^dy 

By  differentiation  we  obtain 

^=lA/3xayP'\ 

then  x^+y^=^j:Aax<^P+j:Afix^P 

=  lA(a+fi)xayfi 
==n^Ao^yP=nu. 

It  is  dear  that  this  theorem  can  be  extended  to  the  case  of 

three  or  of  any  number  of  independent  variables,  and  that  if, 

for  example,        u = Ax^Pzy + Boc^'y^sr/  + . . . 

where       a+)8+y  =  a +j8'+y'=...=7i, 

.„         ^l6     'dw    du 

then  will  x-+y-+z^-  =  nu. 

dx     ^dy       ?>z 

The  functions  thus  described  are  called  homogeneous  functions 
of  the  n^  degree, 

182.  We  now  put  the  same  theorem  in  a  more  general  form. 
Def.  a  homogeneous  function  of  the  n^  degree  is  one  which 

can  he  put  in  the  form 
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Let 

.«.^,  !,...> 

Put 

l-y.  i.z.^. 

whence 

ZY       y     ZZ       z 
3a!~     SB*'     ate"     i^'- 

ZY    \      3Z    -    , 

Now,  since 

u^aj-lKJ^.^,-). 

^       ^ 

.lET/fT-    rw         V    .       -f3^       3F  .    C 

^  —    IBVTT   ».        X,      nfS-F      "bY  ,ZF      "dZ  ,         \ 

3y~^aF'ay~'^  zT 

•  eta=eta 
Finally,  maltiplying  by  03,  y,  0, ...  respectively,  and  adding 

183.  If  u  be  a  homogeneous  function  of  x  and  y  of  the  n*** 
degree,  a-,  ^  will  be  homogeneous  functions  of  the  (n— 1)**^ 
d^ree,  and  applying  the  result  of  Art.  182  to  these  we  have 


( 


3   ,     3\3ii.     ,       -.3it 


/    3  ,     3\3«     ,       ..3tt 

Mnltiplying  by  a;  and  y  we  have  on  addition 

.3«u  ,  _      3«tt   ,    ,3%    ,       -V  3u  ,    3tt\ 

=  71(11—1)16. 

Similarly  we  may  proceed  and  finally  by  induction  establish 
a  general  theorem  of  similar  character,  but  of  higher  order ; 
but  it  is  better  to  adopt  the  method  hereafter  applied  in  Art 
186. 
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184.  If       F  =  Un  +  Un-i  +  2tn-2+...+U2  +  t6i  +  t^ 

where  u„,  t^n-i, ...  are  homogeneous  functions  of  degrees  7i, 
n— 1, ...  respectively,  then 

3F.    BF. 

=nF— {un-i  +  2ie^.2+3Un.8  +  ...+(n-l)ui+niio}. 
Hence  if  F=0 

dV     dV 

185.  Let  u=ip{Hn),  where  fT^  is  a  homogeneous  function  of 
the  n^  degree. 

Suppose  we  obtain  from  this  equation 

J?n=^(u); 

then  x-^F(u)+y^F{u)+  ,..^nE^ 

or  i'(u)|a:^+2/^+...}  =  n^(u),    • 

3it  ,    3u  ,  Flu)  ,-. 

^^  +  %y  +  -=^F(u) (^> 

In  the  particular  case  in  which  n  =  0  we  therefore  have 

^^+2'^  +  -=« <2) 

Examples. 

Verify  the  foUowing  results  by  differentiation. 

1.  Let  u=ai^+ 1/^+3x^2, 

This  is  clearly  homogeneous  and  of  the  3rd  degree,  whence 

"du  ,    "du  ,    'du    o 
ox      oy       oz 

2.  Let  «=^^.=;i." Vfi. 


This  is  a  homogeneous  expression  of  degree  jV)  "whence 

3.  Let  t,=8in-i^(^-V. 

Here  Art.  182  gives      ^^+y^'=0. 
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4  Let  u=tAii-^^^±^- 

Here  Art.  185  gives      x^+y^=8in  2t«. 
ox    ^oy 

6.  Find  which  of  the  following  functions  are  homogeneous,  and  in  cases 

of  homogeneity  verify  Euler's  Theorem  of  the  first  degree  : 

(a)     xe"^. 

(y)   (^-y)(log^--logy). 

(8)    sin-^^^?^. 
x-hy 

6.  Given  z^a^-^y  and  y=«*+d:,  find  the  differential  coefficients  of  the 
first  order, 

(1)  when  X  is  the  independent  variable, 

(2)  when  y  is  the  independent  variable, 

(3)  when  z  is  the  independent  variable. 

7.  Given  xyz=c^f  find  all  the  differential  coefficients  of  the  first  and 
second  orders,  taking  x  and  y  for  independent  variables. 

a  If  u=sin-^-,^±^, 

prove  that  x^ + y^-  =  J  tan  u, 

9.  If  u=aa^+by'+cs^+2fyz  +  2g2x+2hxyy 

show  that,  if  it  be  possible  to  find  values  of  Xy  y,  z  which  will  simultane- 
ously satisfy 

then  will  A,  6,/   =0. 

10.  If  tt  be  a  homogeneous  function  of  the  n^  degree  of  any  number  of 
variables,  prove  that 

11.  If  u^<f){x,  y)  and  V^x,  y)=0,  prove  that 

12.  If  i«  be  a  homogeneous  function  of  the  n**»  degree  in  x,  y,  «,  and  if 
u=J[Xy  F,  Z)  where  X,  TyZare  the  first  differential  coefficients  of  u  with 
re^krd  to  x^y^z  respectively,  prove  that 

"*•  9A'^     -dY^    -dZ-n-  r-  [Oxford,  1886.] 

13.  If  CT  denote  the  operator 

and  «  be  a  homogeneous  function  of  n  dimensions  in  the  variables  x,  y,  2r, . .. 
show  that  0(CT-l)(CT-2)...(CT-r)log?*=(-iyn.r!     [Oxford,  1888.] 
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186.  General  Proof  of  Eoler's  Theorems. 

We  now  proceed  to  give  a  more  complete  investigation  of 
Euler's  results. 

Let  u  =  <l>(Xt  y,z...)he  any  function  expressible  in  the  form 

It  is  observable  that  i{x+xt,  y+yt,z+zt,...he  written  instead 
of  a;,  y,z,...  in  any  such  function  we  obtain  the  result 

<f>{x+xt,y+yt,...)=^af^{l  +  t)-F(^^,..) 

so  that  the  effect  is  simply  that  of  multiplying  the  original 
function  by  (1 + ty*. 

Now,  let  F^  denote  the  symbol  of  operation  obtained  by- 
expanding  {xX+yY+zZ+...)^  by  the  Multinomial  Theorem, 

o     ^    ^ 
and  after  expansion  writing  — ,  — ,  --,•••  ^^  place  of  X,  Y,  Z, 

etc.;  then  we  have,  upon  expansion  of  each  side  of  the  above 
equality, 

And  on  equating  coefficients  of  like  powers  of  t 

FjU = 71(71  -l)(n-  2)u, 

etc. 
FrU=7i(7t— l)...(7i— r+l)u. 

187.  When  there  are  two  independent  variables  x  and  y, 

these  become 

dii  ^    ?ni 
'^^+2^3^  =  ^^' 

etc.; 
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and  for  the  case  of  three  independent  variables 
du  ^    du  ,    du 

=7i(n— l)u, 
etc. 
188.  It  may  be  observed  that  although  the  expressions 

are  identical,  care  must  be  taken  to  distinguish  between 
It  is  apparent  that  the  latter 


dydx/ 

and  therefore  differs  from  the  former  expression  by  the  addition 
of  the  two  terms 

189.  Laplaoe'8  Equation. 

7^2  C^  cyZ 

The  operator  0^+3^+^  (  =  V*)  P^ays  »  fundamental  part 

in  the  Higher  Physical  Analysis. 

The  equation  57*^^=0  is  called  Laplace's  equation ;  and  auy 
homogeneous  function  of  x,  y,  z  which  satisfies  it  is  called  a 
Spherical  Harmonia* 

It  is  customary  to  denote  x^+y^+z^  by  r^. 

*  See  Thomson  and  Tait,  Treatue  on  Natural  Philo9ophy^  vol.  I.,  p.  171. 
Laplace,  Micanique  Celtttt,  bk.  IL 
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Ex.1.  Let 

V^r^. 

Then 

dr    X 

and  we  have 

and 

ox* 

^-m(m  -  2)r^-y +mf^-«, 

_^=m(m-2)r«-*z«+mr— «. 

.-.by  addition, 

V  r=i7i{m  -  2)r^-«+ 37»r~-* 

or 

yV=m(m+l)r«-« 

Since  this  expression  vanishes  when  m=-l,  it  appears  that  -  is  a 
spherical  harmonic  of  degree  - 1.  ** 

Ex.  2.  If  Vn  be  a  spherical  harmonic  of  degree  n,  then  will  VJf^*^  be 
a  spherical  harmonic  of  degree  -n— 1. 

Let  tt=  VJr^*K 

Then  ^-^^" 


"dx 

with  similar  expressions  for  ^-^  and  ^^ 
Adding  these  together, 

Hence,  remembering  that  v'^"~^> 

we  have  y%=0. 

Ex.  3.  Show  that  each  of  the  functions 

tan  '^^j    -s 5>    -  log 

satisfies  Laplace's  equation. 

Ex.  4.  If  w  and  v!  be  functions  of  x^  y, «,  each  satisfying  y*r=0, 
prove  that  y'(t*M') = 2(Wxt«'« + w^, + w,u',). 

190.  Coigugate  Fanctions. 

Wlien  two  real  functions  u  and  i;  of  a;  and  y  are  defined  by 
the  equation  u  +  s/^v^J^x+s/-- ly)  they  are  said  to  be 
conjugate. 
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Differentiating,  we  have 
Whence  ^=^^, 


and 

Again  differentiating, 

and 


dx     'dy' 


.(1) 

•(2) 


(3) 


whence  +       =0^ 

and  similarly  ^+^^=0 

Ex,  1.   1(  u+  *J  -  iv  he  A  homogeneous  function  of  x,  y,  «,  of  degree 
p  +  sf-lq^  then 

and  ^^^+y^  +  ,_=^+^ 

[Thomson  and  Tait,  Natural  PhOotophp,] 

Ex.  2.  If  a  and  fi  be  conjugate  functions  of  a  and  5,  whilst  a  and  5  are 

conjugate  functions  of  x  and  y,  prove  that  a  and  ^  are  conjugate  functions 

of  X  and  y.  [Maxwell,  BUeiricUy,  ] 

B'F    3*1' 
Ex.  3.   If  the  equation  _^+— -^=0  be  satisfied  when  F  is  a  given 

function  of  ar,  y,  it  will  also  be  satisfied  when  V  is  the  same  function  of  a 

and  6,  where  a=log  Va;^+y^  and  5= tan-*?. 

X  [Math.  Tripos.] 

EXAMPLES. 

1.  Verify  the  formula  — -~-  =  ^-^  in  the  following  cases : 

oxoy     oyox 


(a)  ti  =  8in?^' 


X 

1/3)  u  ^  \og{x  tan-i  J^^Ty^}. 
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2.  Find  ^  (a)  ifaa^-¥  2Iixy  +  6y2=  1. 

()8)  if  a^  +  y^  =  5a2ici/. 
(y)  if  (cos  a/ =  (sin  y)'. 
(8)  ify*  +  a:^  =  (aj  +  y)'*''. 
(c)  ifa:^.y'  =  ai«»»  i-y»**'. 

3.  If  w  =  8in~i?  +  tan-i^,  show  that  x-^  +  y^^  =  0. 

y  a;  ox       Oy 

4.  If  tt,  y,  «  be  functions  of  x  such  that 

d  f  dy\  d(  dz\ 

prove  that  |«(y^..|)  =  0. 

5.  If  u  and  t?  be  both  functions  of  the  same  function  of  x  and  y, 

prove  that  ^  •  ^- =^  •  ~,  and  that  T^(w^)  =  ^(%-r 
^  Sa:     3y     3y     Ba;  Ba^V  dyj     ^y\  dxj 

6.  If  r^/{u,  v),  u=f^(x,  y),  v=^f4x,  y\  show  how  to  find  —  in 

terms  of  ^r-  and  -,^- 
Ba:  oy 

Ex.  Given  w  =  a;*  +  y2,  v  =  2a;y,  show  that 

7.  Verify  Euler's  Theorem 

Sa;       oy 

for  the  functions  (a)  u  =  sin(^^)  • 

\x^y/ 

8.  If  n  =  <^(y  +  aa;)  +  ^(y-aa:),  prove  _  =  a2_. 

11.  K/(aj,  y)  -  0,  </>(a:,  «)  =  0,  show  that 

Bar     3y     cfa     Ba;     3« 
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1 2.  Find  -^  in  terms  of  y  and  z  from  the  equations  : 

dz 

a  sin  aj  +  6  sin  y  =  c. 

a  cos  a;  +  6  cos  «  =  c.  [i.  c.  S.  Exam.] 

13.  If  tc*  +  y*  +  Uh^  =  0,  show  that 

"•■'©■*a)'KS"--»°''i'»^$-  ^^.''^i 

when  the  variables  are  connected  by  the  two  equations 

©"-©■-(I)'  l*Vl-'-  >-<'---«"i 

15.  Uu  =  F{x-y,y-z,z-x),  prove  |?^+J*  +  |*  =  o. 

ca;     oy      o^ 

16.  If«=   «,  y,  *    ,  prove  ^-  +  ^+-  =  0. 


«^, 

y*. 

2" 

«. 

y. 

S 

1, 

1, 

1 

17.  If«=co8ec-W^r^..  show  that 


^da?^^dxdy^^yi       12  Via        12"  j 

18.  Find  the  value  of  the  expression  _-  +  zlr  when 

a^a?  ^h^y^-  <^z^  =  0.  [i.  c.  S.  Exam.) 

19.  If  F=  Aa^  +  2ifa:y  +  Cy^,  prove 

20.  If  r=  (1  -  2ajy  +  y^)"*,  prove  that 


3F      3F      o«^ 


Also 


rK^      li^     ^ 

21.  If  -j  +  p  +  -2=^»  and  fe  +  7wy  +  n»  =  0,  prove  that 


dx     _     dy  dz 

ny^mz~lz    nx^nuo    ly 
62     "?    ?"^    "^""P 
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22.  If-+y*+-  =  l,  and     '^    +    ^*    +    '^    =  1.  prove  that 

a<y-c«)^y(c»-a»)^«^(a«-y)     Q 
dx  dy  dz  ' 

23.  If  _^  +    2^  +-2^  =  1.  P^^ve  that 

a-^  +  t*     62  +  w     c^  +  M 

tt,2  +  w/  +  w,2  =  2(icu,  +  yw,  +  «u,).       [Oxford,  1888.] 

24.  If  «  and  u  be  functions  of  x  and  y  defined  by 

,,    .  Zz     'dz 

prove  that  .  _  s-jpy, 

^  dx    ?yy      ^  [Bbrtband.] 

25.  If  Fdx  +  $fl?y  be  a  perfect  differential  of  some  function  of  a:,  y, 

prove  that  ^^ = ^r^* 

^  dy     ox 

26.  If  Fdx  ±  Qdy  +  Rdz  can  be  made  a  perfect  differential  of  some 
function  of  x,  y,  z  by  multiplying  each  term  by  a  common  factor, 

27.  If  «=(^a:^-lV/(y  +  aj)-<^-a:)},  prove  that 

<^-^)  =  V  tOx«>«>.  1889.] 

28.  If  /  be  any  function  of  X  and  Y  where  -T  and  7  are  defined 
by  the  equations  X=<l>{x,  y),  7=  \^(ar,  y),  prove  that 

win!  Baf-ay*         rlsl  dX'^Y' 
where  Cr,,  is  the  coefficient  of  A"'A^  in 

{<^x  +  A,  y  +  *)  -  </>(rr,  y)}'{^(a:  +  A,  y  +  *)  -  ^(oj,  y)}'. 

[Math.  Twpos,  1888.] 

29.  If  t^  be  a  homogeneous  and  symmetrical  function  of  x  and  y  of 
n  dimensions,  and  if  its  expanded  form  is  ^Q^y^~%  prove  that 

2{(2r  -  n)$^}  =  0.        [Gregory's  Examples.] 

30.  If  y(aq,  x^,  x^  ,.,  xj)  be  any  homogeneous  function  which 
becomes  F{X^^  Xj  ...  X^)  by  any  linear  substitution  for  the  variables 
scj,  x^  ...  in  terms  of  Xj,  Xg ...  and  if  a^',  x^\  x^  ... ;  X/,  X^',  Xj' ... 
be  simultaneous  values  of  the  two  systems,  prove  that 
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TANGENTS  AND  NORMALS. 

191.  Equation  of  TANGENT. 

It  was  shown  in  Art.  36  that  the  equation  of  the  tangent  at 
the  point  (x,  y)  on  the  curve  y=J{x)  is 

r-y=^X-x) (1) 

X  and  T  being  the  current  co-ordinates  of  any  point  on  the 
tangent. 

Suppose  the  equation  of  the  curve  to  be  given  in  the  form 

It  is  shown  in  Art.  164  that 

dy  ^  ^'dx 

By 
Substituting  this  expression  for  -i^  in  (1)  we  obtain 

T-y=-'^X-x). 
dy 

(X-xfl+(y-y)%=o (2) 

for  the  equation  of  the  tangent. 

192.  Simplification  for  Algebraic  Curves. 

If  /{x,  y)  be  an  algebraic  function  of  x  and  y  of  degree  n, 

suppose  it  made  homogeneotis  in  x,  y,  and  z  by  the  introduction 

of  a  proper  power  of  the  linear  unit  z  wherever  necessary. 

143 
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Call  the  function  thus  altered  f{x,  y,  z).  Then  /(a?,  y,  0)  is  a 
homogeneous  algebraic  function  of  the  n^  degree;  hence  we 
have  by  Euler's  Theorem  (Art.  181) 

by  virtue  of  the  equation  to  the  curve. 

Adding  this  to  equation  (2),  the  equation  of  the  tangent 

takes  the  form  x%+Y^+i^=0 (3) 

?)x       ?}y      ?>z 

where  the  0  is  to  be  put  =1  after  the  differentiations  have 
been  performed. 

Ex.  Xa:,y)  =  a;*-ha«jry  +  6V  +  c*=0. 

The  equation,  when  made  homogeneous  in  x^yythy  the  introd/action  of  a 
proper  power  of  Zy  is 

f{x,yy  2)  =  ;r*  +  a*J3^2*+63y^+c424=0, 

and  |^=4r»+aV> 

dy 

Substituting  these  in  Equation  3,  and  putting  ^=1,  we  liave  for  the  equa- 
tion of  the  tangent  to  the  curve  at  the  point  {Xy  y) 

X{Ax^-{-ahf)'{-  r(a3;F + 6') +  2a2a7y+ 363^  +  4^  =  0. 

With  very  little  practice  the  introduction  of  the  z  can  be 
performed  mentally.  It  is  generally  more  advantageous  to 
use  equation  (3)  than  equation  (2),  because  (3)  gives  the  result 
in  its  simplest  foi^m,  whereas  if  (2)  be  used  it  is  often  necessary 
to  reduce  by  substitutions  from  the  equation  of  the  curve. 

193.  Application  to  Oeneral  Rational  Algebraic  Curve. 
If  the  equation  of  the  curve  be  written  in  the  form 

/(aJ,  y)  =  'i^n  +  Un-l  +  Un-i+  ...  +  U2  +  Ui  +  Vii  =  0 

(where  Ur  represents  the  sum  of  all  the  terms  of  the  r^  degree), 
then  when  made  homogeneous  by  the  introduction  where  neces- 
sary of  a  proper  power  of  z  we  shall  have 

and  ^  =  Un-l  +  2Un-22?+3ttn-32^+... 

oz 

+(n-2)u^z'"^+{n-l)v^z'"^+nUf^'\ 
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and  therefore  substituting  in  (3)  and  putting  0=1,  the  equa- 
tion of  the  tangent  is 

+  {n-2)w^+(n-l)Ui+nuQ=0 (4) 

194.  NORMAL. 

Def.  The  normal  at  any  'point  of  a  curve  is  a  straight  line 
through  that  point  and  perpendicular  to  the  tangent  to  the 
curve  at  that  point 

Let  the  axes  be  assumed  rectangular.  The  equation  of  the 
normal  may  then  be  at  once  written  down.  For  if  the  equa- 
tion of  the  curve  be  y  =/(a?), 

the  tangent  at  {x,  y)  is  F— ?/=  j^(jr— oj), 

and  the  normal  is  therefore 

(Z-a;)+(r-2/)g=0. 

If  the  equation  of  the  curve  be  given  in  the  form 

the  equation  of  the  tangent  is 

(Z-.)|+(r-y)|=0. 

and  therefore  that  of  the  normal  is 

X-x^Y-y 

■*  ^/   "    ¥  ' 
Zx        dy 


Ex.  1.  Consider  the  ellipse      _-+^=  1. 


This  requires  s^  in  the  last  term  to  make  a  homogeneous  equation  in  x^ 
y,  and  z.     We  have  then 

Hence  the  equation  of  the  tangent  is 

ir.|+r.|f-,.2,=o, 

where  0  is  to  be  put  =1.    Hence  we  get 

:?^+,^y=l  for  the  tangent, 
or      b^ 

and  therefore  =  — ^  for  the  normal 

B.D.a  K  r^  T 
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Ex.  2.  Take  the  general  eqiiatiou  of  a  conic 

When  made  homogeneous  this  becomes 

aa^+2hxy+bt/^+2gxz+2fyzi-c^=0. 
The  equation  of  the  tangent  is  therefore 

Z(<M:+Ay+5r)+  Y(hs+by+f)+gx+fy+O''0y 
and  that  of  the  normal  is 

X-x     ^      Y-y 
ax-^-hy+g    hx+by+f 

Ex.  3.  Consider  the  curve  2= log  sec-- 

a  a 

Then  ^•?^=tan?, 

dx  a 

and  the  equations  of  the  tangent  and  normal  are  respectively 

F-y=tan-(X-^), 

and  (r-v)tan?+(Z-a?)=0. 

a 

195.  If/(aj,  y)=0  and  F(Xf  y)  =  Ohe  two  curves  intersecting 
at  the  point  x,  y,  their  respective  tangents  at  that  point  are 

and  XF^+  YFy+ZF,=0. 

(Z  is  often  written  for  z  for  the  sake  of  symmetry.) 
The  angle  at  which  these  lines  cut  is 

fx^x+fyFy 

Hence  if  the  curves  touch       fg^/Fg^^fy/Fy ; 
and  if  they  cut  orthogonally,      fx^x+fy^y—^* 

Ex.  If  ^+t^  =y(j?+ty),  the  curves  given  by  ^  =  constant,  and  by 
77= constant,  form  two  families  such  that  each  member  of  the  first  set  cuts 
orthogonally  each  member  of  the  second. 

Tor  by  Art.  190,  |^=^  ^a  |^=  -|^ 

ox    oy  Oy        ex 

whence  ^.^+^.^=0 

ox    ox    oy    oy      ' 

which  is  the  condition  that  the  tangents  at  the  points  of  intersection 
should  include  a  right  angle. 
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196.  If  the  form  of  a  curve  be  given  by  the  equations 

the  tangent  at  the  point  determined  by  the  third  variable  t  is 
by  Equation  1,  Art.  191, 

or  zv^'(<)-  F^XO=^OV^W- V<0*'(0. 

Similarly  by  Art.  194  the  corresponding  normal  is 

Examples. 

1.  Find  the  equations  of  the  tangents  and  normals  at  the  point  (x^  y) 
on  each  of  the  following  curves : — 

(1)  a^+f^i^,  (5)  x^if-^xf^c^, 

(2)  y«=4ar.  (6)  c»'=8ina:. 

(3)  xy=P,  (7)  a^-Zaxy-^y^^O. 

(4)  y  =  cco8h?.  (8)  (^+y7=«^^-y*)- 

c 

2.  Write  down  the  equations  of  the  tangents  and  normals  to  the  curve 
y(jx^ + a*) = oar*  at  the  points  where  y = 2' 

X    y  -1 

3.  Prove  that  -  +^  =  1  touches  the  curve  y=he  «  at  the  point  where  the 

curve  crosses  the  axis  of  v. 

4.  Find  where  the  tangent  is  parallel  to  the  axis  of  x  and  where  it  is 
perpendicular  to  that  axis  for  the  following  curves  : — 

(a)  cw;*  +  2Ary-i-6y*=l. 

{y)f=a^2a-x), 

5.  Find  the  tangent  and  normal  at  the  point  determined  hj  6  on 

(a)  The  ellipse        a:=a  cos  61"^ 

(j8)  The  cycloid       ^=a(^+sin  0)\ 


x=aco&Q\ 
y=b  sin  $) 
^=a(^+sin^)^ 
y=a(l-cos^)/ 


(y)  The  epicycloid  a;  =  ^co8^-J5cos^^ 
y=A  BiuO-B  sin  ^0 
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6.  If  f)=a?co8  a+y  sin  a  touch  the  curve 

prove  that  p^-^=  (a  cos  a)"*-^ + (6  sm  0)"*-^ 

Hence  write  down  the  polar  equation  of  the  locus  of  the  foot  of  the 
perpendicular  from  the  origin  on  the  tangent  to  this  curve. 
Examine  the  cases  of  an  ellipse  and  of  a  rectangular  hyperbola. 

7.  Find  the  condition  that  the  conies  a^  +  6j^*=l,  a'a:^+b'i/^=l  shall 
cut  orthogonally. 

8.  Prove  that,  if  the  axes  be  oblique  and  inclined  at  an  angle  <o,  the 
equation  of  the  normal  to  y^f{x)  at  (:f,  y)  is 

.   (r-y)(co8(i)+^)+(Z-;r)(l+cosa)^)=0. 

9.  Show  that  the  parabolas  a^=at/  and  y^=2cuc  intersect  upon  the 
Folium  of  Descartes  a^  +  7^  =  Zaxy  ;  and  find  the  angles  between  each  pair 
at  the  points  of  intersection. 

197.  Tangents  at  the  Origin. 

It  will  be  shown  by  a  general  method  in  a  subsequent  article 
(291)  that  in  the  ease  in  which  a  curve,  whose  equation  is 
given  in  the  rational  algebraic  forra,  passes  through  the  origin, 
the  equation  of  the  tangent  or  tangents  at  that  point  can  be  at 
once  written  down  by  inspection ;  the  rule  being  to  equate  to 
zero  the  terTns  of  lowest  degree  in  the  equation  of  the  curve. 

Ex.  In  the  curve  x2+y*  +  cM7+6y=0,  ax+bi/  =  0  is  the  equation  of  the 
tangent  at  the  origin  ;  and  in  the  curve  {a^-\-y^)^=a\a^-y^)y  a^-y^=0  is 
the  equation  of  a  pair  of  tangents  at  the  origin. 

It  is  easy  to  deduce  this  result  from  the  equation  of  the  tangent 
established  in  Chapter  II.    That  equation  is 

F-y=7?i(X-:r)  where  m=-Jf' 

At  the  origin  this  becomes  F=mX, 

where  the  limiting  value  or  values  of  m  are  to  be  found. 

Let  the  equation  of  the  curve  be  arranged  in  homogeneous  sets  of 
terms,  and  suppose  the  lowest  set  to  be  of  the  r*^  degree.    The  equation 

may  be  written      </r(^)  +  af^^fr+J^)  + . . ■  </n(^)  =0. 

Dividing  by  of,  and  putting  y^mx,  and  then  ;r=0  and  y=0,  the  above 
reduces  to  the  form  /r(^'^)=0, 

an  equation  which  has  r  roots  giving  the  directions  in  which  the  several 
branches  of  the  curve  pass  through  the  origin.  If  Wi,  mj,  twj,  ...  wir  he  the 
roots,  the  equations  of  the  several  tangents  are 

y=mix,  y=rrhx,  ..,y=m^. 
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These  are  all  contained  in  the  one  equation 

and  this  is  the  result  obtained  by  ^^egtuUing  to  zero  the  terms  of  lowest 
degree  "  in  the  equation  of  the  curve,  thus  proving  the  rule. 

Ex.  Find  the  equations  of  the  tangents  at  the  origin  in  the  following 
(a)  (ar>+y2)2=a2^_i,2y. 

(y)Cy-«)^'=^. 


curves: — 


Geometrical  Results. 

198.  Cartesians.    Intercepts. 

From  the  equation  F—  y  =  -j^(X — x) 

it  is  clear  that  the  intercepU  which  the  tangent  cuts  off  from 
the  axes  of  x  and  y  are  respectively 

.x-|.and  y-a;g. 

dx 
for  these  are  respectively,  the  values  of  X  when  F=  0  and  of 
rwhenZ  =  0. 


Fig.  22. 

Let  PNf  PT,  PG  be  the  ordinate,  tangent,  and  normal  to 
the  curve,  and  let  PT  make  an  angle  yfr  with  the  axis  of  x ; 

>then  tan  yfr=-^.     Let  the  tangent  cut  the  axis  of  y  in  t,  and 

let  OY,OY^\)Q  perpendiculars  from  0,  the  origin,  on  the  tan- 
gent and  normal.  Then  the  above  values  of  the  intercepts  are 
also  obvious  from  the  figure. 
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199.  Subtang^t,  etc. 

Def.  The  line  TN  is  called  the  euhtangent  and  the  line  NO 
is  called  the  avhnormal. 
From  the  figure 

Subt(mge7U=TN==y  cot  \lr=^* 

dx 

Suhnor7Yial=^N0=y\Axiylr=y-f^' 

iV^ormai=PG=y  sec  ^  =  yVl+tan2^=y^l  +  (^y. 

rp           ^     rrn,                  I        Vl+tanV       V^  +  W 
Tangent=TP  =y  cosec  V^==y     ^an^         ^ d^ "* 

dx 
0F=  0^  cos  Vr=- 


2^"^^      y^t^ 


Vl  +  tan^ 


^RS' 


/ITT     f^n        ,       ON+NO         *'*'^^ 
*  ^     x/l+tanV 


These  and  other  results  may  of  course  also  be  obtained 
analytically  from  the  equation  of  the  tangent. 

Thus  if  the  equation  of  the  curve  be  given  in  the  form 
f{x,y)  =  0 
the  tangent  Xf^+  Yfy+Zf^=0 

makes  intercepts  —fz/fx  and  --fz/fy  upon  the  co-ordinate  axes, 
and  the  perpendicular  from  the  origin  upon  the  tangent  is 

and  indeed,  any  lengths  or  angles  desired  may  be  written  down 
by  the  ordinary  methods  and  formulae  of  analytical  geometry. 

Ex.  1.  For  the  chainette  y =ccosh-,  we  have  yi=  einb-, 

c  c 

Hence  subtangen  t  =  ^  =  c  coth  ?> 

sabnormal  »=yyi = c  sinh^  cosh^* 
c         c 

normal        =y  n/i  +  yi^=^,  etc 
c 
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Ex.  2.  In  the  general  equation 

y+(ao+ai^y-*+(fto+M+MV"'+-=0, 

show  that  if  for  a  given  abscissa  each  ordinate  be  divided   by  the 
corresponding  subtaugent  the  algebraic  sum  of  the  resulting  quotients 
is  constant 
If  yi,  ys)  ys)  *••  ^  ^^®  several  ordinates  and  «x>  ^  •••  ^®  several  sub- 


tangents, 

hence,  differentiating, 

and 


2yr=-(ao+aid?), 


-'■It 


2^=- 


«!. 


200.  Values  of  ^,  ^,  etc. 
dx   ds 

Let  P,  Q  be  contiguous  points  on  a  curve.     Let  the  co- 
ordinates of  P  be  (Xy  y)  and  of  Q  {x-\-Sx,  y+Sy).    Then  the 


Jig.  28. 

perpendicular  PB  =  Sx,  and  BQ = Sy,  Let  the  arc  AP  measured 
from  some  fixed  point  A  on  the  curve  be  called  8  and  the  arc 
AQ=8+S8.  Then  arc  PQ=S8.  When  Q  travels  along  the 
curve  so  as  to  come  indefinitely  near  to  P,  the  arc  PQ  and  the 
chord  PQ  ultimately  differ  by  a  small  quantity  of  higher  order 
than  the  arc  PQ  itself  (Art.  34). 

Hence,  rejecting  infinitesimals  of  order  higher  than   the 
second,  we  have 

&«= (chord  PQf=(Sa^+Sy^\ 


or 


'=M£+g)=©'+©' 
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or 

and  in  the  same  manner 


(1)'-+©* 


\dyJ  "       \dyJ 
If  ^  be  the  angle  which  the  tangent  makes  with  the  axis  of 
X  we  have  as  in  Art  37, 

,    ,  ,      r.     PR         j^  PR       j.8x    dx 

and  also       cosur==//^-r-— -=-^^=2/^ 757i=-^^=  j-» 

^         chord  PQ        arcPQ        Ss     da 

and  sm  ^=Lt  ,     Ar>n=-^^ ^=-^^^=  :r" 

^        chord  PQ        arcPQ         Ss     as 

Examples. 

1.  Find  the  length  of  the  perpendicular  from  the  origin  on  the  tangent 
at  the  point  a:,  y  of  the  curve     4:*+y*=c*. 

ar 

2.  Show  that  in  the  carve  y^bef  the  subtangent  is  of  constant  length. 

3.  Show  that  in  the  curve  6y*=(a?+a)3  the  square  of  the  subtangent 
varies  as  the  subnormal. 

4.  For  the  parabola  y2=4cw:,  prove 

dx    ^     X 

5.  Prove  that  for  the  ellipse  -s+?«=l,  if  a? = a  sin  6, 

cr    0* 

-j-j=a  si  I  -c%iu2<i. 

6.  For  the  cycloid  x=a  vers  6 

prove  -^=a/?£. 

dx     ^  X 

7.  In  the  curve  y = a  log  sec^* 

a 

ds  X    ds  X        J  f 

prove  -5-=8ec->    -=-=co8ec-,   and   x=ay, 

ax         a    ay  a 

8.  Show  that  the  portion  of  the  tangent  to  the  curve 

which  is  intercepted  between  the  axes,  is  of  constant  length. 
Find  the  area  of  the  triangle  formed  by  the  axes  and  the  tangent* 


=  a  vers  6       ) 
y  =  a(^+8iu^)r 
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9.  Find  for  what  value  of  n  the  length  of  the  subnormal  of  the  curve 
ay"=a"*^  is  constant.  Also  for  what  value  of  n  the  area  of  the  triangle 
included  between  the  axes  and  any  tangent  is  constant. 

10.  Prove  that  for  the  catenary*  or  chainette  y=ccosh^  the  length  of 

c 

the  perpendicular  from  the  foot  of  the  ordinate  on  the  tangent  is  of  con- 
stant length. 

11.  In  the  tractor/  

prove  that  the  portion  of  the  tangent  intercepted  between  the  point  of 
contact  and  the  axis  of  x  is  of  constant  length. 

201.  Polar  Co-ordinates. 

If  the  equation  of  the  curve  be  referred  to  polar  co-ordinates, 
suppose  0  to  be  the  pole  and  P,  Q  two  contiguous  points  on 
the  curve.  Let  the  co-ordinates  of  P  and  Q  be  (r,  6)  and 
(r+Sr,  6+ SO)  respectively.  Let  PN  be  the  perpendicular  on 
OQ,  then  NQ  differs  from  Sr  and  NP  from  rS6  by  small  quan- 
tities of  a  higher  order  than  SO  (Art.  31). 


Fig.  24. 

Let  the  arc  measured  from  some  fixed  point  ^  to  P  be  called 
«.  and  from  -4  to  Q,  s + &.    Then  arc  PQ = Sa,    Hence,  rejecting 
infinitesimals  of  order  higher  than  the  second,  we  have 
<Ja2=(chord  PQ)^^(N(?+PN^)=(Si^+t^S0'1 
aud  therefore 

according  as  we  divide  by  Si^y  Sr^,  or  SO^  before  proceeding  to 
the  limit. 
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202.  Inclination  of  the  Badios  Vector  to  the  Tang^t. 
Next,  let  <t>  ^  ^^  angle  which  the  tangent  at  any  point  P 

makes  with  the  radius  vector,  then 

.      ,       de         ^     dr     .    ^     rde 
tan0=r^cos0=3^8in0=-^. 

For,  with  the  figure  of  the  preceding  article,  since,  when  Q  has 
moved  along  the  curve  so  near  to  P  that  Q  and  P  may  be  con- 
sidered as  ultimately  coincident,  QP  becomes  the  tangent  at  P 
and  the  angles  OQT  and  OPT  are  each  of  them  ultimately 
equal  to  <f>,  and 

tan0=i«  tani\rQP=i^^J=  Lt^^A^ ; 
^  QiV  Sr       dr 

coBi>=LtcoHNQP^Lt-^^=LtJ%=Lt^j:=^; 
^  chord  QP        arcQP         Sa     da 

•    ^     r^  •     \rnT>     T*     NP  T.  NP       j.rSe    rdO 

sm  <h  =  Lt  sin  NQP = Xf  =  i< jr—  =  i/^— -  =  -^• 

^  chord  QP        arcQP  ^s       cw 

Ex.  Find  the  angle  <^  in  the  case  of  the  curve  f*'=a*'8ec{n^+a),  and 
prove  that  this  curve  is  intersected  by  the  curve  r"=6"sec(n^+)8)  at  an 
angle  which  is  independent  of  a  and  h,  [L  C.  S.,  1886.] 

Taking  the  logarithmic  differential, 

whence  ^-<^=n^+a. 

In  a  similar  manner  for  the  second  curve 

<f>  being  the  angle  which  the  radius  vector  makes  with  the  tangent  to  the 
second  curve.  Hence  the  angle  between  the  tangents  at  the  point  of 
intersection  is  a  '^  j3. 

203.  Polar  Snbtangent,  Subnormal,  etc. 

Let  OF  be  the  perpendicular  from  the  origin  on  the 
tangent  at  P.  Let  TOt  be  drawn  through  0  perpendicular  to 
OP  and  cutting  the  tangent  in  T  and  the  normal  in  t  Then 
OT  is  called  the  ''Polar  SuhtaiigenV'  and  Ot  is  called  the 
"Polar  Svhnormair 

It  is  clear  that       07=  OP  tan0=7^^. (1) 

and  that  Oe=OP  cot  0=^^. (2) 
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Fig.  25. 

204.  It  is  often  found  convenient  when  using  polar  co- 
ordinates to  write  —  for  r,  and  therefore  —  __  --^  for  -^,    With 

u  u*  dO       dO 

this  notation,     Polar  Subtangent = r^y-  =  —  -y-- 

Ex.  In  the  conic  ^tt= 1 + «  cos  ^ 

we  have  ?  =  -  e  sin  ^- • 

du 

Thus  the  length  of  the  polar  subtangent  is  Ife  sin  6. 
Also,  from  the  figure,  the  angular  co-ordinate  of  its  extremity  is  ^-  ^• 
Hence  the  co-ordinates  of  T^n,  ft)  satisfy  the  equation 

n=?/<^sing+ft). 
The  locus  of  the  extremity  is  therefore 

that  is,  the  directrix  corresponding  to  that  focus  which  is  taken  as  origin. 

205.  Perpendicular  from  Pole  on  Tangent,  etc. 
Let        OY^p  and  PT^t 

Then  p=r  sin  0, 

and  therefore 

^4cosecv4(l  +  cotV)4{l+l.(|y}; 

1=1+1W (1) 

-•"+©■ (^) 

Similarly  t  =  r  cos  ^ ; 

therefore  -^ = z^^^^^  ~  ;^(^  "^  tan^^) 


therefore 
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therefore  H^Q' (^> 

=^'HtJ (*> 


Ex.  In  the  spiral  T=^a-^ 


(9=^-1 
we  have  aw = 1  -  d~\ 

whence  a-^ = 2^-' ; 

and  therefore,  squaring  and  adding, 

Thus,  corresponding  to  ^=  ±1,  we  have 

^'=4  and^=±f. 

Examples. 
1.  In  the  equiangular  spiral  r=ac^'*'*,  prove 

-;-=cosa  and  o=r8ina. 
di 

%  For  the  involute  of  a  circle,  viz., 

a  r 

prove  cos  ^=?« 

2a 
3.  In  the  parabola  --  =1  -cos  ^,  prove  the  following  results: — 

(a)    <^=^-|. 


sm  ^ 


(y)  'p^^ar, 

(8)  Polar  subtangent= 2a  cosec^. 
4.  For  the  cardioide  r=a(l  -cos  ^,  prove 

(a)   ^=1 


(8)  Polar  subtangent=2a d 

cos  - 
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206.  Polar  Equation  of  the  Tangent 

Let  the  polar  co-ordinates  of  the  point  of  contact  be  (■=,  a) ; 

du 
and  let  V  be  the  value  of  33  for  the  curve  at  that  point. 

The  eauation  of  any  straight  line  may  be  written  in  the 

form  u  =  A  cos(d  — a)+£sin(0— a), (1) 

A  and  B  being  the  arbitrary  constants.     Let  this  straight  line 
represent  the  required  tangent. 
By  differentiation 

^=-^sin(d~a)  +  £cos(e-a) (2) 

Now,  since  the  tangent  touches  the  curve,  the  value  of  -^ 

du 

at  the  point  of  contact  is  the  same  for  the  curve  and  for  the 

tangent.     Hence,  putting  d  =  a  in  equations  (1)  and  (2),  we 

have  U=A  and   U'=B, 

whence  the  required  equation  will  be 

u=Ucos(e-a)+U'sm(e-a) (3) 

207.  Polar  Equation  of  the  Normal. 

The  equation  of  any  straight  line  at  right  angles  to  the 
tangent  given  by  equation  (3)  of  the  preceding  article  may  be 
written  in  the  form 

Cu=  Crcos(e-a)-  U  sin(d-a), 

C  being  an  arbitrary  constant. 

This  equation  is  to  be  satisfied  by  u=  Z7,  d  =  a'for  the  point 
of  contact  of  the  tangent ;  therefore  substituting  we  have 

whence  the  required  equation  of  the  normal  is 

Ex.  Find  the  polar  equation  of  the  normal  at  the  point  ^=2a  on  the 
cardioide  r=a(l  +co8  6),  and  show  that  three  normaLs  can  be  drawn  from  a 
given  point  to  a  cardioide. 


Here  ,^=:-a8in^. 
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TJf 

Hence  ii  =  a  sin  2a, 

(j 

««.?  ^'       sin  2a       .  ^ 

and  -7t-=; jr-=tancL 

U     l+co8  2a 

Hence  the  equation  becomes 

a  sin  2a .  w=tan  a  co8(^-  2a)  -Bin(^-  2a), 

or  r8in(3a-^=^sin3a+8ina) (1) 

If  we  write  x  and  y  f or  r  cos  ^  and  r  sin  9  and  <  for  tan  a,  this  may  be 
written                    (3^-<»)ar-(l-3f2)y=^{(3^-^)  +  ^(l  +  0}, 
or  r»jr-3^+^(2a-3:p)+y=0, ...(2) 

giving  a  cubic  to  determine  the  values  of  tan  a  corresponding  to  the  three 
normals  which  pass  through  a  given  point  (or,  y), 

208.  Class  of  a  Curve  of  the  n^  degree. 

Def.  The  nuwher  of  tangents  which  can  he  drawn  from  a 
given  point  to  a  rational  algebraic  curve  is  called  its  class. 

Let  the  equation  of  the  curve  be^^a?,  y)  =  0.  The  equation 
of  the  tangent  at  the  point  (a;,  y)  is 

dx         dy       dz 

where  0  is  to  be  put  equal  to  unity  after  the  differentiation  is 
performed.     If  this  pass  through  the  point  A,  k  we  have 

ox      dy      dz 

This  is  an  equation  of  the  (n—l)^  degree  in  x  and  y  and 
represents  a  curve  of  the  (71— ])***  degree  passing  through  the 
points  of  contact  of  the  tangents  drawn  from  the  point  (h,  k)  to 
the  curve  y(a;,  y)  =  0.  These  two  curves  have  7i(n—l)  points 
of  intersection,  and  therefore  there  are  in  general  71(71— 1) 
points  of  contact  corresponding  to  71(71— 1)  tangents ^  real  or 
imaginary,  which  can  be  drawn  from  a  given  point  to  a  curve 
of  the  n^  degree.* 

It  appears  then  that  if  the  degi*ee  of  a  curve  be  7i,  its  class 
is  71(71  — 1);  for  example,  the  classes  of  a  conic,  a  cubic,  a 
quartic  are  the  second,  sixth,  twelfth  respectively. 

*Ponoelet,  AnndUt  dt  Oeivonne,  voL  VIII. ;  Bobillier,  ibid.  voL  XIX. 
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209.  Namber  of  Nonnals  which  can  be  drawn  to  a  Onrve  to 
pass  through  a  given  point 

Let  h,  khe  the  point  through  which  the  normals  are  to  pasa 
The  equation  of  the  normal  to  the  curve  f(x,  y)  =  0  at  the 

point  (x,  y)  IS  -^^  =  — ^. 

Tf  this  pass  through  k,  k, 

(A-.)|=(*-3,)|. 

This  equation  is  of  the  n^  degree  in  x  and  y  and  represents  a 
curve  which  goes  through  the  feet  of  all  noo'mah  which  can  be 
drawn  from  the  point  A.,  A;  to  the  curve.  Combining  this  with 
J(x,  2/)  =  0,  which  is  also  of  the  n^  degree,  it  appears  that  there 
are  n^  points  of  intersection,  and  that  therefore  there  can  be  n^ 
Twrmala,  real  or  irnaginary,  drawn  to  a  given  curve  to  peas 
through  a  given  point 

For  example,  if  the  carve  be  an  ellipse,  71= 2,  and  the  number  of  normals 
is  4.     Let  —+^-  =  1  be  the  equation  of  the  curve,  then 

(A-.)|=(i-y)£ 

is  the  ciu^e  which,  with  the  ellipse,  determines  the  feet  of  the  normals 
drawn  from  the  point  (A,  k).  This  is  a  rectangular  hyperbola  which 
passes  through  the  origin  and  through  the  point  (A,  h). 

The  student  should  consider  how  it  is  that  an  infinite  number  of  normab 
can  be  drawn  from  the  centre  of  a  circle  to  the  circumference. 

210.  The  curves 

(/t-a.)|+(A:-y)|=0 (1) 

and  (h-x)^-(k-y)^=0 (2) 

on  which  lie  t^ie  points  of  contact  of  tangents  and  the  feet  of 
the  normals  respectively,  which  can  be  drawn  to  the  curve 
f(x,  2/)  =  0  so  as  to  pass  through  the  point  (h,  k),  are  the  same 
for  the  curve  y(aj,  y)=as  And,  as  equations  (1)  and  (2)  do  not 
depend  on  a,  they  represent  the  loci  of  the  poirUe  of  contact 
and  of  the  feet  of  the  normals  respectively  for  all  values  of  a, 
that  is,  for  all  members  of  the  family  of  curves  obtained  by 
varying  a  in  f(x,  y)  =  am  any  manner. 
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211.  Polar  Curves. 

The  curve  h^+lX-\^z%^Q 

dx      dy      dz 

is  called  the  "  First  Polar  Curve  "  of  the  point  h,  k  with  regard 

to  the  curve  f(x,  y)=0;  z  being  a  linear  unit  introduced  as 

explained  previously  to  make  f{x,  y)  homogeneous  in  x,  y,  z, 

and  put  equal  to  unity  after  the  differentiation  is  performed. 

As  this  is  a  curve  of  the  (ti— 1)*^  degree  it  is  clear  that  the 
first  polar  of  a  point  with  regard  to  a  conic  is  a  straight  Utic, 
the  first  polar  with  regard  to  a  cubic  is  a  conic,  and  so  on. 

The  first  polar  of  the  origin  is  given  by 

dz 
If  the  curve  be  put  in  the  form 

the  first  polar  of  the  origin  is 

Un-l  +  2Un^2  +  SUn-s+...+(n-l)Ui+nUo  =  0, 

In  the  particular  case  of  the  conic 

the  polar  line  of  the  origin  has  for  its  equation 

For  the  cubic  Ug + Ug + Uj + u^  =  0 

the  polar  conic  of  the  origin  is 

Examples. 

1.  Through  the  point  A,  k  tangents  are  drawn  to  the  curve 

show  that  the  points  of  contact  lie  on  a  conic. 

2.  If  from  any  point  P  normals  be  drawn  to  the  curve  whose  equation 
is  y^—ma^^  show  that  the  feet  of  the  normals  lie  on  a  conic,  of  which  the 
straight  line  joining  P  to  the  origin  is  a  diameter.  Find  the  position  of 
the  axes  of  this  conic. 

3.  The  points  of  contact  of  tangents  from  the  point  A,  Ir  to  the  curve 
3?^y^—^axy  lie  on  a  conic  which  passes  through  the  origin. 

4.  Through  a  given  point  A,  k  tangents  are  drawn  to  curves  where  the 
ordinate  varies  as  the  cube  of  the  abscissa.  Show  that  the  locus  of  the 
points  of  contact  is  the  rectangular  hyperbola 

2j:y+itx-3Ay=0, 
and  the  locus  of  the  remaining  point  in  which  each  tangent  cuts  the  curve 
is  the  rectangular  hyperbola 

ay-4b:+3Ay=0. 
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212.  The  py  r  or  Pedal  Equation  of  a  Gnrve. 

In  many  curves  the  relation  between  the  perpendicular  on 
the  tangent  and  the  radius  vector  of  the  point  of  contact  from 
some  given  point  is  very  simple,  and  when  known  it  frequently 
forms  a  very  useful  equation  to  the  curve ;  especially  indeed  in 
investigating  certain  Statical  and  Dynamical  properties. 

213.  Pedal  Equation  deduced  from  Oartesian. 

Suppose  the  curve  to  be  given  by  its  Cartesian  Equation 
and  the  origin  to  be  taken  at  the  point  with  regard  to  which 
it  is  required  to  find  the  Pedal  Equation  of  the  curve.  Let  «,  y 
be  the  co-ordinates  of  any  point  on  the  curve ;  then,  if  jP(«,  y)= 0 
be  the  equation  of  the  curve,  that  of  the  tangent  is 

where  2  is  as  usual  to  be  put  equal  unity  after  the  difierentia- 
tion  is  performed. 

If  2>  be  the  perpendicular  from  the  origin  on  the  tangent  at 


(a:,  y)  we  have 


^    F/+Fy^ 


.(1) 


Also  r^  =  x^+y\ (2) 

and  F{x,y)  =  0 (3) 

If  X  and  y  be  eliminated  between  these  three  equations  the 
required  relation  between  p  and  r  is  obtained. 


Ex.  U  F{x 

y)= 

=Obe 

we  have 
and 

\ 

111 

a^   b^    ^ 

therefore 

1      1      1 

^'   b*'  p* 
1,     1,    r« 

=0, 

or 

-tv. 

■»=a«+5«. 

This  result  may  be  at  once  obtained  hy  eliminating  CD  from  the 
equations  Ci»+C/?^  =  aH6* 

and  CD.p=ab, 

CP  and  CD  being  conjugate  semi-diameters. 
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214.  Pedal  Equation  dednced  from  Polar. 
Let  the  curve  be  given  in  Polar  co-ordinates  and  the  pole  be 
taken  at  the  point  with  regard  to  which  it  is  required  to  find 
the  pedal  equation  of  the  curve.  Let  r,  0  be  the  co-ordinates 
of  any  point  on  the  curve,  and  p  the  length  of  the  perpendicular 
from  the  pole  on  the  tangent  at  r,  0,     If 

^(r,e)  =  0 (1) 

be  the  equation  of  the  curve,  then  we  have  (see  Fig.  25) 

p=rsin0, (2) 

and  tan^=^ (3) 

Eliminate  0  and  ^  between  the  equations  (1),  (2),  (3),  and 
the  required  equation  between  p  and  r  will  be  obtained. 
Ex.  Given  r^=a"*sinm^,  required  its  pedal  equation. 
Taking  logarithms  and  differentiating, 

m  dr       cos  mO 


therefore 
Again, 


therefore 

The  following  special  cases  of  this  example  are  worthy  of  notice,  and 
will  furnish  exercises  for  the  student. 


r  de^ 

sm  mO 

cot<f>= 

= cot  m6,  or 

4>- 

^mS. 

=rsin^= 

=rsinwi^ 

= 

■'•?-' 

P= 

=  • 

or 

Value 
of»». 

Name. 

Pedal 
EquatioD. 

-2 

r»8in2^+a«=0 

Rectangular  Hyperbola 
Straight  line 

rp=a^ 

-1 

rsin^+a=0 

p  =  a 

r 

Parabola 

jo^=ar 

r=«(1-co9  0) 

Cardioide 

jAi=f^ 

1 

r=asin^ 

Circle 

pa^f^ 

2 

r8=a«sin2^ 

Leniniscate  of  Bernoulli 

pa^^r^ 
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Examples. 

1.  Show  geometrically  that  the  pedal  equation  of  a  circle  with  regard 
to  a  point  on  the  circumference  is  pd=^r^,  d  being  the  diameter  of  the 
circle. 

2.  Show  that  the  pedal  equation  of  the  ellipse 

with  regard  to  a  focus  is  -«=   -- 1. 

jor     r 

3.  Show  that  the  pedal  equation  of  the  parabola  y^=4a;tr  with  regard 
to  its  vertex  is  a\t^-py=-p\r^-\-4a^)(y+4a^. 

4.  Show  that  the  pedal  equation  of  the  curve  r=a**  is  of  the  form  jo=mr 
where  m  is  a  constant. 

5.  Show  that  the  pedal  equation  of  the  tetracuspidal  hypocjcloid 

xi+yt=(ti  is  f»  +  3p«=«*- 

6.  Show  that  for  the  epicycloid  given  by 

j?-=(a+ 6)cos  ^  -  6  cos?  t-^ 

0 

y=(a+6)sin^-6siD^^ 
o 

;>=(a+26)sin|L^;     f-^^^;    ;,=(a+26)sin-^; 
and  that  the  pedal  equation  is 

215.  It  is  found  useful  to  remember  the  following  pedal 
equations. 

(1)  Circle  (point  on  circumference),  pd=7^* 

(2)  Parabola  (focus),  j}^=ar. 

(o)  Equiangular  Spiral  r=ae^^^  (pole),     p = r  sin  a. 

(6)  General  class  7^= a"*sinwd,  pa'*^=7^-^\ 

(7)  General  class  of  epi-  and  hypo-cycloids,  p^  =  ilr^ + A 

Pedal  Cueves. 

216.  Def.  If  a  perpendicidar  be  drawn  from  afioced  point 
on  a  variahle  tangent  to  a  curve,  the  locus  of  the  foot  of  the 
perpendicular  is  called  the  "First  Positive  Pedal"  of  the 
original  curve  with  regard  to  the  given  point 
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To  find  the  first  positive  pedal  with  regard  to  the  origi/n  of 
any  curve  whose  Oartesian  Equation  is  given. 

Let  F{x,y)  =  0 (1) 

be  the  equation  of  the  curve. 

Suppose  Xcosa+  Ysina^p  touches  this  curve. 

By  comparison  of  this  equation  with 

dx.        dy       dz 
3^        aF       3P 

we  have  =  _^= =  X  say (2) 

cos  a     sma     —p 

If  X,  y,  X  be-  eliminated  between  the  four  equations  (1)  and 
(2)  a  result  will  remain  which  depends  on  p  and  a  only.  And 
since  p,  a  are  the  polar  co-ordinates  of  the  foot  of  the  perpen- 
dicular, if  r  be  written  for  p  and  6  for  a,  the  polar  equation  of 
the  locus  required  will  be  obtained. 

Ex.  Find  the  first  positive  pedal  of  the  curve 

.  The  tangent  is  ^Xc^-'+-5}>'"-^  =  1. 

Compare  this  with  X  cos  a+  I'sin  a=jE?, 

P  P 

Therefore  the  polar  equation  of  the  locus  required  is 

m  m 

jn'^i^coB^-^e    sin"*-^^^ 

Jm-l  ^-1 

217.  To  find  the  Pedal  with  regard  to  the  Pole  of  any  curve 
whose  Polar  Equation  is  given. 

Let  ^(r,  0)  =  O.... (1) 

be  the  equation  of  the  curve. 


Fig.  26. 

Let  r\  ff  be  the  polar  co-ordinates  pf  the  point  F,  which  is 
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the  foot  of  the  perpendicular  OY  drawn  from  the  pole  on  a 
tangent     Let  OA  be  the  initial  line.    Then 

Q=^A(JF^AOY^-YdF 

=^+J-</>; (2) 

also  tan^  =  r-T-, (3) 

and  r'  =  rsin^,         \ 

1      1   .  l/dr\4(Art.205). (4) 

If  r,  d,  0  be  eliminated  from  equations  1,  2,  3,  and  4,  there 
will  remain  an  equation  in  t\  6'.  The  dashes  may  then  be 
dropped  and  the  required  equation  will  be  obtained. 

Ex.  To  find  the  equation  of  the  first  positive  pedal  of  the  curve 

Taking  the  logarithmic  differential 

m  dr  4.         n  J  ' 

=  -mtanm^; 
r  dQ 

therefore  cot  <^=  -  tan  mO  \ 

therefore  <^=^  +  w^. 

But  Q^ef-^l-^, 

therefore  6^&-m$.  or  0=~-    • 

m  +  1 

Again  /=r8in  <^=rco8m^ 

}_ 

=  a  cos'^mO .  cos  mO 

=  acos  »*  — ;^' 
Hence  the  equation  of  the  pedal  curve  is 

rm+1  =  a'M-t'icos  — r^O. 

218.  Def.  If  there  be  a  series  of  curves  which  we  may 
designate  as 

A,  A^t  A^f  A^t ...  Afit  ••• 
such  that  each  is  the  Jirst  positive  pedal  curve  of  the  oi^e 
which  immediately  precedes  it ;  then  A^  A^  etc.,  are  respec- 
tively called  the  second,  third,  etc.,  positive  pedals  of -4.  Also, 
any  one  of  this  series  of  curves  may  be  regarded  as  the  original 
cui^ve,  e.g.,  A^  ;  then  A^  is  called  the^rs^  mgative  pedal  ofA^, 
A I  the  second  negative  pedal,  and  so  on. 
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Ex.  1.  Find  the  k^  positive  pedal  of 

r'*=a'*cosm^. 
It  has  been  shown  that  the  first  positive  pedal  is 
r**i=a"*»coswii6^, 

where  mi=-^ 

Similarly  the  second  positive  pedal  is 

where  nia=,  ^^    = ,  ^     : 

1+mi     l+2m' 

and  generally  the  k^  positive  pedal  is 

f»^=a'**cosmt^, 

where  wi*=- — j-- 

Ex.  2.  Find  the  k^  negative  pedal  of  the  curve 

r"»=a"*cosw^. 
We  have  shown  above  that  r~=a"*cos  wi^  is  the  i^  positive  pedal  of  the 

curve  r"=a'*cosw^,  provided  w=     ^,  - 

This  gives  7i  = , — = — 

I— km 

Hence  the  k^  negative  pedal  of  f^=a'"cos  mO  is 

r"=a"cosn^, 

where  n=- — .-  • 

l-km 

Examples. 

1.  Show  that  the  first  positive  pedal  of  a  circle  with  regard  to  any  point 
is  a  Limafon  (r=a+6  cos  $)y  which  becomes  a  Cardioide  {r=a(l+cos  0)} 
when  the  point  is  on  the  circumference. 

2.  Show  that  the  first  positive  pedal  of  a  central  conic  with  regard  to 
the  centre  is  of  the  form  r^=A+Bcos20j  which  becomes  a  Bernoulli's 
Lemniscate  (r'=a'cos2^)  when  the  conic  is  a  rectangular  hyperbola. 

3.  Show  that  the  first  positive  pedal  of  the  parabola  y=4{w  with 
regard  to  the  vertex  is  the  cissoid 

4.  Show  that  the  first  positive  pedal  of  the  curve 

is  (x'+fy^a^iJ-}-^^). 

6,  Show  that  the  first  positive  pedal  of  the  curve 

is  r=  ±asin  ^cos^. 

Also  that  the  tangential  polar  equation  of  the  curve  is 


P=+|siu2Vr. 
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6.  Show  that  the  first  positive  pedal  of  the  curve 

is  f^+"=xa'"+"^?5^t^^cos"»^  sin-a 

7.  Show  that  the  fourth  negative  pedal  of  the  cardioide  r—a(l+cosO) 
is  a  parabola. 

8.  Show  that  the  fourth  and  fifth  positive  pedals  of  the  curve 

-     2         - 

H'cos^^  =  a* 

are  respectively  a  rectangular  hyperbola  and  a  Lemniscate. 

9.  Show  that  the  n^  positive  pedal  of  the  spiral  r=cM?^~**  is 

»i(s— oloota  dcoka 

219.  It  is  useful  to  remember  the  following  pedals. 

Original  Curve.  The  Given  Point.  Name  op  Pedal. 

(1.)  Circle,  point  on  circumference,  Cardioide. 

(2.)  Circle,  any  point,  Lima^on. 

(3.)  Parabola,  focus,  Tangent  at  vertex. 

(4)  Parabola,  vertex,  Cissoid. 

(5.)  Central  conic,  focus,  Auxiliary  circle. 

(6. )  Central  conic,  centre,  r* = a^os*^  ±  bhin^O. 

a)  Rectangular  hyperbola,  centre,  |  Lemniscate  of 

(     Bernoulli. 
(8.)  Equiangular  spiral,         pole,  Equiangular  spiral 

(9.)  r^ = a-cos  md,  pole,  ^  ^  g^cos    ^    $ 

w+1 

220.  Tangential-Polar,  or  p,  >/r  Equation  of  a  Curve. 

If  ^  be  the  an^le  which  the  tangent  to  a  curve  makes  with 
any  fixed  straight  line,  the  relation  between  p  and  y{r  often 
forms  a  very  simple  and  elegant  equation  of  the  curva  This 
relation  has  been  called  by  Dr.  Ferrers  the  Tangential-Polar 
Equation. 

The  p,  yfr  equation  may  be  deduced  at  once  from  the  equa- 
tion of  the  first  positive  pedal. 

If  r=f{6)  be  the  pedal  curve,  then,  since  ^=-  +  0  (see  Fig. 

26,  Art.  217),  the  equation  between  p  and  ^  is  clearly 

Ex.  1.  The/>,  Vr«qviatioii  of  Jx»+5y'=  1  is 

^=?^+'=-?^(Art.216X 

Ex.  2.  The  pedal  of  —  =  1  +co8  ^  with  regard  to  the  origin  is  r  cos  ^= a, 
and  therefore  its  />,  yjr  equation  is  jt)  sin  ^ = a. 
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221.  Relations  between  p,  t,  p,  etc. 

Let  PY,QY'  be  tangents  at  the  contiguous  points  P,  Q  on 
the  curve,  and  let  OY,  OY'  be  perpendiculars  from  0  upon 
these  tangents.  Let  OZ  be  drawn  at  right  angles  io  YfY 
produced.  Let  the  tangents  at  P  and  Q  intersect  at  T,  and  let 
them  cut  the  initial  line  OX  in  R  and  S.  Let  the  normals  at 
P  and  Q  intersect  in  (7. 


Kg.  27. 


Let  the  co-ordinates  of  P  be  (?',  Q\  and  let  those  of  Q  be 
{r  +  Sr,  6  +  Se).  Let  OF=p,  OT^p-^-Sp,  P^X  =  ^, 
QSX  =  ir+S\lr.  Then  S^R,  pOq,  Y&T  each  =S\lr.  Let 
PY=-t,  and  arc  PQ=&.  Let  OT'  cut  TY  in  F;  then,  since 
Ofy  is  a  right  angle  and  YbV=^Syjr  a  small  angle  of  the  first 
order,  OV  difiers  from  OF  by  a  quantity  of  l^igher  order  than 
the  first  (Art.  32). 

Hence  VY'  difiers  from  Sp  by  a  quantity  of  higher  order 
than  Sp,  and  TY'  tan  Syfr  =  VY\ 

therefore  rr*^  =  If:, 

and  proceeding  to  the  limit         1  =  -.'^     (1) 

Similarly,  if  PC  be  called  p  we  have 
arcPQ=P(7.iV^, 
neglecting  infinitesimals  of  higher  order  than  5>/r,  therefore 
p^^arcPQ^ 

and  proceeding  to  the  limit, 

''!;■ ; ■••® 
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Again  St=TQ^7P 

=(FT+rQ)-(FF+  VT^PT) 
=:(PT+TQ)+{TT-  Ff)-  FF 
Now  FF=p  tan  <5\/r, 

and  remembering  that  when  Syjr  is  an  infinitesimal  of  the  first 
order,  VT  and  FT,  PT+TQ  and  Ss,  tan  5^  and  S^,  each 
differ  by  quantities  of  order  higher  than  the  firat,  we  have,  upon 
dividing  by  Syfr  and  proceeding  to  the  limit, 
dt  _  ds 

^^  ^=^+^'  ^y  (^>  ^°^  (^> (^^ 

222.  Perpendicular  on  Tangent  to  Pedal. 

From  the  same  figure  it  is  clear  that  since  YOY'^Y'TY', 

the    points     0,    F,    F',    T    are    concyclic,     and    therefore 

0F?=7r-0fr=02'r ;   and  the  triangles  OYZ  and  OTF 

.    .,         rru     ^       OZ    OY' 
are  similar.     Therefore  7yf?=  Tjm- 

And  in  the  limit  when  Q  comes  into  coincidence  with  P,  F 
comes  into  coincidence  with  F,  and  the  limiting  position  of 
F'F  is  the  tangent  to  the  pedal  curve.  Let  the  peipendicular 
on  the  tangent  at  F  to  the  pedal  curve  be  called  p^  then  the 

above  ratio  becomes  £l  =  s 

p     r 

or  p{r=^p^. 

223.  Circle  on  Radius  Vector  for  Diameter  touches  Pedal. 

It  is  clear  also  from  the  figure  of  Art.  221  that  the  circle  on 
the  radius  vector  as  diameter  touches  the  first  positive  pedal  of 
the  curve.  For  OT  is  in  the  limit  a  radius  vector  ;  and  the 
circle  on  OT  as  diameter  passing  through  Fand  Yy  two  con- 
tiguous points  on  the  pedal,  must  in  the^  limit  have  the  same 
tangent  at  Fas  the  pedal  curve,  and  must  therefore  touch  it. 

224.  Pedal  Equation  of  Pedal  Curve. 

Let  r=f{p)  be  the  pedal  equation  of  a  given  curve.     Then, 

since  Pir=2>*,  we  have  Pi  =  :^r-y  and  therefore,  writing  r  for  p 

and  p  for  p^,  the  pedal  equation  of  the  first  positive  pedal 

.  r2 

curve  IS  «  =  :5-T. 
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Ex.  The  first  positive  pedal  of  the  rectangular  hyperbola  r=^  is 

^     a'    or 
r 
which  is  the  p,  r  equation  of  Bernoulli's  Lemniscate,  as  is  also  obvious 
from  Art.  218. 

EXAMPLEa 

1.  Write  down  the  pedal  equations  of  the  first  positive  pedals  of  the 
curves  given  in  the  table  of  Art.  214. 

2.  From  the  origin  0  is  drawn  a  perpendicular  OPi  to  the  tangent  at  P, 
similarly  OP^  is  drawn  perpendicular  to  the  tangent  at  Pi  to  the  locus  of 
Ply  and  so  on.  Show  that  the  figure  PPiPt ...  is  equiangular,  but  cannot 
be  equilateral  [Oxford,  1888.] 

3.  Show  that  the  k^  pedal,  positive  or  negative,  of  ^=/(r)  is 

'My)- 

225.  We  may  also  prove  the  results  of  Art.  221  a>s  follows : — 
Let  the  tangent  P^T  make  an  angle  yp-  with  the  initial  Una 

Then  the  perpendicular  makes  an  angle  a=\/r  — |^  with  the 

same  line.     Let  OY=p.     Let  P^P^  be  the  normal,  and  P^  its 


Fig.  28. 

point  of  intersection  with  the  normal  at  the  contiguous  point 
Q.  Let  OY^  be  the  perpendicular  from  0  upon  the  normal. 
Call  this  py  Let  P^^  be  drawn  at  right  angles  to  PiP^,  and 
let  the  length  of  €¥2^  the  perpendicular  upon  it  from  0,  be^V 
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The  equation  of  PyT  is  clearly 

p  =  a3cosa  +  y  sin  a (1) 

The  contiguous  tangent  at  Q  has  for  its  equation 

2>+5^=a;cos(a  +  5a)+ysin(a  +  5a) (2) 

Hence  subtracting  and  proceeding  to  the  limit  it  appears  that 

J -=  — ojsina+ycosa (3) 

is  a  straight  line  passing  through  the  point  of  intersection 
of  (1)  and  (2)  ;  also  being  perpendicular  to  (1)  it  is  the  equation 
of  the  normal  ^1^2- 

Similarly  T^2~  — a;cosa  — y  sina (4) 

represents  a  straight  line  through  the  point  of  intersection 
of  two  contiguous  positions  of  the  line  P1P2  *"^  perpen- 
dicular to  PiPj,  viz.,  the  line  ^2^3*  ^^^  so  on  for  further 
differentiations. 

From  this  it  is  obvious  that 

dp     ^2  since  ^-1 ' 

etc. 
Hence  t^p.Y^% 

and  p-PiP2-0Y+0Y,^p+^. 

226,  Tangential  Equation  of  a  Gnrve. 

Def.  The  tangential  equation  of  a  curve  is  the  condition 
that  the  line  lx+7ny+n  =  0  viay  touch  the  curve. 

Method  1.     Let  F{Xi  y)  =0  bo  the  curve,  then  the  tangent  at 
X,  y  is  XF^+  YFy+ZF,^0. 

Comparing  this  with        IX +m  Y+  n  =  0. 

I      m     n       '     ^' 
If  X,   y,  \   he  eliminated   between   these   equations,  and 
F(x,  2/)  =  0,  or  lx+my+n  =  0,  a  relation  between  I,  m,  n  will 
result.     This  is  the  equation  required. 
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Method  2.  We  may  also  proceed  thus.  Eliminate  y  between 
F(x,y)=0  and  lx+my+n=0'y  we  obtain  an  equation  in  a;, 
say  <p(x)  =  0.  For  tangency  this  equation  Ynust  have  a  pair  of 
equal  roots.  The  condition  for  this  will  be  found  by  eliminat- 
ing X  between  <p{x)  =  0  and  ^\x)  =  0. 

In  following  this  method,  instead  of  eliminating  y  it  is  often 
better  to  make  a  homogeneous  equation  between  F{x,  y)  =  0  and 
Zic+mj'+n=0,  and  then  express  that  the  resulting  equation 
for  the  ratio  y  :  x  has  a  pair  of  equal  roots. 

Ex.  Fiiid  the  tangential  equation  of  the  conic 
The  first  process  gives  us        aJ?+%+^=  o^, 


Also  Lc  +  my+n=0. 

The  eliminant  from  these  four  equations  is 
a,   h,  g,   I 


A,  6,  /,  m 
9>  /,  c,  n 
I,  rrij  n,  0 


=0, 


which  may  be  written 

where  A,  By  C,  ..,  are  the  co-factors  of  the  determinant 

<^  ^  9 
A,   b,  f 

9^  /»   c 


Inversion. 

227.  Def.  Let  0  be  the  pole,  and  suppose  any  point  P  be 
given  ;  then  if  a  second  point  Q  be  taken  on  OP,  or  OP 
produced,  such  that  OP ,  0Q  =  constant,  k^  say,  then  Q  is  said 
to  be  the  inverse  of  the  point  P  with  respect  to  a  circle  of 
radius  k  and  centre  0,  (or  shortly,  with  respect  to  0). 

If  the  point.  P  move  in  any  given  manner,  the  path  of  Q 
is  said  to  be  inverse  to  the  path  of  P.  If  (r,  6)  be  the  polar 
co-ordinates  of  the  point  P,  and  (r\  0)  those  of  the  inverse 
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point  Q,  then  rr'^l?.     Hence,  if  the  locus  of  P  be  /(r,  0)  =  O, 
that  of  Q  will  be/(~,  d)  =  0. 

For  example,  the  curves  r^=a"*co8wi^and  r*"coswi^=a"*  are  inverse  to 
each  other  with  regard  to  a  circle  of  radius  a, 

228.  Again,  if  (a?,  y)  be  the  Cartesian  co-ordinates  of  P,  and 
{x\  if)  those  of  Q,  then 

n    ^^        n     jo^'cosd     70     a;' 
aj  =  r  cos  e=^  cos  e  =  A:^ -^^— =  ^2-,^-^, 


and  similarly  y  —  ~w^   '2* 


Hence,  if  the  locus  of  P  be  given  in  Cartesians  as 

the  locus  of  Q  will  be 

^J^x_      Wy   \ 

Ex.  The  inverse  of  the  straight  line  x=^a  with  regard  to  a  circle  of  radius 

it  and  centre  at  the  origin  is      -5 — ^=a, 

1^ 
or  s^-\-j^=^-  x^ 

a 

a  circle  which  touches  the  axis  of  y  at  the  origin. 

Examples. 

1.  Show  that  the  inverse  of  the  parabola  y^—^ax  with  regard  to  a  circle 
whose  centre  is  at  the  origin  and  radius  the  semi-latus  rectum  is  the  pedal 
of  the  parabola  y*+4ajF=0  with  regard  to  the  vertex. 

2.  Show  that  the  inverse  of  the  conic  «3+Wi  +  Wo=0  "^i^h  regard  to  the 
origin  is  the  quartic  curve 

ir*t^  +  i^i(^+y')+Wo(^+/)«=0. 

3.  Show  that  the  inverse  of  the  general  curve  of  the  v^  degree,  viz., 

with  regard  to  the  origin  is 

where  r*=j7*4-y*. 

4.  Show  that  the  inverse  of  a  conic  with  regard  to  the  focus  is  a  Lima- 
9on  (Equation  r=a-\-h  cos  B\  which  becomes  a  cardioide  if  the  conic  be  a 
parabola. 

6.  Show  that  the  Equation  of  the  inverse  of  a  conic  with  regard  to  the 
centre  is  of  the  form  f*=i4  +  -5co8  2^,  which  becomes  a  Lemniscate  of 
Bernoulli  if  the  conic  be  a  rectangular  hyperbola. 
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229.  Tangents  to  Curve  and  Inverse  inclined  to  Radius 
Vector  at  Supplementary  Angles 

If  P,  P'  be  two  contiguous  points  on  a  cfurve,  and  Q,  Q'  the 
inverse  points,  then,  since  OP .  OQ=OP' .  OQ^  the  points  P,  P', 
Qfy  Q  are  concyclic ;  and  since  the  angles  OPT  and  OQ'T  are 
therefore  supplementary,  it  follows  that  in  the  limit  when  P' 


5?"^^""    0(7" 


Fig.  29. 

ultimately  coincides  with  P  and  Q  with  Q,  the  tangents  at  P 
and  Q  make  supplementary  angles  with  OPQ, 

The  ultimate  ratio  of  corresponding  elementary  arcs,  viz., 

op_op,OQ  k''  y 

230.  It  follows  from  the  preceding  article  that  when  two 
curves  intersect,  their  inverses  intersect  at  the  same  angle  ;  and 
as  particular  cases,  if  two  curves  touch,  their  invei*ses  touch, 
and  if  the  original  curves  cut  orthogonally  their  inverses  cut 
orthogonally. 

Ex.  1.  It  is  an  obvious  property  of  two  confocal  and  co-axial  parabolas 
whose  concavities  are  turned  in  opposite  directions  tliat  they  cut  at  right 
angles.  By  inverting  this  proposition,  the  focus  being  the  pole  of  inver- 
sion, it  is  clear  that  the  curves  which  cut  orthogonally  each  member  of 
the  family  of  cardioides  r=a(l+cos  6)  found  by  giving  different  values  to 
a,  are  also  cardioides. 

Ex.  2.  Show  by  inverting  a  conic  with  regard  to  its  focus  that  the  circle 
a^  -h^ =l(e-\'COB  a)x  + 1  sin  a .  y 
touches  the  Lima9on  r—l+lecos  $  at  the  point  given  by  ^=a. 

231.  K  P,  P'  be  any  two  points,  and  Q,  Q'  their  inverse 
points,  then  as  before  (Art.  229)  the  triangles  OPP",  OQ'Q  are 

PP;^     OP  Jfc2 


similar  and 


Thus 


PP'=kK 


OQ.OQ" 
QQ' 


OQ.OQ^ 
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Ex.  1.  If  a,  by  c  he  points  in  a  straight  line  in  the  order  indicated,  then 

ab+hc=<ia. 
Suppose  A,  By  C  to- he  the  inverse  points  of  a,  6,  c  with  regard  to  any 
point  0.    Then  0,  Ay  B,  C  are  concyclic  and 

P    45      .j.BC_j.    AC 
0A\  OB  ■*■  '^OB .  00"    OA .  0(f 
whence  OC,AB+OA,  BC=  OB .  ACy 

the  result  known  as  Ptolemy's  Theorem. 

Ex.  2.  It  Oy  Ay  By  C  ,„  J,  K  be  points  on  a  circle,  prove 


AB 


+7ri 


BO 


OA.OB^OB.OC 


,+  ...+ 


JK 


AK 


OJ.OK'OA.OK 

[Math.  Tbipos,  1890.] 


Fig.  30. 

232.  Mechanical  Construction  of  the  Inverse  of  a  Curve. 

In  the  accompanying  figure  ACy  CBy  BQ,  QA,  PA,  PB  is  a 
system  of  freely  jointed  rods,  of  which  AC=BCy  and 

AQ=QB=BP=PA. 
At  P  and  Q  sockets  are  placed  to  carry  tracing  pencils.    A  pin 
fixes  C  to  the  drawing  board.     The  system  is  then  movable 
about  C.     It  is  clear  from  elementary  geometry  that  C,  Q,  P 
are  in  a  straight  line,  and  that 

CP,CQ=CA^--AQ\ 
and  is  therefore  constant.     Hence  whatever  curve  P  is  made 
to  trace  out,  Q  wUl  trace  out  its  inverae,  the  point  C  being  the 
pole  of  inversion. 

In  the  figure  P  is  represented  as  tracing  a  straight  lincy  in 
which  case  Q  will  trace  an  arc  of  a  circle,  as  shown  in  Art.  228. 

Peaucellier  has  utilized  this  construction  for  the  conversion 
of  circular  into  rectilinear  motion. 
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Polar  Reciprocals. 

233.  Polar  Reciprocal  of  a  Curve  with  regard  to  a  {riven  Circle. 
Def.  If  of  be  the  perpendicular  from  the  pole  upon  the 

tangent  to  a  given  curve,  and  if  a  point  Z  be  taken  on  OF 
or  OF  produced  mjoh  that  OY ,  OZ  is  constant  (  =  A^  say),  the 
locus  of  Z  is  called  the  polar  reciprocal  of  the  given  curve  with 
regard  to  a  circle  of  radius  k  and  centre  at  0. 

From  the  definition  it  is  obvious  that  this  curve  is  the 
inverse  of  the  first  positive  pedal  curve,  and  therefore  its 
equation  can  at  once  be  found. 

Ex.  Polar  reciprocal  of  an  ellipse  with  regard  to  its  centre. 

For  the  ellipse  '-.  +f  , = 1, 

a*     or 

the  condition  that  jo=x  cos  a-\-y  sin  a  touches  the  curve  is 

p* = a*co8*a  +  6%in*a. 
Hence  the  polar  equation  of  the  pedal  with  regard  to  the  origin  is 

r*=a*co82^+6^in^a 
Again,  the  inverse  of  this  curve  is 

^-a^cos^^+ft^sin^^, 

or  aV+6V'=^, 

which  is  therefore  the  equation  of  the  polar  reciprocal  of  the  ellipse  with 

regard  to  a  circle  with  centre  at  the  origin  and  radius  k. 

234.  The  method  may  therefore  be  stated  thus  : — 

First  find  the  condition  that  p=xcosa+y  sin  a  will  touch 

the  given  curve.     Then  ivrite    -  for  p  and  0  for  a  in  that 

condition.    The  result  is  the  required  polar  reciprocal  with 
regard  to  a  circle  of  radius  k  and  centre  at  the  origin. 

235.  Polar  Reciprocal  with  regard  to  a  given  Conic. 

Def.  If  /S=0  be  any  curve  and  Z7=0  a  given  conic,  the 
locv^  of  the  poles  with  regard  to  U  of  tangents  to  S  is  called 
the  Polar  Reciprocal  of  the  curve  8  with  regard  to  the  conic  V. 

Let  the  equation  of  a  tangent  to  £»  be 
p  =  X  coH  a+  Fsin  a, 
and  the  condition  of  tangency 
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If  a?,  y  be  the  pole  of  this  tangent  with  regard  to  U=0,  the 

tangent  must  be  coincident  with  the  polar 

XU^+YUy+ZU,=0; 

^,        n                      cos  a          Ufc      sin  a  Uy 

therefore  =  — yr »     =  ""  tt 

^  1  U^+U^  ,,  Uy 

Hence  -^=    ""jj^   ^andtana  =  yj^ 

Hence  the  equation  of  the  Polar  Reciprocal  is 

For  further  information  on  the  subject  of  reciprocal  polars 
and  the  methods  of  reciprocation  the  student  is  referred  to 
Dr.  Salmon's  Treatise  on  Conic  Sections^  chap.  XV. 

EXAMPLES.  ^ 

1.  If  the  tangent  at  a^,  y^  to  the  curve  o^  +  ^  =  a'^fflceCTthe  curve 
again  in  (X,  Y\  show  that 

Illustrate  the  result  by  means  of  a  figure.  [Oxford,  1889.] 

2.  In  the  four-cusped  hypocycloid 

jc'  +  y'  =  a', 
show  that  if  x  =  a  cos^a  then  y  =  a  sin'a, 

and  that  the  equation  of  the  tangent  at  the  point  determined  by  a  is 

a;  sin  a  +  y  cos  a  =  a  sin  a  cos  a. 
Hence  show  that  the  locus  of  intersection  of  tangents  at  right  angles 

2 

to  one  another  is  ''^  =  ^  cos22^. 

3.  In  the  semicubical  parabola  ay^-o?  the  tangent  at  any  point  F 
cuts  the  axis  of  y  in  if  and  the  curve  in  Q.  0  is  the  origin  and  N 
the  foot  of  the  ordinate  of  P,  Prove  that  MN  and  OQ  are  equally 
inclined  to  the  axis  of  x. 

4.  At  any  point  of  a  curve  where  the  ordinate  varies  as  the  cube 
of  the  abscissa,  a  tangent  is  drawn  ;  where  it  cuts  the  curve  another 
tangent  is  drawn ;  where  this  cuts  the  curve  a  third  is  drawn,  and  so 
on.  Prove  that  the  abscissae  of  the  points  of  contact  form  a  geo- 
metrical progression,  and  also  the  ordinates. 


E.D.a 
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5.  If /?!  and  p^  be  the  perpendiculars  from  the  origin  en  the  tangent 

and  normal  respectively  at  the  point  (cc,  y),  and  if  tan^=-^,  prove 

ax 

that  p^  =  X  Bin }{/ "  y  cos  ^, 

and  p2  =  xcoBi//  +  y  sin  ^. 

Hence  prove  that  p^  =  -^' 

6.  The  tangent  at  a  point  P  of  the  cissoid  y\a  -  a;)  =  fic^  meets  the 
curve  again  in  Q  and  the  tangent  at  Q  meets  the  curve  again  in  R, 
If  0  be  the  origin,  prove  that 

cot  ROQ  -  cot  POQ  =  \  cot  POR.       [Oxitord,  1885.] 

7.  The  curve  a:^  +  y^  =  Z<ixy  is  cut  in  the  points  P,  Q,  other  than 
the  origin  by  two  lines  drawn  through  the  origin  which  are  harmonic 
conjugates  of  the  axes.  Prove  that  the  tangents  at  P,  Q  will  inter- 
sect on  the  curve.  [Oxford,  1890.] 

8.  Show  that,  if  the  curves  r=^/{6),  r  =  F{0)  intersect  at  (r,  6),  the 
angle  between  their  tangents  at  the  point  of  intersection  is 

9.  Prove  that  the  locus  of  the  extremity  of  the  polar  subtangent 
of  thecurvet4+yi;^)  =  0is   w=//^|+A 

10.  Prove  that  the  locus  of  the  extremity  of  the  polar  subnormal 
of  the  curve  r  ^-/(O)  is  r  =/'/'^  -  |Y 

Hence  show  that  the  locus  of  the  extremity  of  the  polar  subnormal 
in  the  equiangular  spiral  r  =  a^  is  another  equiangular  spiral. 

l+tan| 

11.  In  the  curve  r  = 


m  +  n  tan- 
2 


the  locus  of  the  extremity  of  the  polar  subtangent  is  a  cardioide. 

[Professor  Wolstenholme.] 

12.  If  the  normals  at  the  points  (r^,  0^),  (r^  d^,  {r^  0^)  on  the 
cardioide  r  =  a(l  +  cos  6)  be  concurrent,  show  that 

tan^  +  tan^  +  tan^  +  Stan^tan^tan  J  =  0. 
2  2  J  J  J  J 

[Oxford,  1890.] 

13.  If  in  the  last  question  t^i  +  ^2  **"  ^'s  ~  ^^»  show  that  the  locus  of 
the  point  of  concourse  of  the  normals  is  a  circle  passing  through  the 
pole.  [Oxford,  1886.] 
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14.  Show  that  the  locus  of  intersection  of  the  normals  at  the  ends 
of  a  focal  chord  of  a  cardioide  is  a  circle. 

15.  Show  that  tangents  at  the  ends  of  a  focal  chord  of  the 
cardioide  r  =  a(l  +  cos  0)  intersect  at  right  angles  on  a  circle  of  radius 

—  and  centre  ( ?,  oY 

1 6.  If  nj,  rig,  n^  n^  be  the  lengths  of  the  four  normals  and  ^,  t^,  t^ 
the  lengths  of  the  three  tangents  drawn  from  any  point  to  the  semi- 
cubical  parabola  ay^  =  ac^,  then  will 

27n^n^n^n^^at^t^t^.         [Math.  Tbipos,  1890.] 

17.  The  polar  equation  of  the  pedal  of  the  curve 

(ar»  +  y2  .  ^2)8  +  27a^xY  =  0 

with  respect  to  the  point  A,  k  may  be  written  in  the  form 

r  =  a  sin  ^  cos  ^  -  (h  cos  O  +  k  sin  0),      [Oxford,  1888.] 

18.  Determine  the  relation  between  p  and  r  for  the  curve 

y2(3a  -  a:)  =  (a:  -  af.  [Oxpokd,  1889.  ] 

19.  Show  that  the  polar  reciprocal  of  the  curve  r** =a"'cos  mO  with 

regard  to  a  circle  whose  centre  is  at  the  pole  is  of  the  form 

**  m  JUL 

f^^cos — -^^=6'"+». 
m+  1 

20.  Show  that  the  polar  reciprocal  of  the  curve  x"*y^  -  o"*"^"  with 
regard  to  a  circle  whose  centre  is  at  the  origin  is  another  curve  of 
the  same  kind. 

21.  Show  that  the  first  positive  pedal  of  the  curve  p  =  — j^  is 

and  that  its  polar  reciprocal  with  regard  to  a  circle  of  radius  a  whose 
centre  is  at  the  origin  is         p"*"*"^  -  a'^r. 

22.  Show  that  the  inverse  of  the  curve  p  =f(r)  with  regard  to  a 
circle  whose  radius  is  k  and  centre  at  the  pole  is 


P^-T^i-)' 


and  that  the  polar  reciprocal  is 


^/(f> 


<P 

23.  Show  that  the  pedal  of  the  inverse  o{p=y{r)  with  regard  to  a 
circle  whose  radius  is  k  and  centre  at  the  origin  is 

ky^  ^(l^p 
r3 
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24.  Show  that  the  pedal  of  the  inverse  of  p  =  — ^  with  regard  to 
a  circle  whose  radius  is  k  and  centre  at  the  origin  is 

25.  Show  that  the  polar  reciprocal  of  the  curve  r^=a*'cosm^  with 
regard  to  the  hyperbola  r^cos  2^  =  a2  is 

J?*  m  *** 

r"*+'cos xe  =  ar+\ 

m  +  1 

26.  The  locus  of  a  point  X  is  defined  by  the  equation 

^Pv  P2*  Psy  •••  Pf)  =  ^9 
where  pj,  p2>  •  •  ^^®  *'^®  distances  of  X  from  n  fixed  points  Pj,  ^2*  •  •  •  ^^ 
Show  that  the  equation  of  its  inverse  with  regard  to  any  origin  0  is 


where  p/,  f>^, ...  are  the  distances  of  X\  the  inverse  of  X  from  the  n 
fixed  points  d,  ^2>  •••  which  are  the  respective  inverses  of  P^  P^  ... ; 
7i,  rj,  r^,  ...  are  the  lengths  of  OPi,  OP^  ... ',  and  i?  =  OX'. 

27.  Show  that  the  inverse  with  regard  to  any  pole  0  of  the  Car- 
tesian oval  whose  equation  is  Ir  +  mr'  =  w,  where  r,  r'  are  the  distances 
of  any  point  on  the  curve  from  two  fixed  points  F^^  F^,  is 

I  .  OFi  .  /),  +  71*  .  OF^ .  p2  =  W/>8> 

where  pi,  p2  are  the  distances  of  any  point  on  the  inverse  curve  from 
the  points  which  are  the  inverses  of  /\,  F^,  and  pg  is  the  distance  of 
the  same  point  frcftn  the  pole  of  inversion. 

28.  Show  that  the  inverse  of  a  Cassini's  oval  defined  by  the 
equation  rr'  =  constant 

is  of  the  form  p^p^  =  Ap^, 

the  letters  pi,  p^  pj  denoting  the  distances  of  any  point  on  the 

inverse  curve  from  certain  fixed  points. 

29.  If  all  the  normals  be  drawn  from  a  given  point  P  to  any  num- 
ber of  given  curves,  and  if  P  move  so  that  the  sum  of  the  squares  of 
the  normals  PQf  +  PQ^  +  ...  +  PQ^  =  constant, 

the  normal  to  the  locus  of  P  will  always  pass  through  the  centre  of 
mean  position  of  the  points  Q^,  Q^y  ^3,  ...  $«.  [Frbnet.] 

30.  A  straight  line  AOP  of  given  length  always  passes  through  a 
fixed  point  0,  while  A  describes  a  given  straight  line  AT;  show  that 
if  PT  be  the  tangent  at  P  to  the  locus  of  P,  the  projection  of  PT 
on  AOP=^AO. 
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31.  The  point  P  moves  so  that  OP.  0'P  =  constant,  0,  0'  being 
fixed  points.  K  07,  OT'  be  the  perpendiculars  from  0  and  ff  on 
the  tangent  at  P  to  the  locus  of  P,  prove  that 

PYiPY'i.OP^iO'P^. 

32.  Prove  that  the  normal  to  the  curve/(rj.  r^  =  0,  where  r„  r,  are 
the  distances  of  any  point  on  the  curve  from  two  fixed  points,  divides 
the  line  joining  the  fixed  points  in  the  ratio 

^^^  *  ^"^  [Math.  Tripos,  1888.] 

33.  A  and  B,  are  fixed  points  and  P  a  variable  one  lying  on  a 
curve  given  by  the  relation /(^i,  6^  =  0  between  the  angles  PAB{  =  6^ 
and  PBA{  =  0^.    Prove  that  the  tangent  at  P  to  the  curve  divides 

AB  in  the  ratio  sin'^,|^ :  sin'^^^.  [Ox«)rd.] 

34.  0  and  &  are  two  fixed  points,  P  any  point  in  a  curve  defined 
by  the  equation  ---=-, 

where  r  =  OP,  r  =  O'P,  and  c  is  constant.  Prove  that  the  distance 
between  P  and  the  consecutive  curve  obtained  by  changing  c  to 
c  +  5c  is  ultimately 

Sc 


where  a  =  00'.  [Smith's  Prize.  ] 

35.  In  a  system  of  curves  defined  by  an  equation  containing  a 
variable  parameter  investigate  at  any  point  the  normal  distance 
between  two  consecutive  curves,  and  determine  the  form  of  the 
equation  for  a  system  of  parallel  curves. 

[Professor  Cayley,  Messenger  of  McUhematics,  vol.  V.] 
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ASYMPTOTES. 

236.  Def.  If  a  straight  line  cut  a  curve  in  t%oo  points 
at  an  infinite  distance  from  the  origin  and  yet  is  not  itself 
wholly  at  infinity,  it  is  called  an  asymptote  to  the  curve. 

237.  Equations  of  the  Asymptotes. 

Let  the  equation  of  any  curve  of  the  n^  degree  be  aiTanged 
in  homogeneous  sets  of  terms  and  expressed  as 

a'"^(|)+a'"-V«-i(|)+a^-V»-2(|)+-=0. (A) 

To  find  where  this  curve  is  cut  by  any  straight  line  whose 
equation  is  y^fix+fi (b) 

substitute  /*+—  for  ^  in  equation  (a),  and  the  resulting  equation 

gives  the  ahscissae  of  the  points  of  intersection. 

Applying  Taylor's  Theorem  to  expand  each  of  these  func- 
tional forms,  equation  (c)  may  be  written 


X^'ipnM+iC' 


.n-l 


|^/„(m)+...     =0..,.(d) 


+  ^n-l(M) 

This  is  an  equation  of  the  n^  degree,  prornng  that  a  straight 
line  mill  in  general  i/ntersect  a  curve  of  Uie  n^  degree  in  n 
points  real  or  imaginary. 

The  straight  line  y  =  /jLX+fi  is  at  our  choice,  and  therefore 

the  two  constants  jm  and  )8  may  be  chosen,  so  as  to  satisfy  any 

182 
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pair  of  consisteDt  equations.     Suppose  we  choose  jx  and  )8,  so 
that  <l>n(ji)  =  0 (E) 

and  )8^'n(M)  +  ^n-l(At)  =  0 (F) 

The  two  highest  powers  of  x  now  disappear  from  equation 
(d),  and  that  equation  has  therefore  two  infinite  roots. 

If,  then,  /xp  /ig, ...,  /in  he  the  n  values  of  /x  deduced  from 
equation  (e)  (which  is  of  the  n^  degree  in  /j),  the  correspond- 
ing values  of  )8  will  in  general  be  given  by 

and  the  n  straight  lines 


are  the  asymptotes 
of  the  curve, 

238.  Bnle. 

Hence,  in  order  to  find  the  asymptotes  of  any  given  curve, 
we  may  either  svhstitnte  /jLX+fi  for  y  in  the  equation  of  the 
curve,  and  then  by  equating  the  coefficients  of  the  two  highest 
powers  of  x  to  zero  find  jj,  and  jS.  Or  we  may  assume  the 
result  of  the  preceding  article,  which  may  be  enunciated  in 
the  following  practical  way  : — In  the  highest  degree  terms  put 
«=!  and  y=fi  [the  result  oj  this  is  to  form,  ^nO^)]  a^^  equate 
to  zero.  Hence  fmd  fx.  Form  ^»_i(m)  ^  cl  similar  way  from 
the  terms  of  degree  n—1,  and  differentiate  ^nW>  ^^^  ^ 
vaJ/ues  of  )8  are  found  by  substituting  the  several  values  of  jjl 

va  the  formula  i8=-%T^. 

Ex.  Find  the  asymptotes  of  the  cubic 

2jr>-:ir^-2a7y'+y3  +  2a;2+;ry-y*+a:+y  +  l=0. 
Here  <^)=/i3-2/A«-/A+2=0; 

therefore  (/i-lX/A+lXM-2)=0; 

giving  /i=l,  -1,  or  2. 

Again,  <t>^/j)-=2-^/j.'-fi\ 

and  <^'8(/i)=3/i«-4/i-l; 

therefore  P^^'^^^i^l 
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Hence  if  ft=l>      i3=l, 

if  ^=-1,^=0, 

and  if  /a=2,      /?=0. 

Hence  the  asymptotes  of  the  curve  are 

y=2r. 

Examples. 

1.  The  asymptotes  of 

y3-6jr2^«+lljr^-er3+x+y=0 
are  y=^>  y=2a:,  y=3^. 

2.  The  asymptotes  of  y*-^+2y+4y+x==0 
are  y=0,  y-a:+l  =  0,  y+x+l=0. 

239.  Number  of  Asymptotes  to  a  Curve  of  the  n^  Degree. 
It  is  clear  that  since  <j>nip-)=^  is  in  general  of  the  n^  degree 

in  IX,  and  ^<j>n{i^)+4>n'\{jj)  =  ^  is  of  the  first  degree  in  )8,  that 
n  values  of  jx,  and  no  more,  can  be  found  from  the  first  equa- 
tion, while  the  n  corresponding  values  of  fi  can  be  found  from 
the  second.  Hence  n  asymptotes,  real  or  imaginary,  can  he 
found  for  a  curve  of  the  n^  degree, 

240.  If  the  degree  of  an  equation  be  odd  it  is  proved  in 
Theory  of  Equations  that  there  must  be  one  real  root  at  least 
Hence  any  curve  of  an  odd  degree  must  have  at  least  one  real 
asymptote,  and  therefore  must  extend  to  infinity.  No  curve 
therefore  of  an  odd  degree  can  be  closed.  Neither  can  a  curve 
of  odd  degree  have  an  even  number  of  real  asymptotes,  or  a 
curve  of  even  degree  an  odd  number. 

241.  If,  however,  the  term  y^  be  missing  from  the  terms  of 
the  n^  degree  in  the  equation  of  the  curve,  the  term  /x**  will 
also  be  missing  from  the  equation  ^n(/x)  =  0,  and  there  will 
therefore  be  an  apparent  loss  of  degree  in  this  equation.  It  is 
clear,  however,  that  in  this  case,  since  the  coefficient  of  jx^  is 
zero,  one  root  of  the  equation  <pn(jx)  =  0  is  infinite,  and  there- 
fore the  corresponding  asymptote  is  at  right  angles  to  the  axis 
of  X ;  i.e.,  parallel  to  that  of  y.  This  leads  us  to  the  special 
consideration  of  such  asymptotes  as  may  be  parallel  to  either 
of  the  axes  of  co-ordinates. 
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242.  Asymptotes  Parallel  to  the  Axes. 

Let  the  curve  arranged  as  in  equation  (a),  Art.  237,  be 

+6iaj«-i    +b^^'h/  + +&nr-' 

+  ...  =  0 (aO 

If  arranged  in  descending  powers  of  aj  this  is 

a^^+(a^y+b^)af''''+...  =  0 (b^) 

Hence,  if  a^  vanish,  and  y  be  so  chosen  that 

the  coefficients  of  the  two  highest  powers  of  x  in  equation  (b') 
vanish,  and  therefore  two  of  its  roots  are  infinite.  Hence  the 
straight  line  a^y  +  b^^O  is  an  asymptote. 

In  the  same  way,  if  an=0,  an-ix+bn  =  0  is  an  asymptote. 

Again,  if  ao=0,  04  =  0,  6^  =  0,  and  ify  be  so  chosen  that 
«2yH  62^+03=0, 
three  roots  of  equation  (b')  become  infinite,  and  the  lines  repre- 
sented by  a^y^ +b^y+c^  =  0 

represent  a  pair  of  asymptotes,  real  or  imaginary,  parallel  to 
the  axis  of  x. 

Hence  the  rule  to  find  those  asymptotes  which  are  parallel 
to  the  axes  is,  "  equate  to  zero  the  coefficients  of  the  highest 
powers  of  X  and  y!' 

Ex.  FItvA  the  asymptotes  of  the  curve 

Here  the  coefficient  oia^\^y^-y  and  the  coefficient  of  y^  is  ^ — jf.  Hence 
jr=0,  j:s=1,  ^=0,  and  y=l  are  asymptotes.  Also,  since  the  curve  is  one 
of  the  fourth  degree,  we  have  thus  obtained  all  the  asymptotes. 

Examples. 
1.  The  asymptotes  of  y^{a:^~a^)=x  are 


y=0    I 


2.  The  co-ordinate  axes  are  the  asymptotes  of 

a:y^-\'a^y=a\ 

3.  The  asymptotes  of  the  curve  a^^=€^(:c^+y^)  are  the  sides  of  a  square. 
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243.  Partial  Fractions  Method. 
The  values  of  fi,  viz., 

are  exactly  the  constants  required  in  pvXting 

0n(O 

i'/ito  partial  fractions.  • 

This  gives  a  very  easy  way  of  obtaining  the  asymptotes. 
For  if 

^n(0       ^-Mi     ^-M2     ^-Ms 
the  asymptotes  will  be 

etc 

Ex.  /VW  the  cuT/mptotes  of  the  curve 

(ara-y2X^+2y)  +  6(^+/)+x+y=0. 
_25         5 
Here  .^^^=5  ^+1  3     .  _3_.  _5   . 

25 
Hence  the  asymptotes  are       2y  H;  ^  =  —  -  > 

3 
5 

244.  Particular  Cases  of  the  General  Theorem. 

We  return  to  a  closer  consideration  of  the  equations 

^n(M)  =  0, (E) 

i8^'n(/x)  +  0n-l(/x)=O, (F) 

of  Art  237. 

It  is  proved  in  Theory  of  Equations  that  if  an  equation  such 
as  (f}n(/j.)  =  0  have  a  pair  of  roots  equal,  say  fi^,  then  <f/n(fi{^=0, 

*  Suppose  the  single  factor  t-fi^  to  occur  in  0„(O>    Let 
0n(O=(<-/*i)x(O. 
Hence,  differentiating  0'n  (0 = x(0  +  ('  -  Mi)x'(0» 

and  putting  ^=/Ai,  0  n(Mi) =xO*i). 

But  if he  the  partial  fraction  corresponding  to  the  factor  t-ft^ 

A=-t--/f^\{Art  109) 
Xifh) 

.-_0n-l(Mi) 

'0«(Mi) 
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I.  Let  the  roots  of  ^„(/i)  =  0  be  /ii»  M2»--->  Mm  supposed  all 
different,  so  that  <f/n(M)  does  not  vanish  for  any  of  these  roots. 
Also,  suppose  <fhi(ji)  O'^nd  ^n-iW  ^o  contain  a  cow/mon  factor 
jUL—fAi  say,  then  ^n-i(Mi)=0,  and  therefore  )8i  =  0. 

Hence  the  corresponding  asymptote  is  y^fi^x  and  pasaea 
through  the  origin, 

II.  Next,  suppose  two  of  the  roots  of  the  equation  <pn(/j.)  =  0 
to  be  equal,  e.g.,  M2^Mi»  ^^^^  <t>'n(j^i)  =  ^-  In  this  case,  if 
^n-iW  do  ^^^  contain  /a— /ij  as  one  of  its  factors,  the  value  fi 
determined  from  equation  (f)  is  infinite.  The  line  y  =  fiiX+l3i 
then  does  indeed  cut  the  Curve  in  two  points  at  an  infinite 
distance  from  the  origin,  but  it  maJcea  an  infinite  intercept  on 
the  axis  of  y  and  therefore  this  line  lies  wholly  at  infinity. 
Such  a  straight  line  is  not  in  general  called  an  asymptote,  but 
it  will  however  cowat  as  one  of  the  n  theoretical  asymptotes 
discussed  in  Art.  239. 

III.  But  if  ^n(M)  =  0  have  a  pair  of  equal  roots  each  =/ij, 
we  have  ^'„(Mi)  =  0,  and  if  jm^  he  also  a  root  of  ^»-i(/i)  =  0  the 
value  of  )8  cannot  be  determined  from  equation  (F).  We  may 
however  choose  j8  so  that  the  coefficient  of  aj**"^  in  equation  (d) 
of  Art  237  vanishes,  that  is  so  that 

from  which  two  values  of  j8,  real  or  imaginary,  may  be  deduced. 
Let  the  roots  of  this  equation  be  jS^  and  )8/.  We  thus  obtain 
the  equations  of  two  parallel  straight  lines 

which  each  cut  the  curve  in  three  points  at  an  infinite  distance 
from  the  origin.  In  this  case  there  is  a  double  point  on  the 
curve  at  infinity  (see  Art  286). 

It  is  clear  that  in  this  case  any  straight  line  parallel  to 
y  —  fijX  will  cut  the  curve  in  two  points  at  infinity.  But  of  all 
this  system  of  parallel  straight  lines  the  two  whose  equations 
we  have  just  found  are  the  only  ones  which  cut  the  curve  in 
three  points  at  infinity,  and  therefore  the  name  asymptote 
is  confined  to  them.  The  one  equation  which  includes  both 
straight  lines  is  obtained  at  once  by  substituting  y — Mi^  for  ^ 
in  the  equation  to  obtain  )8  and  is 
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Ex.  FiTid  the  asymptotes  of  the  cubic  curve 

Equating  to  zero  the  coefficient  of  y*  we  obtain  ;f=0,  the  only  asymptote 
parallel  to  either  axis. 
Putting  fix +P  tor  y, 

x^'i-2x'(fjLX+p)+x(jjuff+py--x^--xifjLX+l3)+2=0, 
or  rearranging, 

^(l  +  2/A+/i')+^2j3  +  2/ij8-l-/A)+a<;Q»-^)+2=0. 
l+2/A+/A*=0    gives    two   roots   /jt=-l.      2/J+2/ij8-l-/A=0   is   an 
identity  if  /i=  — 1,  and  this  fails  to  find  fi. 

Proceeding  to  the  next  coefficient,  /?*-/3=0  gives  /3  =  0  or  1. 
Hence  the  three  asymptotes  are  ;r=0,  and  the  pair  of  parallel  lines 

y+x=0, 

245.  Form  of  the  Curve  at  Infinity.  Another  Method  for 
Oblique  Asymptotes. 

Let  P„  Fr  be  used  to  denote  rational  algebraical  expressions 
which  contain  terms  of  the  r*^  and  lower,  but  of  no  higher 
degrees. 

Suppose  the  equation  of  a  curve  of  the  ti***  degree  to  be 
thrown  into  the  form 

{ax+by+c)Pn-i+Fn-i  =  0 (1) 

Then  any  straight  line  parallel  to  ax+by  =  0  obviously  cuts 
the  curve  in  one  point  at  infinity ;  and  to  find  the  particular 
member  of  this  family  of  parallel  straight  lines  which  cuts  the 
curve  in  a  second  point  at  infinity,  let  us  examine  what  is  the 
ultimate  linear  form  to  which  the  curve  gradually  approximates 
as  we  travel  to  infinity  in  the  above  direction,  thus  obtaining 
the  ultimate  direction  of  the  curve  and  forming  the  equation 
of  the  tangent  at  infinity.  To  do  this  we  make  the  x  and  y  of 
the  curve  become  large  in  the  ratio  given  by  x:y=  —bia^ 
and  we  obtain  the  equation 

If  this  limit  be  finite  we  have  arrived  at  the  equation  of  a 
straight  line  which  at  infinity  represents  the  limiting  form  of 
the  curve,  and  which  satisfies  the  definition  of  an  asymptote. 

To  obtain  the  value  of  the  limit  it  is  advantageous  to  put 

a;=  —-  and  y  =  -7,  and  then  after  simplification  make  t=0. 
r  t 
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Ex.  Find  the  asymptote  of 
We  may  write  this  curve  as 
whence  the  equation  of  the  asymptote  i»  given  by 

and  putting  ^=. — ,  y^^vre  have 

4     1     2 

t^    t^'^t^ 
i«.,  :P+2y=|. 

Example.  Show  that  ^+3^=?  is  the  only  real  asymptote  of  the  curve 

246.  Next,  suppose  the  equation  of  a  curve  put  into  the  form 
(ax+by  +  c)Fn-i+Fn-2  =  0, 
then  the  line  <ix+by+c=^0  cuts  the  curve  in  two  points  at 
infinity,  for  no  terms  of  the  n^  or  (ti  — 1)*^  degrees  remain  in 
the  equation  determining  the  points  of  intersection.  Hence  in 
general  the  line  ax+by+c=0  is  an  asymptote.  We  say,  in 
general,  because  if  Fn-i  be  of  the  form  ((ix+by+c)Pn^2,  itself 
containing  a  factor  ax  +  by+c,  there  will,  as  in  Art.  244,  iii., 
be  a  jxiir  of  asymptotes  parallel  to  ax+by+c  =  0,  each  cutting 
the  curve  in  three  points  at  infinity.  The  equation  of  the 
curve  then  becomes 

{ax+by+c)^Pn-2+Fn-2  =  0, 
and  the  equations  of  the  parallel  asymptotes  are 


ax+by  +  c=±J-Lt-jj^, 


n-a 
where  x  and  y  in  the  limit  on  the  right-hand  side  become 

X  u 

infinite  in  the  ratio  -=  — . 
y       a 

Or,  if  the  curve  be  written  in  the  form 

{ax+by)^Pn-2+(ax+by)Fn-2+fn-i  =  0, 
in  proceeding  to  infinity  in  the  direction  ax+by  =  0,  we  have 

(ax+byy+((^+by)  .Lt^+Lt^^^=0 
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when  the  limits  are  to  be  obtained  by  putting  a;=  —  j,  y=-, 

and  then  diminishing  t  indefinitely.     We  thus  obtain  a  pair  of 
parallel  asymptotes 

ax+by=a  and  ax+by=l3 
where  a  and  jS  are  the  roots  of 


And  other  particular  forms  which  the  equation  of  the  curve 
may  assume  can  be  treated  similarly. 

Ex.  1.  To  find  the  pair  of  parallel  asymptotes  of  the  curve 

Here  kr  -  3y  + 1  =  ±  x/z/^^~  ^^-±-^, 

where  x  and  y  become  in  finite  in  the  direction  of  the  line  2x=3i/. 

3         2 
Putting  ^=  -,  y = - ,  the  right  side  becomes  ±  2.    Hence  the  asymptotes 
*  * 

required  are  2j7-3y=l  and  2ar-3y+3=0. 

Ex.  2.  Find  the  asymptotes  of 

(a7-y)2(x*+y2)-10(.r-y)x2+12y«+2x+y=0. 

Here  (^-y)"-  10(x-y)Z,^^^=.^^  +  12Zr;^^.^^=0. 

or  (^-y)'-5(j^-5')+6=0, 

giving  the  parallel  asymptotes  jr-y  =  2  and  ar-y  =  3. 

247.  Asymptotes  by  Inspection. 

It  is  now  clear  that  if  the  equation  Fn=0  break  up  into 
linear  factors  so  as  to  represent  a  system  of  n  straight  lines  no 
two  of  which  are  parallel,  they  will  be  the  asymptotes  of  any 
curve  of  the  form  Fn+Fn^2=0. 

Ex.  1.  (^-y)(a:+y)(ar+2y-l)=ar+4y+5 

is  a  cubic  curve  whose  asymptotes  are  obviously 

j7+y=0, 
ar+2y-l=0. 
Ex.  2.  (j?-y)2(.r+2y-l)=ar+4y+6. 

Here  j:+2y-l=0  is  one  asymptote.  The  other  two  asymptotes  are 
parallel  to  y =:c.    Their  equations  are 
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248.  Case  in  which  all  the  ABymptotes  pass  through  the  Origin. 
If  then,  when  the  equation  of  a  curve  is  arranged  in  homo- 
geneous set  of  terms,  as 

it  be  found  that  there  are  no  terms  of  degree  ti— 1,  and  if  also 
Un  contain  no  repeated  factor,  the  n  straight  lines  passing 
through  the  origin,  and  whose  equation  is  ^^=0,  are  the  n 
asymptotes. 

Examples. 

Find  the  asymptotes  of  the  following  curves : — 

1.  ^=a:8(2a-^). 

2.  y5=J<a2-^). 

5.  axy^a^  —  d?. 

6.  y\^a'-x)^3i^. 

7.  a^-\-y^^^axy. 

8.  :r^+^*j?=a', 

9.  ^*=(a+y)>(6«-y«). 

10.  ^-ay-fc«ar«. 

11.  a3<ar-y)-a(^-y«)=R 

12.  (a«-^]B<*=^a«+a;*). 

13.  xf=^Aa\2a-'x). 

14.  y\a'-x)=x{h''Xf. 
16.  xhf^a^-Vx-y-y. 

16.  a:y*+a^=^+«w:'+w^+j5. 

17.  ^+2a"^-ary«-2y5  +  4y2+2iFy+y-l=0. 

18.  ^-2iC^+.ry*+a?*-:r2^  +  2=0. 

19.  y(.r-y)»=2<.tr-y)  +  2. 

20.  ar'  +  2j%-4xj^-83^-4r+8y  =  l. 

21.  (j?+yy(ar+2y+2)=:r  +  9y-2. 

22.  ac»+17^+21a^-8S^-2aa?^-12<wy-18ay'-3a'a?+aV=0. 

249.  Interseotions  of  a  Curve  with  its  ABymptotes. 

If  a  curve  of  the  n^  degree  have  n  asymptotes,  no  two  of 
which  are  parallel,  we  have  seen  in  Art  247  that  the  equations 
of  the  asymptotes  and  of  the  curve  may  be  respectively  written 

and  -Pn+i^n.2=0. 

The  n  asymptotes  therefore  intersect  the  curve  again  at  points 
lying  upon  the  curve  F^.^  -  0.  Now  each  asymptote  cuts  its 
curve  in  two  points  at  infinity,  and  therefore  m  n^2  other 
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pointB.      Hence  these  7i(n^2)  points  lie  on  a  certain  curve 
of  degree  n— 2.     For  example, 

1.  The  asymptotes  of  a  cubic  will  cut  the  curve  again  in 

three  points  lying  in  a  straight  line  ; 

2.  The  asynrptotes  of  a  quartic  curve  will  cut  the  curve 

again  in  eight  points  lying  on  a  conic  section  ; 

and  so  on  with  curves  of  higher  degree. 

Examples. 

1.  Find  the  equation  of  a  cubic  which  has  the  same  asymptotes  as  the 
curve  a^ - Qx^y + 1  Ix'y^ - 6^^ +^+y  +  l=0,  and  which  touches  the  axis  of  y 
at  the  origin,  and  goes  through  the  point  (3,  2). 

2.  Show  that  the  asymptotes  of  the  cubic  3^y-xy^-\-xy-\-y^-\-X'-y=0 
cut  the  curve  again  in  three  points  which  lie  on  the  line  x-\-y=0, 

3.  Find  the  equation  of  the  conic  on  which  lie  the  eight  points  of 
intersection  of  the  quartic  curve  xy{x^-y^-\-ahf^-\-h'^a^==a^}y^  with  its 
asymptotes. 

4.  Show  that  the  four  asymptotes  of  the  curve 

{a^-f)(f-Aar)-Qx^^-ba^y+Zxf--'if-x^'\'Zxy''l=0 
cut  the  curve  again  in  eight  points  which  lie  on  a  circle. 

5.  Form  the  equation  of  the  cubic  curve  which  has  ;r=0,  y=0,  ^+^  =  1 

a    0 

for  asymptotes,  and  cuts  its  asymptotes  in  the  three  points  where  they 
intersect  the  line  _ -|-|-,  =  1,  and  also  passes  through  the  point  a,  h, 

6.  Form  the  equation  of  a  quartic  curve  which  has  ;r=0,  y=0,  y=x, 
y=  -X  for  asymptotes,  which  passes  through  the  point  a.  6,  and  cuts  its 
asymptotes  again  in  eight  points  lying  upon  the  circle  x^-\-y^=a^, 

250.  Common  Transversal  of  a  Curve  and  its  Asymptotes. 

The  equation  of  the  asymptotes  and  that  of  the  curve 
coincide  in  the  terms  of  the  n^  and  {n—l)^  degrees.  Hence, 
if  we  put  both  equations  into  polars,  the  sums  of  the  roots  of 
the  two  equations  for  r  are  equal ;  also,  the  origin  is  arbitrary. 
Hence,  if  through  any  point  0  a  line  OP^P^P^...  be  drawn  to 
cut  the  curve  in  the  points  P^,  Pg*  -Ps*  •••  ^^^  ^^^  as3anptotes 
in  2>i,  1>2»  Py •  •  •  ^^^^  ^OP  =  20p,  whence,  if  1,0P  =  0,  it  follows 
that  20p  =  0,  so  that  both  systems  of  points  have  the  same 
centre  of  mean  position.  Hence  also  the  algebraical  sum  of  the 
intercepts  between  the  curve  and  its  asymptotes  is  zero. 

[Newton.] 
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A  well  known  case  of  this  is  that  of  the  hyperbola,  where,  if 
0  be  the  middle  point  of  P^P^  OP^+OP^-O,  and  therefore 
Opi+Pp2  =  0,  and  therefore  0  is  also  the  middle  point  of  PiP2> 
whence  it  follows  that  in  that  case  PxPi^p^P^' 

251.  Other  Definitions  of  <<  Asymptotes." 

Other  definitions  have  been  given  of  an  asymptote,  eg,, 
(a)  That  an  asymptote  is  the  limiting  position  of  the  tangent  to  a 
curve  when  the  point  of  contact  moves  away  along  the  curve 
to  an  infinite  distance  from  the  origin,  while  the  tangent  itself 
does  not  ultimately  lie  wholly  at  infinity;  again,  (j8)  That  an 
asymptote  is  a  straight  line  whose  distant  from  a  point  on 
the  cv/rve  diminishes  indefinitely  b&  the  point  moves  away 
along  the  curve  to  an  infinite  distance  from  the  origin. 

252.  To  prove  the  Consistency  of  the  Several  Definitions. 
We  propose  to  show  that  the  results  derived  from  these  definitions  are 

the  same  as  those  derived  from  our  definition  in  Art.  236. 

Consider  definition  (a). 

Let  the  curve  be  C^=t/„+t*n-i  +  ^ii-2+...+Wo=0. 

The  equation  of  the  tangent  is 

We  shall  now  suppose  the  point  of  contact  x^y  to  move  to  qo  along  some 
branch  of  the  curve.  We  shall  therefore  only  retain  the  highest  powers 
of  X  and  y  which  occur,  viz.,  those  of  the  (n  - 1)"*  degree.    Thus  we  must 

retain  only  ^  for  -  -,  ^  for  -^,  and  w„_i  for  ?^-i  +  2t«n-2+...  +wiv 

Hence  in  the  limit  we  shall  have 


7=X 


OUn 


.-z| 


and  it  is  easy  to  see  that  this  agrees  with  the  equation  of  an  asymptote 
found  in  Art.  237. 

263.  We  next  consider  definition  (j8);  we  have  already  shown  that 
aj?+6y+c=0  is,  according  to  our  definition,  in  general  an  asymptote  of 
the  curve  (a^+  by  +  c)Fn-i  +  /Vi-2=0. 

The  perpendicular  from  any  point  x^  y  of  this  curve  upon  the  line 

ax-\-hy-\-c=0 
ax+by-{-c_  1        Fn^i 


K.D.C.  N 
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and  the  limit  of  this  expression  is  clearly  zero  when  x  and  y  become  in- 
finite in  the  ratio  -6  :  a,  provided  that  the  terms  of  degree  n- 1  in  Fn^\ 
do  not  contain  a^+2iy  as  a  factor,  for  the  degree  of  the  denominator  is 
higher  than  that  of  the  numerator.  Hence  the  distance  between  ike  curve 
and  the  cuymptote  is  vltimately  a  vanishing  quantity^  and  the  line 

ax-{-by+c=0 
is  such  as  to  satisfy  definition  (^). 

254.  The  Curve  in  General  lies  on  Opposite  Sides  of  the 
Asymptote  at  Opposite  Extremities. 

Let  the  straight  line  aa:+6y+c=0bean  asymptote  of  the 
curve,  and  suppose  there  is  no  other  asymptote  of  the  curve 
parallel  to  this.  The* equation  of  the  curve  is  of  the  form 
(ax+by+c)Fn-i+Fn-2=0;  and,  as  in  the  last  article,  the 
perpendicular  from  any  point  cc,  y  of  the  curve  on  this  asymp- 
tote is  given  by        P= j=^=fi  -^r^- 

When  X  and  y  become  very  large  in  the  ratio  given  by 

x"     b' 
this  may  ultimately  be  written  as 

where  A;  is  a  constant,  and  it  is  therefore  obvious  that  P 
changes  sign  with  x. 

Hence  in  general  the  curve  at  the  opposite  extremities  of 
this  asymptote  lies  on  opposite  sides  of  it. 

255.  Exceptions. 

If,  however,  ax+by  be  a  factor  of  the  terms  of  highest 
degree  in  ^n-2,  we  may  write  the  equation  of  the  curve 

{ax+by+c)F^.i+Fn.z'-0, 
so  that  the  perpendicular  on  the  asymptote  is  now  given  by 
p^ax+by  +  c^_       1         J^.s, 
s/a?+b^  s/a^+b' Fn.i' 

and  when  x  and  y  become  very  large  in  the  ratio  given  by 

y_     a 

this  can  be  ultimately  written 

This,  however,  though  ultimately  vanishing,  does  not  change 
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sign  with  a;,  so  that  in  this  case  the  curve  at  opposite  extr&niitiea 
of  the  asymptote  lies  on  the  same  aide  of  it. 

256.  Again,  if  the  equation  of  the  curve  be  expressible  in 
the  form  (aaj+6y+c)2PH-«+i^n-a=0, 

the  expression  for  the  length  of  the  perpendicular  is  in  the 

limit  of  the  form  /( - ).    This  does  not  in  general  ultimately 

vanish,  and  therefore  in  general  ax+by+c=0  is  not  an  asymp- 
tote, but  is  parallel  to  a  pair  of  asymptotes.  This  case  has 
been  discussed  in  Art  246. 

257.  If,  however,  the  curve  assumes  the  form 

(ax+by+cyFn-2+Fn.z^O. 
the  length  of  the  perpendicular  is  given  by 

(Perpeodicular)^=  -^  ^. 

Hence,  if  the  ratio  of  -  be  that  of  —  1-  when  x  and  y  become 
X  0  ^ 

infinite,  this  may  ultimately  be  written 

and  therefore      Perpendicular  =  ±  a/ - .  /( ~)» 

which  ultimately  vanishes,  but  x  cannot  change  sign  or  the 
perpendicular  will  become  imaginary  at  one  extremity  of  the 
asymptote.  Hence  the  line  is  only  asymptotic  at  one  end  and 
the  curve  approaches  the  asymptote  on  opposite  sides. 

And  in  the  same  way  other  particular  forms  may  be  discussed. 

258.  Curvilinear  ABymptotes. 

If  there  be  two  curves  which  continually  approach  each 
other  so  that  for  a  common  abscissa  the  limit  of  the  difference 
of  the  ordinates  is  zero,  or  for  a  common  ordinate  the  limit 
of  the  difference  of  the  abscissae  is  zero  when  that  common 
abscissa  or  common  ordinate  is  infinite,  these  curves  are  said 
to  be  asymptotic  to  each  other.    For  example,  the  curves 

y=^Ax^+Bx+C+-, 

y  =  Ax^+Bx+C 
are  asymptotic ;  for  the  difference  of  their  ordinates  for  any 

common  abscissa  ^  is  — ,  a  quantity  whose  limit  is  zero  when 

X  is  infinite. 
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259.  Linear  ABymptote  obtained  by  Expansion.  Stirling's 
Method.* 

If  it  be  possible  to  express  the  equation  of  a  given  curve  in 

O    D 
the  form  y=:Ax+B+ — h-.2+--> 

then  the  line  y  =  Ax+B  is  clearly  asymptotic  to  the  curve. 
This  method  of  obtaining  rectilinear  asymptotes  is  frequently 
useful. 

260.  To  find  on  which  side  of  the  Asymptote  the  Curve  lies. 
The  sign  of  G  (Art.  259)  is  useful  in  determining  on  which 

side  of  the  asymptote  the  curve  lies; 

Let  y  be  the  ordinate  of  the  curve,  y'  that  of  the  asymptote, 

CD 

theU  y-y'  =  -  +  _+.... 

Q 

If  ic  be  taken  sufficiently  large,  the  sign  of  -  governs  the  sign 

of  the  whole  of  the  right-hand  side. 

Suppose  X  and  y  to  be  positive,  i.e.,  m  the  Jirst  quadrant, 
then  y  —  2/'  "^'^  have  in  the  limit  the  same  sign  as  C.  If  (7  be 
positive,  y  —  y'  will  be  positive,  and  the  ordinate  of  the  curve 
will  be  greater  than  that  of  the  asymptote,  and  the  curve  will 
therefore  approach  the  asymptote  from  above.  Similarly,  if  C 
be  negative,  y  —  y'  will  be  negative,  and  the  curve  will  approach 
the  asymptote  from  below.  And  in  the  same  way  for  portions 
in  the  other  quadrants. 

Ex.  1 .  Find  the  asymptotes  of  the  curve     ' 

Here  a;*-a*=0  gives  x=a  and  a:=  —a,  two  asymptotes  parallel  to  the 
axis  of  y. 


Again,  y=  ±x\ 


-M'-5')'('-^T' 


^  2x 


3a^ 
2x'^ 
*Lin.  Tert.  Ord.  Newtoniancet  p.  48. 
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Hence  the  asymptotes  are       y=  ±0?! 
and  X—  i,aj 

Again,  considering  y = ^  -       + , . . 

it  appears  that  if  4?  be  positive  the  ordinate  of  the  curve  is  less  than  the 
ordinate  of  the  asymptote,  and  therefore  the  curve  approaches  the  line 
y =x  in  the  positive  quadrant  from  below.  Similarly  the  curve  approaches 
the  asymptote  y=  -^  in  the  fourth  quadrant  from  above. 

The  student  should  observe  that  the  curve  cuts  the  axes  where  4?=  ±2a, 
and  also  at  the  origin  where  the  tangents  are  y=±2:r.  Also  thaty  is 
imaginary  when  x*  lies  between  a'  and  4a\  There  should  now  be  no 
difficulty  in  drawing  a  graph  of  the  curve. 

Ex.  2.  Find  the  asymptotes  of 

and  examine  how  the  curve  is  placed  with  reference  to  them. 
Here  the  coefficient  of  y*  is  :r- 3  ;  therefore  ^=3  is  an  asymptote. 
Also  the  curve  may  be  written 

(y-^)«-3(y-^)|+2=0, 

and  therefore,  in  the  direction  t/—x  at  infinity,  this  ultimately  takes  the 
form  (y-a?)'-3(y-a;)+2=0. 


/x 


/•■ 


Fig.  3L 
Hence  y-a:=l  and  y-a?=2  are  asymptotes. 

Put 


X 


therefore  the  equation  of  the  curve  becomes 

(^+|+...)^-3(.+^+f+...p+|+...)+2.=0. 
or  x(A*-ZA+2)  +  {2AB-3(A*+B)}+..,=0. 
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Equating  to  zero  the  several  coefficients 

^«-3^  +  2=0, 
2^J5-3(^HJ5)=0, 
etc., 
T^hence  A=l  or  2, 

J?=-3  or  12, 
etc. 
Hence  the  equation  of  the  curve  may  be  expressed  in  either  of  the  ways 

y=;r+l-?...,    y=ar+2  +  — .... 

X  X 

Hence  to  the  right  of  the  y-axis  the  curve  lies  below  the  asymptote 

y=j7+l, 
and  above  the  asymptote  y=:r+2. 

On  the  left  side  of  the  y-axis  the  curve  is  above 

y=^+l, 
and  below  y=ar+2. 

The  student  will  easily  verify 
(a)  that  neither  of  the  cross  asymptotes  cuts  the  curve  again  in  a  point 

whose  co-ordinates  are  finite  ; 
{p)  that  the  asymptote  x=^Z  cuts  the  curve  where  y =3§  ; 
(y)  that  the  product  of  the  roots  for  y  is  ^ — "^^^  and  is  positive  unless 

'  X  —  O 

X  lies  between  0  and  3,  but  is  then  negative  ; 
(8)   that  y  is  imaginary  if  x  lies  between  0  and  -  24 ; 
(c)    that  the  tangent  at  the  origin  is  a:=0. 
Fiffure  31  is  a  tracing  of  the  curve. 

Examples. 

1.  Find  the  asymptotes  of  the  curve  y=x  ^      g.    Find  on  which  side 

of  the  oblique  asymptote  the  curve  lies  in  the  positive  quadrant.    Show 
also  that  the  hyperbola  ^-x)= 2a*  is  asymptotic  to  this  cubic  curve. 

2.  Find  the  asymptotes  of  the  curve  y«=x*?35,  and  find  on  which  side 
the  curve  approaches  these  asymptotes.  " 

3.  Show  that  the  curve  ^=^  ""  ^    has  a  rectilinear  asymptote  y=0, 

ay 

and  a  parabolic  asymptote  y^=ax, 

4.  Show  that  th e  curve  or^ —x^+a^+.v^+x+l  has  a  parabolic  asymptote 
whose  vertex  is  at  the  point  (  -  i,  }),  and  whose  latus  rectum  =  1 . 

5.  Show  that  the  curve  xh/^a^-^-a^-^x-Vl  has  a  hyperbolic  asymptote 

2 
whose  eccentricity  =  , =■ 

V2+V22 

261.  General  Investigation. 

In  order  to  express  the  general  equation 

x»^„(|)+^»-Vn-i(|)+a=»-«^-2©  +  ...=0 (1) 
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in  the  form  y=^+/3+|+^+...,   (2) 

substitute  for  y  from  (2)  in  (1) ;  then,  since  the  result  must  be 
an  identity,  the  coefRcient  of  each  power  of  x  will  be  zero. 
This  will  give  sufficient  equations  to  determine  /jl,  jS^  y, .... 
The  result  of  this  substitution  is 


a^0nOi)+a^ 


-1 


which  gives  us  the  series  of  equations 


yfn(Ai)+.-.=0 

+/30'n.l(Al) 


^(m)  =  0, (i) 

i80n(Ai)+^-l(M)  =  O, (ii.) 

y0n(M)+f0VM)+i80'n-i(M)+0»-2(M)  =  O, (iii.) 


Hence  ^i,  )8,  y  ...  are  determined. 

262.  Parabolic  Branches. 

In  the  case  when  0n(^)=O  has  equal  roots  /a^,  it  follows  as 
in  Art.  244  that  ^'Oui)  =  0.  If  then  0n-i(/ii)  <Joes  not  also 
vanish  it  appears  that  the  second  of  the  above  equations  (iL) 
cannot  be  satisfied  by  any  finite  value  of  )8.  Hence  the  assump- 
tion that  the  equation  of  the  curve  can  be  thrown  into  the 
form  (2)  with  ^i^  for  the  coefficient  of  «  is  no  longer  tenable. 

The  equation  of  the  curve  is  now  of  the  form 

(y-Mi«)*Vn-«+u»-i+ttn-«+...+Uo=0 (3) 

where  Un-i  does  not  contain  the  factor  y— /i^a;. 

We  may  write  this 

(!--/^-)'+«.^+^'+...-0, 

and  if  we  put  a  for  Lt     '^  and  B  for  Lt-^^  when  x  and 

y  become  infinite  in  the  ratio  1 :  lu^  the  curve  ultimately  approxi- 
mates to  the  parabolic  form 

(y-Miaj)*+ax+)8=0 (4) 

This  parabola,  although  a  first  approximation  to  the  shape 
of  the  curve,  is  not  in  geneitd  asymptotic  to  it,  but  serves  to 
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suggest  that  in  closely  examining  the  parabolic  branches  we 
should  endeavour  to  expand  y  in  the  form 
V  A     B     C 

X  X^      X       X* 

and  discard  for  this  case  the  expansion  (2)  assumed  in  the  last 
article. 
If  we  substitute  this  in 

^»^„(|)+a^-V-i©+a'"-*^-«©+«'"-*^-3(|)+-=0(l) 

and  expand  as  before,  the  result  (after  collecting  the  coefficients 
of  the  powers  of  x)  is 

+etc.  =0, 

and  equating  to  zero  the  several  coefficients 

^(/x)  =  0  (and  by  supposition  0'„(^)=O, 

4-Vn(M)+0n-i(M)  =  O, 

^^0VM)  +  f0''n(M)+^0''nOu)+^VVM) 

etc., 
which  determine  the  hitherto  unknown  constants 

A,  B.C.. 
The  parabola  {y—fjLX—B)^=A^x 

is  then  asymptotic  to  the  curve,  and  the  side  of  the  parabola 
on  which  the  curve  lies  is  indicated  by  the  sign  of  C. 
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It  should  be  noticed  that  the  first  approximation 

is  not  in  general  asymptotic  to  the  curve. 

263.  In  practice  it  is  found  more  convenient  to  adopt  a 
method  of  successive  approximation  to  obtain  the  ultimate 
form  of  a  parabolic  branch  at  an  infinite  distance  from  the 
origin.     This  method  will  be  indicated  best  by  an  example. 

Ex.  Obtain  the  rectiliuear  asymptote  of  the  curve  (y-x)*(y+x)=2ar*, 
and  examine  the  parabolic  branch. 

The  rectilinear  asymptote  is  parallel  to  y+x=0.  We  may  write  the 
equation 

=2a— -^  to  a  first  approximation 

=r- a) 

giving  the  equation  of  the  asymptote. 
Proceeding  to  a  second  approximation, 

-i('-£r 

-t*i <») 

This  indicates  that  the  curve  lies  above  the  asymptote  on  the  right-hand 
aide  of  the  y-axis,  but  below  on  the  left. 

To  examine  the  parabolic  branch. 

The  axis  of  the  asymptotic  parabola  is  clearly  in  the  direction  y^^. 

For  a  first  approximation  to  the  shape  at  infinity, 

^-'"'^/Wx''^- <') 

For  a  second  approximation,  substitute  this  value  of  y  and  we  obtain 


x-\-X'^tJax 
'lax 


■4. 


▼     1* 


\-* 


y-^=\/ai-^ (4) 
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To  obtain  a  third  approximation,  use  the  value  of  y  given  bj  Equation 


(4) 
Thus 


^-^=y 


2ax^ 


-^i-K^h.4h. 

6  a* 


3^  a 

32  «" 


..(6) 


or  y-d?s=Var-ia+~  ~, 

32  X* 

It  appears,  therefore,  that  though  the  first  approximation  (3)  indicates 
the  ultimate  shape  of  the  curve  at  infinity,  it  is  not  asymptotic  to  the 
curve. 

The  second  approximation  (4)  is  a  true  asymptotic  parabola,  for  Equa- 
tion (5)  shows  that  the  limit  of  the  difference  of  its  ordinate  and  that  of 
the  curve  is  zero. 

The  third  approximation  (5)  shows  that  the  ordinate  of  the  upper 
branch  of'  the  parabola  is  less  than  that  of  the  curve,  and  that  the  ordinate 
of  the  lower  branch  of  the  parabola  is  greater  than  that  of  the  curve,  so 
that  both  branches  of  the  curve  approach  the  parabola  from  the  outside. 

We  add  a  tracing  of  the  curve. 


Pig.  32. 

264.  For  further  information  on  the  subject  of  curvilinear 
asymptotes  the  student  is  referred  to  Frost's  Curve  Tracing^ 
chapters  VII.  and  VIII. 
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265.  Polar  Co-ordinates. 

Let  the  equation  of  the  curve  be 

»-/«(«)+r»-%-i(d)+...+/o(0)  =  O (1) 

or  v,%(d)+u-%id)+...+Me)=0. (2) 

To  find  the  directions  in  which  r=ao  or  u=0  we  have 

Md)=0 (3) 

Let  the  roots  of  this  equation  be 

d=a,  )8,  y, .... 
Let  XOP^a.    Then  the  radius   OP,  the  curve,  and  the 
asjrmptote  meet  at  infinity  towards  P.    Let  OY{^p)  be  the 


perpendicular  upon  the  asymptote.      Since  OF  is  at  right 
angles"  to  OP  it  is  the  polar  subtangent^  and  p=  ~;r~*    ^^ 

XOY=a\  and  let  Q  be  any  point  whose  co-ordinates  are  r,  0 

upon  the  asymptote.    Then  the  equation  of  the  asymptote  is 

p  =  r cos  {0—a) (4) 

It  is  clear  from  the  figure  that  a'=a— q. 

To  find  the  value  of  —  y-  when  u=0  differentiate  equation 

(2),  and  put  u=0  and  d  =  a,  and  we  obtain 

(SLo-^-^''>+^"(«>=^ 

Substituting  the  value  of  ( -"  j- )       hence  deduced  for  p  in 
equation  (4)  we  have 


(5) 


/.-i(a) 
/«(a) 


=rcos 


(O-a+l) 


=  rsin(a  — d). 
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Hence  the  equations  of  the  asymptotes  are 

etc. 
Cor.  The  case  most  often  met  with  is  that  in  which  n  =  l, 
when  the  equation  of  the  curve  is  rf^{6)+fo(0)  =  0.    Then 
/i(©)  =  0  gives  a,  )8,  y,  etc.,  and  the  asymptotes  are 

rsm{a-d)=i'[%  etc. 

266.  The  equivalent  Cartesian  form 

i,=xtan«+8ec«Q^_^ 

will  be  found  convenient  to  remember  and  somewhat  easier  to 
draw  the  asymptote  from  than  the  polar  equation. 

267.  Bole  for  Drawing  the  Asymptote. 

After  having  found  the  value  of  i^—j      suppose  we  stand 

at  the  origin  and  look  in  the  direction  of  that  value  of  d  which 
makes  u=0.  Draw  a  line  at  right  angles  to  that  direction 
through    the   origin   and  of   length  equal  to  the  value  of 

(— j-j        to  the  right  hand  or  the  left  according  ^  that 

value  is  positive  or  negative.  Through  the  end  of  this  line 
draw  a  perpendicular  to  it  of  indefinite  length.  This  straight 
line  will  be  the  asymptote. 

268.  To  deduce  the  Polar  Asymptote  from  the  Polar  Tangent 
The  same  results  may  be  deduced  from  the  equation  of  a 

tangent  (Art.  206). 

The  result  u=  J7cos(d— a)+Z7'sin(0— a)  at  once  reduces 

to  -Tv> = r  sin  (© — a),  when  U=  0.     Putting 

1  _/n-i(a) 
U'-fnia)' 
as  found  in  the  last  article,  we  again  obtain  the  equation 


rsin(a-e)=4?rT- 
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Ex.  Find  the  asymptotes  of  the  curve 

r=a  tan  ^  or  rco8^-a8in^=0. 
Here  /i(tf) = cos  ^  and  M6)=  -  a  sin  6. 

cofltf=0  gives  a=^,  ^8=^,  etc, 

and  /o(a)^-aaina^^ 

/i(a)       -sin  a 

(.  ^ 

E-^j=a  or  rcos^=a 

rsin(-^-^j=a  or  rcos^=-a 
are.  the  asymptotes. 

Or,  using  the  Cartesian  formula  of  Art.  266, 

w=?cotft 


a 

T 

2' 


u=0  if  ^=n7r+^,  and  -^=asin»^=a 


for  this  angle. 

Hence  the  formula      y  cos  a=x  sin  a  +  (  -.-  | 

\du/u^o 
becomes  x=±a, 

269.  An  Exceptional  Case. 

In  forming  Equation  5,  Article  265,  it  has  been  assumed  that  the  value 

of  (-ni)      there  obtained  is  not  indeterminate ;  and,  further,  that  none  of 

the  coefficients  of  the  several  powers  of  u  become  infinite  in  the  limit  when  6 
is  put  equal  to  a.  If  on  differentiating  Equation  2  and  putting  w=0  and 
^=a  any  term  should  occur  which  is  indeterminate,  it  must  be  retained  and 

the  true  value  of  ( -^-J  evaluated,  either  m  an  elementary  manner  or 
by  the  methods  laid  down  for  undetermined  forms  in  Chap.  XIV. 

Examples. 

1.  rS^'^a,  6.  r=2asintftana 

2.  r6=^a.  6.  rsin26/=acos3d 

3.  r  sin  ntf=a.  7.  r=a+6  cot  n^. 

4.  r=acosec^+6.  8,  r^s\nn6==a\ 

9.  Show  that  all  the  asymptotes  of  the  curve  rtann^=a  touch  the 

circle  r=?« 
n 

270.  Circular  Asymptotes. 

In  many  polar  equations  when  6  is  increased  indefinitely  it 
happens  that  the  equation  takes  the  form  of  an  equation  in  r, 
which  represents  one  or  more  concentric  circles. 
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a 
For  example,  in  the  curve       r = a^—.  > 

which  may  be  written  r = a ■ , 

'-\ 

it  is  clear  that  if  6  becomes  very  large  the  curve  approaches  indefinitely 
near  the  limiting  circle  r=^CL 

Such  a  circle  is  called  an  asymptotic  circle  of  the  curve. 

EXAMPLES. 

1.  Find  the  asymptotes  of  the  curves 

(i.)  a^  +  a^xy-y^^O. 
(ii)  y*— a*  =  a2{ry. 

2.  Show  that  there  is  an  infinite  number  of  asymptotes  of  the 

curve  y^(a-  a:)tan  ^ ,  viz., 

X  =s  -  a,     05  =  ±  3a,     x  =  ±  5a,     etc. 

3.  Prove  that  any  tangent  to  the  curve  3icy*  =  c^  is  divided  by  the 
asymptotes  and  the  curve  into  segments  which  bear  a  constant  ratio 
to  each  other.  [Oxpobd,  1889] 

4.  Find  the  asymptotes  of  the  curve 

a?{x  +  y){x  -  yf  +  aa^{x  -  y)  -  aV  =  0.   [Oxford,  1889.] 

5.  Find  the  asymptotes  of  the  curve 

(x  -  yf{x  -  2y)(x  -  3y)  -  2a(pi^  -  yS)  -  2a%x  +  y)(x  -  2y)  =  0. 

[Oxford,  1888.] 

6.  Determine  the  asymptotes  of  the  sextic 

(a^  -  2y2)«{2(a:2  +  2y2)  -  3}  =  {3(x3  +  2y2)  -  4}«. 

[Oxford,  1886.] 

7.  If  r  =  ^ — -J  the  curve  has  two  rectilinear  asymptotes  at  a  dis- 
tance ^  from  the  pole,  making  angles  ±1  with  the  prime  radius. 

Also,  there  is  a  circular  asymptote. 

8.  Find  the  asymptotes  of  the  curve 

rO  coaO  =  a  cos  2ft  [Oxford,  1889.] 

9.  Find  the  asymptotes  of  the  curve 

rtf  cos  ^  =  ae^.  [Oxford,  1888.  ] 

10.  Show  that  there  is  an  infinite  series  of  parallel  asymptotes  to 

the  curve  r  =  .,  .     .,  +  6, 

^  sin  ^      ' 

and  show  that  their  distances  from  the  pole  are  in  Harmonical  Pro- 
gression.    Find  the  circular  asymptote. 
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11.  Show  that  the  curve  &^{ar  -  r^)  =  6^  has  a  circular  asymptote. 

12.  If  t*  ^f{&)  be  the  equation  of  a  curve  and  f(&)  =  0  gives  a  root 
^  =  a,  the  corresponding  asymptote  is 

.           sec  a 
V  =  a;  tan  a  +  -=, • 

Ex.  For  rB  =  a(^  -  ir^)  the  asymptote  is  y  +  aifi  =  0. 

13.  Show  that  \S.y^xf(p^  be  the  equation  of  a  curve  which  admits 
of  a  rectilinear  asymptote,  then 

is  its  equation. 
Apply  this  method  to  find  the  asymptote  of  «*  +  y*  =  3aa^. 

[Bailt  Aim  Lund.] 

14.  Show  that  one  of  the  asymptotes  of  the  curve 

^{^x  -  2y)«  -  8ay»(a;  -  2y  +  2a)  -  "ha^vsy  =  0 
touches  it  at  a  point  whose  co-ordinates  are  finite.         [Oxford,  1890.] 

1 5.  Determine  the  asymptotes  of  the  curve 

4(x*  +  y*)  -  17a;V  -  M  V  -^)^  ^{^  -  2)  =  0, 
and  show  that  they  pass  through  the  points  of  intersection  of  the 
curve  with  the  ellipse  a:^  +  4y*  =  4.  [Oxpobd,  1890.] 

16.  Prove  that  the  mn  intersections  of  two  curves  of  the  m**  and 
n^  degrees,  and  the  mn  intersections  of  the  asymptotes  of  each  with 
those  of  the  other  lie  on  a  curve  of  the  {m  +  n-  2)*^  degree. 

Examine  the  case  of  a  number  of  the  asymptotes  being  the  same 
for  both  curves.  [Math.  Teipos,  1876.] 

17.  Determine  completely  the  relation  of  the  line  ax  +  hy^O  to 
the  curve  (oa:  +  6y )*r^.2  +  (aa  +  6y)M?„_,  +  w^_, +  ... +t«o  =  0 

where  u^  v^  w^  are  homogeneous  functions  of  x  and  y  of  degree  r. 

a         TO 

Trace  the  curve  —  +  _  =  1,  and  determine  the  form  it  assumes 
aH    y^ 

when  a  is  diminished  indefinitely.  [Math.  Tripos,  1884.] 

18.  Obtain  the  rectilinear  asymptotes  of  the  curve 

y^T?  ~  y«)  -  2ay8  +  2a»a: «  0, 
and  the  parabolic  asymptotes  of 

y*  -  2xy'Hx  +  a)  +  (a  +  a)ofi  =  0.  [Oxtord,  1887.] 

19.  Form  the  equation  of  a  quartic  curve  which  has  asymptotes 
x-y  =  0  and  2;  +  y  =  0,  the  curve  being  supposed  to  approach  each 
asymptote  at  one  extremity  only,  but  from  both  sides  of  that  asymp- 
tote, and  also  to  touch  the  axis  of  y  at  the  origin. 
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20.  Fonn  the  equation  of  a  quartic  curve  with  asymptotes  y=-0, 
a!  +  y  =  0,  a5-y=:0,  the  curve  being  supposed  to  approach  y  =  0  from 
opposite  sides  at  the  same  extremity,  but  the  other  two  asymptotes 
from  the  same  side  and  at  opposite  extremities  in  each  case.  The 
curve  is  also  to  touch  the  axis  of  y  at  the  origin  and  to  pass  through 
the  point  (2a,  a). 

21.  Find  the  equation  of  a  curve  of  the  fourth  degree  which  has 
two  coincident  asymptotes  x  +  y  =  lf  an  asymptote  x-y=l  and  a 
fourth  parallel  to  this,  and  of  which  the  origin  is  a  double  point,  the 
branches  touching  the  axes  of  co-ordinates.  [Math.  Tripos,  1887.] 

22.  Find  the  equation  of  a  quartic  which  has  y=  ±a;±l  for 
asymptotes,  which  cuts  the  a;-axis  in  four  contiguous  points  at  the 
origin,  and  the  yaxis  in  three  points  (other  than  the  origin),  for 
which  the  product  of  the  ordinates  is  -  1. 

23.  Obtain  the  asymptotes  of  the  curve  (y  -  b){y  -  c)a:^  =  ah/^,  and 
find  upon  which  sides  of  the  asymptotes  the  curve  lies. 


^3 

24.  Show  that  the  curve  y  +  a;  +  a--^  =  0  is  asymptotic  to  the 

folium  of  Descartes  aj^  +  y*  =  Saxy,     Hence  find  on  which  side  of  the 
linear  asymptote  the  curve  lies. 

25.  For  the  quartic  aa5*  -  fty*  +  c^xy  =  0  show  that 


ai         c^  (fi 


y=a^-+. 


h^     ^a^h^x     4«.  1  .  2aUV 

Draw  the  asymptotes,  and  determine  on  which  sides  the  curve  lies. 

[ViNCE,  Fluxions;  Pkacock.] 

26.  Find  the  asymptotes  of  the  quartic 

(y^+^){(iy-i)^+^}+My+a)=o, 

examining  in  the  several  cases  on  which  side  of  the  asymptotes  the 
curve  lies.  [A.  Beek.] 

27.  In  the  curve  y^  =  Caj^  +  ofi  there  are  no  rectilinear  asymptotes, 
but  the  curve  is  asymptotic  to  the  parabola  y  =  x^-{-  2x, 

28.  Find  the  asymptotes  of  the  curve  y{y-xY(y  +  2x)  =  9cx^y 
showing  that  the  parabola  (y  -  x  +  2c)2  =  3caj  is  asymptotic  to  the 
curve.  [Frost,  Curve  TVocingr.] 

29.  Show  that  the  curve 

(y  -  2x)^y  +  x)  +  {y  +  Zx){y  -  a:)  +  aj  =  0 
has  a  parabolic  branch  to  which  Sy^  -  12a^+  12aj^  +  5a;  =  0  is  a  first 
approximation,  and  to  which  the  parabola  3(y  -  2a5  +  |f  )2  +  5a5  =  0  is 
asymptotic. 
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30.  Find  the  rectilineal  asymptotes  and  the  parabolic  branches  at 
infinity  of  the  curve 

(y-a!)*  +  (y-a)%  +  (y-ic)(3a;-y)-2aj-2y  +  l  =  0, 

and  find  the  position  of  its  points  of  intersection  with 

(y  -  aj)2  +  a;  +  y  =  0.  [Oxford,  188&3 

31.  Find  the  asymptotes  of  the  curve 

r(sin  a  -  sin  ^)  =  a  sin  a  cos  6. 

Examine  the  case  when  a  becomes  a  right  angle. 

[WoLSTENHOLMK,  Educotionol  Times,] 

32.  Show  that  a  cubic  curve  with  a  double  point  cannot  have 
parallel  asymptotes.  A  cubic  has  three  given  asymptotes  which 
form  an  equilateral  triangle.  Show  that  if  the  curve  possess  a  cusp 
it  must  lie  on  the  inscribed  circle  of  the  triangle. 

[Math.  Tripos,  1890.] 

33.  If  the  equation  of  a  curve  be  written 

and  if  ^,(ft)  =  0,  .^;(ft)=0,  <^,.,(a4)  =  0,  and  .^'...Oh)  =  0,  show 
that  there  are  two  parallel  asymptotes  equidistant  from  the  origin, 
whose  equations  are 

34.  Show  that  the  first  approximation  to  the  difference  of  the 
ordinates  of  the  curve 

and  its  rectilinear  asymptote  y  =  fjLX  +  p  for  a  point  whose  abscissa 
is  a;  is 

assuming  that  no  other  asymptote  is  parallel  to  this  one.  Show 
from  this  result  that  the  curve  at  opposite  extremities  is  in  general 
also  on  opposite  sides  of  the  asymptote. 

35.  Prove  that  an  algebraic  curve  of  the  n"*  degree  represented 
by  the  equation 

has  two  parallel  asymptotes,  provided  foi/ji),  Jl(p)y  /i(/a)  vanish  for 


E.D.C. 
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the  same  value  of  /i ;  and  that  the  approximations  to  the  correspond- 
ing infinite  branches  of  the  curve  are  given  by 

where  v  is  a  root  of  the  equation 

K/.'V)  +  i/.V) +/.(/')  =  0. 

Find  also  an  approximation  for  the  case  of  equal  roots. 

[Math.  Tripos,  1888.] 
36.  Show  that  the  asymptotes  of  the  general  curve  of  the  n^  degree 

(oo,  Oi,  ...,  aj^x,  yT  +  n%  6,,  ...,  ft^.ijaj,  y)"-^  + ...  =0 

will  all  pass  through  one  point  if 

«o»  ^>  <hi    ••1  a»-i 
<h>  <hy  <hi     -I  »» 
^o»   ^i»   K   •••>  ^1.-1 
and  that  the  co-ordinates  of  that  point  are 

a^bj  -  {iJ)q     a^h^  -  ajy^ 
a^  -  Oi'      OoO,  -  a^ 
[The  notation  {a^  Oj,  ...,  aj^x,  yY  is  used  for  the  general  binary 
quantic  of  the  n^  degree,  viz. 


=  0, 


Digitized  by  LjOOQ IC 


CHAPTER    IX. 

SINGULAR   POINTS. 

271.  Concavity.    Convexity. 

In  the  treatment  of  plane  curves  the  terms  concavity  and 
convexity  with  regard  to  a  point  are  applied  with  their  ordin- 
ary signification.  Thus,  for  example,  any  arc  of  a  circle  is  said 
to  be  concave  to  all  points  within  the  circle ;  whilst  to  a  point 
without  the  circle  the  portion  lying  between  that  point  and 
the  chord  of  contact  of  tangents  drawn  from  the  point  is  said 
to  be  convex  and  the  remainder  of  the  circumference  concave. 

272.  In  general  the  portion  of  a  curve  in  the  immediate 
neighbourhood  of  any  specified  point  lies  entirely  on  one  side 
of  the  tangent  at  that  point.  This  is  clear  from  the  definition 
of  a  tangent,  which  is  considered  as  the  limiting  position  of  a 


Fig.  34. 

chord.     There  is  an  ultimately  coincident  cross  and  recross  at 

the  point  of  contact,  as  shown  at  the  ultimately  coincident 

points  P,  Q  in  fig.  34 ;  so  that  the  immediately  neighbouring 

portions  AP,  QB  must  in  general  lie  on  the  same  side  of  the 

tangent  PT. 

273.  We  may  thus  give  the  following  definition  of  concavity 

and  convexity.    Let  P  be  any  point  of  a  curve  in  the  midst 

of  continuous  curvature.    Let  A  and  B  be  two  points  near 

together  on  the  same  branch  of  the  curve  passing  through  P, 

but  on  opposite  sides  of  P.     Then  in  the  limit  when  the  arc 

211 
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AB  is  indefinitely  diminished  the  curve  is  concave  in  the 
immediate  neighbourhood  of  P  to  all  points  on  the  same  side 
of  the  tangent  as  the  arc  APB  and  convex  to  all  points  on  the 
opposite  side. 

274.  Point  of  Inflexion.     Stationary  Tang^ent. 

The  kind  of  point  discussed  in  Art.  272  is  an  ordinary  point 
on  a  curve.  It  may  however  happen  that  for  some  point  on 
the  curve  the  tangent,  after  its  cross  and  recross,  crosses  the 
curve  again  at  a  third  ultimately  coincident  point.  Such  a 
point  can  be  seen  magnified  in  Fig.  35. 


Fig.  35. 

In  this  case  it  is  clear  that  two  successive  tangents  coincide 
in  position :  viz.,  the  limiting  positions  of  the  chords  PQ,  QR. 
The  tangent  at  such  a  point  is  therefore  said  to  be  "  stationary'* 
and  the  point  is  called  a  "  point  of  contrary  flexure  *'  or  a 
"  point  of  inflexion  '*  on  the  curve.  The  tangent  on  the  whole 
crosses  its  curve  at  such  a  point,  and  the  curve  changes  from 
being  concave  to  points  on  one  side  of  the  tangent  to  being 
convex  to  the  same  set  of  points. 

275.  Point  of  Undulation. 

Agaiu,  there  may  be  a  point  on  the  curve  for  which  the 

p^ ^Q     R s 


/ 

Fig.  36. 

tangent  crosses  its  curve  in  four  ultimately  coincident  points, 
P,  Q,  iJ,  St  as  seen  magnified  in  Fig.  36,  and  the  point  is  then 
called  a  **  point  of  undulation  "  on  the  curve.  There  are  now 
three  contiguous  tangents  coincident,  and  the  tangent  on  the 
whole  does  not  cross  its  curve.  And  it  is  clear  that  singular- 
ities of  similar  character  but  of  a  higher  order  may  arise. 
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276.  Analytical  Tests.    Concavity  and  Convexity. 
It  is  easy  to  apply  analysis  to  the  investigation  of  the  form 
of  a  curve  at  any  particular  point 

Let  us  examine  the  point  x,  y  on  the  curve  y  =  <l>(x). 

Let  P  be  the  point  to  be  considered,  P^  an  adjacent  point  on 


Let 
then 


N  T^  X 

Fig.  37. 

the  curve.  Let  PN,  PiN-i  be  the  ordinates  of  P  and  P^,  and 
suppose  Pi-ATi  to  cut  the  tangent  at  P  in  Q^.  Then  ON=x, 
NP^y^<p(x), 

ON^=x+h, 

X^P^=<l>(x+h) 

=  <p(x)+k<l>Xx)+^<t>\x)+.,.,  (1) 

by  Taylor's  Theorem.  Again,  the  equation  of  the  tangent  at 
Pis  Y^y=^<l>Xx)(X^xl 

Putting  X=x+h 

we  obtain  Y=y+h(f>\x)  =  <t>(x)+h<l}\x), (2) 

which  gives  the  value  of  iV^Qj. 

Hence  the  ordinate  of  the  curve  exceeds  the  ordinate  of  the 
tangent  by 

^ii'i-^iQi  =  |^»+|r(«)+ (3) 

Now,  if  A  be  taken  sufficiently  small,  the  sign  of  the  right- 
hand  side  will  be  governed  by  that  of  its  first  term ;  and  this 
term  does  not  change  sign  with  h  because  it  contains  an  even 
power  of  h,  viz.,  the  square.  Hence,  in  general,  on  whichever 
side  of  P  the  point  P^  be  taken,  N^P^—N^Q^  will  have  the 
same  sign — positive  if  <f>\x)  be  positive,  and  negative  if  ^"(a;) 
be  negative ;  and  therefore  the  element  of  the  curve  at  P  is 
convex  or  concave  to  the  foot  of  the  ordinate  at  P  according  as 
^''(a;)  18  positive  or  negative. 
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We  have  drawn  our  figure  with  the  portion  of  the  curve 
considered  above  the  axis  of  x.  If,  however,  it  had  been  below, 
the  signs  of  N^P^  and  N^Qi  would  both  have  been  negative  and 
we  should  have  had  the  contrary  result.  But  observing  that 
<f^x)  is  positive  for  points  above  the  axis  of  x,  and  negative  for 
points  below,  we  may  obviously  state  the  unrestricted  rule  that 
the  elementary  portion  of  the  curve  y  =  ^(a;)  in  the  neighbour- 
hood of  the  point  {x,  y)  is  convex  or  concave  to  the  foot  of  the 

ordinate  according  gls  <f>(x)<f>"{x)  or  y-j^  ^  positive  or  negative. 

277.  Points  of  Inflexion. 

If  ^''(ic)  =  0  at  the  point  under  consideration,  we  have 

N,Pr-N,Q,=^f'{x)+^^^'"'{x)+..., 

and,  as  before,  the  sign  of  the  right-hand  side,  when  h  is  taken 
sufficiently  small,  is  governed  by  the  sign  of  its  first  term. 
But  this  now  depends  on  ^^  and  therefore  changes  sign  with  7^; 
that  is,  the  ordinate  of  the  curve  is  gi*eater  than  the  ordinate 

Y 


Fig.  38. 


of  the  tangent  on  one  side  of  P,  but  less  on  the  other.  The  tan- 
gent now  crosses  the  curve  at  its  point  of  contact,  and  the  point 
is  of  the  kind  described  in  Art.  274,and  called  h  point  of  inflexion, 
A  necessary  condition  then  for  a  point  of  inflexion  is  that  ^"(a;) 
if  not  infinite  should  vanish,  and  the  sign  of  (p'"{x)  determines 
the  character  of  the  inflexion ;  for  (assuming  the  element  above 
the  axis  of  x)  if  ij>'\x)  be  positive,  J^iP-^  —  ^iQi  changes  from 
negative  to  positive  in  passing  from  negative  to  positive  values 
of  h  :  i.e.,  in  passing  through  P  the  change  is  from  concavity 
to  convexity  with  regard  to  the  foot  of  the  ordinate.  But  if 
<l>'\x)  be  negative,  the  change  is  from  convexity  to  conoi^ity, 
and  this  latter  is  the  case  represented  in  the  figure. 
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278.  Point  of  Undulation. 

Again,  if  ^'"(^)=0  at  the  same  point,  and  <l/'"{x)  do  not 
vanish,  the  first  term  in  the  expansion  oi  N^P^—N^Q-^  depends 
on  A^  and  thei*efore  this  expression  does  not  change  sign  in 
passing  through  P.  The  tangent  therefore  on  the  whole  does 
not  cross  its  curve  at  P.  The  point  is  of  the  kind  described  in 
Art.  275  and  called  9^  point  of  undulation. 

279.  Higher  Degrees  of  Singularity. 

It  will  now  appear  that,  if  by  two  successive  differentiations 
a  result  of  the  form 

dhi 
be  deduced  from  the  equation  to  the  curve,  although  -t\ 

vanishes  both  at  the  points  given  by  aj=a  and  by  a;  =  6,  yet  it 
only  undergoes  a  change  of  sign  when  it  passes  through  x=b, 
the  index  of  the  factor  a;  — &  being  odd.  Hence  at  the  points 
given  by  05= a  there  is  no  ultimate  change  in  the  direction  of 
flexure,  while  at  those  giyen  by  a;=6  there  is  a  change.  The 
points  given  by  aj=a  look  to  the  eye  like  ordinary  points  on  a 
curve,  while  those  given  by  aj  =  6  resemble  points  of  inflexion, 
and  indeed  have  been  for  distinction  called  by  Cramer  points 
of  visible  inflexion,''^  although  the  singularity  is  of  a  higher 
order  than  that  described  in  Art.  274,  which  is  the  case  of 
m = 0,  If  ti  =  1,  the  points  given  by  a;  =  a  are  points  of  undula- 
tion, such  as  described  in  Art.  275.     So  that  for  an  Inflexional 

Point  ike  condition  -^  =  0,  though  necessary,  is  not  sufjicietit. 

The  complete  criterion  is  that  -rK  should  change  sign.    If  -r-j 

vanish,  but  do  not  change  sign,  the  curve  at  the  point  under 
consideration  is  undulatory. 


Case  when  the  Tangent  is  parallel  to  the  y-axis. 
The  test  of  concavity  or  convexity  has  been  shown  to  depend 

dhi 
upon  the  sign  of  ~t %.    In  the  case,  however,  of  an  arc,  the  tan- 
gent to  which  is  parallel  to  the  axis  of  y,  the  value  of  -,-  and 

*T>r.  Salmon,  Higher  Plane  Curves,  p.  85.     Cramer,  Anafyse  des  Lignet  Courbes, 
Geneva. 
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of  all  subsequent  differential  coefficients  is  infinite.     But  in 

this  case  it  is  obvious  that  it  would  be  convenient  to  consider 

y  instead  of  x  for  the  independent  variable,  and  then  the  sign 

d?x 
of  J  J  will  test  the  concavity  or  convexity  to  the  foot  of  the 

ordinate  drawn  from  the  point  under  consideration  to  the  axis 
ofy. 

Similarly,  at  a  point  of  inflexion  at  which  the  tangent  is 

parallel  to  the  axis  of  y,  -r-^  must  change  sign. 

And  in  other  cases  whenever  it  is  more  convenient  to  use  y 
instead  of  x  for  our  independent  variable,  we  are  of  course  at 
liberty  to  do  so  with  an  interchange  of  the  letters  x  and  y  in 
the  formula  quoted. 


Pa 


O  N^  N  N,    X 

Fig.  S9. 

281.  The  test  for  concavity  or  convexity  Tnay  also  he  investi- 
gated 03  follows : — 

Let  P  be  any  point  of  the  curve,  co-ordinates  x  and  y.  Let 
the  adjacent  points  on  the  curve  P^  and  Pj  have  co-ordinates, 
(x— fe,  y{)  and  (x+h,  y^  respectively.  Let  the  ordinate  of  P 
cut  the  chord  PiP^  in  Q.  Then  if  A  be  made  infiuitesimally 
small,  the  portion  of  the  curve  in  the  immediate  neighbourhood 
of  P  will  be  convex  or  concave  to  N,  according  as  NP  is  <  or 


>  XQ,  !.«.,  as 


Now 


y  is<or>^^^^. 
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80  that  the  criterion  depends  upon  whether 

ybe<or>2/+^,^^+..., 
and  proceeding  to  the  limit  the  curve  is  convex  or  concave  to 
iV  according  as  -^-^  is  positive  or  negative. 

Ex.  1.  Consider  the  curve  y=:2»Jax.     Is  it  CMwex  or  concave  to  the  foot  of 
the  ordinate  f 

Hence  y-j^  is  negative  for  all  positive  values  of  x  (and  negative  values  of 

X  are  not  admissible),  so  that  the  curve  in  the  neighbourhood  of  any 
specified  point  is  concave  to  the  foot  of  the  ordinate  of  that  point. 
Ex.  2.  Consider  the  curve  4r=y+3y".    ffas  it  a  point  of  inflexion  f 

Here  5^=6(^+1)' 

SO  that  -^  clianges  sign  as  y  passes  through  the  value  y-s  - 1.    Therefore 

the  point  (2,  - 1)  is  a  point  of  inflexion  on  the  curve. 

282.  Convexity  and  Concavity  of  a  Polar  Cnrva 
Suppose  the  equation  of  a  curve  to  be  given  in  polar  co- 
ordinates as  u=^f(d\  and  that  it  is  required  to  find  a  test  of 
convexity  or  concavity  towards  the  pole. 


Fig.  4a 

Let  0  be  the  pole,  P  the  point  of  the  curve  to  be  examined. 

Let  the  co-ordinates  of  P  be  denoted  by  r,  6,  and  let  ^,  5  be 
two  points  on  the  curve  adjacent  to  P,  and  one  on  each  side  of 
it  whose  co-ordiuatea  are  respectively  (r^,  O—Sd)  and  {r^  6+ SO), 
Then  the  curve  in  the  immediate  neighbourhood  of  P  will  be 
concave  or  convex  to  0,  according  as 

AAOP+ABOP  is  >  or  <  AAOB 
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when  we  proceed  to  the  limit     That  is,  according  as 

r^r  sin  SQ'{'rr^\n  Sd>  or  <  r^r^sin  2^, 
or  Vjir+rr^  >  or  <  2rjr^cos  SO ; 

i.e.,  as  itg+Uj  >  or  <  2u  cos  SOy 

where  we  have  written  r,  =  — ,  etc. 
Now,  by  Taylor's  Theorem, 

and  therefore 

whence  we  have  concavity  or  convexity  to  the  pole  accordiug 
as  2u+2^^  -^+.,.ia>or<2u[l^-^+...), 

and  proceeding  to  the  limit  according  as 
?t+-™  IS  >  or  <  0. 

283.  Polar  Condition  for  a  Point  of  Inflexion. 
At  a  point  of  inflexion  the  curve  changes  from  concavity 
to  convexity,  and  therefore  the  necessary  condition  is  that 

u+  ,^2  should  change  sign. 

Ex.  Find  the  point  of  inflexion  on  the  curve  r^aQ~\. 
Here  aw=^, 

therefore  a^=-l^i 

Hence,  putting  tt  +  _=o 

to  find  for  what  value  of  ^  a  change  of  sign  can  occur,  we  have 

And  the  poeitive  value  only  is  admissible,  giving 

e-\    ) 

as  the  polar  co-ordinates  of  the  point  of  inflexion. 
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284.  Condition  for  Pedal  Equations. 

It  will  be  obvious  from  a  figure  that  for  an  element  of  a 
curve  which  is  concave  towards  the  pole  p  and  r  increase  or 
decrease  together.     But  for  convexity  p  increases  as  r  decreases 

and  vice  versa.    Thus  for  concavity  J^  is  positive  ;  for  con- 
vexity negative. 

At  a  point  of  inflexion  -J-  changes  sign, 

285.  This  condition  is  deducible  at  once  from  the  polar  condition,  for 
since  j,-8=M8+(^y 

_  1  c^  cPw  . 

whence  the  result  follows  immediately. 

Examples. 

1.  Show  that  the  curve  y=c*  is  at  every  point  convex  to  the  foot  of  the 
ordinate  of  that  point. 

2.  Show  that  for  the  cubical  parabola 

there  is  a  point  of  inflexion  whose  abscissa  is  b, 

3.  Show  that  there  are  points  of  inflexion  at  the  origin  on  each  of  the 

curves  (a)  v=:rcos-. 

a 

(i8)y=atan|. 

(7)y=^log(l-j:). 

4.  Show  that  there  is  a  point  of  inflexion  on  the  curve 

at  the  point  (8,  e*). 

5.  Show  that  every  point  in  which  the  curve  of  sines 

^=sinr 
a  0 

cuts  the  axis  of  x  is  a  point  of  inflexion  on  the  curve. 

6.  Determine  the  nature  of  the  point  where  ^=6  on  the  cur\'e 

(y  -  a  -  ;f)* = a(:F  -  6)5. 

7.  Show  that  the  curve 

(y  -  a)* = o^  -  2a*dr + o-c* 
is  always  concave  towards  the  foot  of  the  ordinate.    How  is  it  situated 
with  regard  to  points  on  the  y-axis  ? 

8.  Ascertain  whether  the  spiral 

rcosh  O^a 
is  convex  or  concave  towards  the  pole. 
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9.  Show  that  if  the  origin  be  a  point  of  inflexion  on  the  curve 

ttl  +  t*j  +  W8+...=0 

Wj  will  contain  Wj  for  a  factor. 

10.  Show  that  there  is  a  point  of  inflexion  at  the  origin  on  the  cubic 

11.  Show  that  there  is  a  point  of  undulation  at  the  origin  on  the  curve 

y = cw?* + t^y + cy*. 

1 2.  Find  the  positions  of  the  points  of  inflexion  on  the  curve 

12y=a?*-16.r8+42a7*+12ar+l. 

13.  Prove  that  the  curve 

y=ihe  w 
has  a  point  of  inflexion  given  by 

14.  Prove  that  the  point  (  -  2,  —^  j  is  a  point  of  inflexion  on  the  curve 

Multiple  Points  and  Tangents. 

286.  Nature  of  a  Multiple  Point. 

A  singularity  of  different  nature  from  those  above  described 
occurs  on  a  curve  at  a  point  where  two  branches  intersect,  as 
at  the  point  A  in  the  accompanying  figure.  It  will  appear 
from  an  inspection  of  the  figure  that  at  such  a  point  as  the  one 
drawn  there  are  tvx>  tangents  to  the  curve,  one  for  each  branch. 


Fig.  41. 

Each  taugent  cuts  the  curve  in  two  ultimately  coincident  points, 
such  as  P,  Q  on  one  branch,  and  it  incidentally  intersects  the 
other  branch  through  J.  in  a  third  point  iJ,  ultimately  also 
coinciding  with  A.  Each  tangent  therefore  at  such  a  point 
intersects  the  curve  in  three  ultimately  coincident  points  at  the 
point  of  contact ;  and  if  the  curve  be  of  the  n^  degree,  each 
tangent  will  cut  the  curve  again  in  7i  — 3  points  real  or  imagin- 
ary. In  this  respect  the  tangent  at  such  a  point  resembles  the 
tangent  at  a  point  of  inflexion,  for  (Art.  274)  the  point  of  con- 
tact of  a  tangent  at  a  point  of  inflexion  counts  for  three  of  the 
n  intersections  of  the  line  with  the  curve. 
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287.  Points  through  which  more  than  one  branch  of  a  curve 
passes  are  called  ** multiple  points'*  on  the  curve.  If  two 
branches  pass  through  the  point  A,  as  in  the  above  figure,  A  is 
called  a  "  double  point*'  If  three  branches  pass  through  any 
point,  that  point  is  called  a  "triple, point"  on  the  curve  ;  and 
generally,  if  through  any  point  r  branches  of  the  curve  pass, 
that  point  is  refeiTcd  to  as  a  **  multiple  point  of  the  r^  order'* 
on  the  curve.  From  what  has  been  said  with  regard  to  the 
tangents  at  a  double  point  it  will  be  obvious  that  there  are  r 
tangents  (real  or  imaginary)  at  a  multiple  point  of  the  r^  order, 
one  for  each  branch.  At  such  a  point  each  of  these  r  tangents 
cuts  its  own  branch  in  general  in  two  points,  and  each  of  the 
other  branches  in  one  point :  i.e.,  in  r+1  points  altogether,  all 
ultimately  coincident  with  the  multiple  point.  Such  a  tangent 
therefore  cuts  the  curve  in  ti— r—  1  other  points  real  or  imagin- 
ary. But  if  at  the  multiple  point  there  happen  to  be  a  point 
of  inflexion  on  the  branch  considered,  the  tangent  will  cut  that 
branch  in  three  points  instead  of  two  at  the  point  of  contact, 
making  r+2  points  of  intersection  with  the  curve  at  the  mul- 
tiple point,  and  therefore  reducing  the  remaining  number  of 
points  of  intersection  to  ti— r— 2. 

288.  Species  of  Doable  Points. 

Consider  the  case  of  a  double  point.  The  tangents  there 
may  be  real,  coincident  or  imaginary. 

Case  1.  If  the  tangents  be  real  and  not  coincident,  there  are 
two  real  branches  of  the  curve  passing  through  the  point,  and 
the  point  is  called  a  node  or  crunode. 


Fig.  42. 

Case  2.  If  the  tangents  be  imaginary,  there  are  no  real  points 
on  the  curve  in  the  immediate  neighbourhood  of  the  point  con- 
sidered, and  we  are  unable  to  travel  along  the  curve  from  such 
a  point  in  any  real  direction.  Such  a  point  is  therefore  simply 
an  isolated  point,  whose  co-ordinates  satisfy  the  equation  to  the 
curve,  and  is  called  a  "conjugate  point**  or  "acTwde,** 
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Case  3.  If  the  tangents  at  the  double  point  be  coincident, 
the  two  branches  of  the  curve  will  touch  at  the  i)oint  con- 
sidered. The  point  is  then  in  general  of  the  character  called  a 
stationary  point,  cusp  or  apinode. 

289.  Two  SpecieB  of  Cusps. 

There  are  two  kinds  of  cusps,  as  shown  in  the  accompanying 
figures.  .^x 


Fig.  4a  Fig.  44. 

(a)  In  fig.  43  the  branches  PA,  QA  lie  on  opposite  sides  of 
the  tangent  at  A.  This  is  referred  to  as  a  cusp  of  the  first 
species  or  a  keratoid  cusp  (i.e.,  cusp  like  hxyms). 

(j8)  In  Fig.  44  the  branches  PA,  QA  lie  on  the  same  side  of 
the  tangent  at  A,  This  is  called  a  cusp  of  the  second  species  or 
a  ramphoid  cusp  {i,e,,  cusp  like  a  beaJc). 

290.  A  Multiple  Point  can  be  considerad  as  a  Combination  of 
rouble  Points. 

A  triple  point  may  obviously  be  considered  as  a  combination 
of  three  double  points,  for  of  the  three  branches  intersecting  at 
the  point  each  pair  form  a  double  point  at  their  point  of  inter- 
section.   And  in  general  a  multiple  point  of  the  r***  order  may 

rir"^  1) 
be  considered  as  the  result  of  the  combination  of — ^ — -  double 

points,  since  this  is  the  number  of  ways  of  combining  the  r 
branches  two  at  a  time. 

291.  To  examine  the  Nature  of  the  Origin. 

If  the  equation  of  a  curve  be  rational  and  algebraic,  it  may 
be  written  in  the  form 

a 

+  c^x^')rc.pcy+c^y^ 
+  ... 
-|-iiX«-|-Avc~-V  +  -.+^+iy*  =  0 (A) 
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If  this  be  put  into  polar  co-ordinates  it  becomes 

a 
+r(6iC08  O+ftasi*^  ^) 
+r2(CiCOs*0+C2Cos  6  sin  d+c^in^d) 
+  .,. 

+7^(A:iCos^0+Jfc2COs^-^d8in0+...+A!H+isin'»0)  =  O (b) 

Let  0  be  the  pole  and  OA  the  initial  line.    Then  equation 
(b)  gives  the  points  P^,  Pg,  Ps  •••»  iii  which  a  radius  vector 


o 

Fig.  45. 

OP^P^..,,  making  a  given  angle  Q  with  OA,  cuts  the  curve. 
The  roots  of  this  equation  are  OPy^,  OP^,  OP^, .... 

It  is  clearly  of  the  n^  degree,  and  therefore  has  n  roota 
These  may,  however,  become  imaginary  in  pairs. 

I.  If  a=0  it  will  be  obvious  from  either  the  Cartesian  equa- 
tion (a)  or  the  Polar  equation  (b)  that  the  curve  passes  through 
the  origin  0.  In  this  case  one  root  of  the  equation  (b)  is  zero, 
and  in  the  figure  OP|  =  0. 

IL  In  this  case,  if  0  be  so  chosen  as  to  make 
5iCOS  O+h^in  6=0, 
a  second  root  of  the  equation  (b)  vanishes,  and  therefore  we 

infer  that  a  straight  line  making  an  angle  tan-^f  —  rM  with  the 

initial  line  cuts  the  curve  in  two  contiguous  points  at  the  origin, 
and  therefoi^e  is  the  tangent  there.  The  Cartesian  equation  of 
this  line  is  obvious  upon  multiplying  by  r,  viz.. 

Hence  if  a  curve  pass  through  the  origin,  the  terms  of  first 
degree  (if  any  such  exist)  on  being  equated  to  zero  form  the 
equaiion  of  the  tangent  at  the  origin.    (See  Art.  197.) 

III.  If  a  =  0,  6i  =  0,  and  62=0,  then  in  general  it  is  possible 
to  choose  Q  so  that 

Cicos*0  -I-  CjCos  6  sin  d + e^u^Q = 0, 
and  then  three  roots  of  equation  (b)  will  vanish ;  that  is  to  say, 
of  the  pair  of  lines  whose  equation  is  c^(k?+c^'\'C^=^0  each 
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cuts  the  curve  at  the  origin  in  three  contiguous  points.  There 
are  therefore  two  branches  of  the  curve  intersecting  at  the 
origin,  to  each  of  which  a  tangent  can  be  drawn,  and  of  the 
three  contiguous  points  in  which  it  has  been  seen  that  ea^h  of 
these  tangents  cuts  the  curve  two  lie  on  one  branch  and  the 
other  on  the  remaining  branch.  The  origin  is  in  this  case  a 
dovJble  point  on  the  curve,  and  the  terms  of  lowest  degree  in 
the  equation  of  the  curve,  viz., 

when  equated  to  zero  form  the  equation  of  the  tangents  at  the 
origin.    The  tangent  of  the  angle  between  these  straight  lines 

IS  given  by  tan0=  — ^— — i-*. 

Ci  +  Cg 

If  c^>4ec^c^,  the  tangents  are  real  and  not  coincident,  and  there 

is  a  node  at  the  origin. 
If  c2*=4ciC8,  the  tangents  are  coincident,  and  the  two  branches 

of  the  curve  touch,  and  there  is  in  general  a  cusp  at 

the  origin. 
If  c^  <  4ci(;3,  there  are  no  real  tangents  at  the  origin,  although 

the  co-ordinates  of  the  origin  satisfy  the  equation  of  the 

curve ;  there  is  then  a  conjugate  point  at  the  origin. 
If  Ci+C3  =  0,  the  tangents  at  the  origin  intersect  at  right  angles. 

IV.  If  a  =  0,  61  =  0,  62  =  ^*  ^i  =  0>  ^2  =  0*  ^8  =  0'  *^®  origin  is  a 
trvple  point  on  the  curve,  and  (as  shown  in  III.  for  the  tangents 
at  a  double  point)  the  tangents  at  the  origin  ai*e 

d^a?-\-d^hi-\-d,fcy^+d^y^=0. 

V.  And  generally,  if  the  lowest  terms  of  an  equation  are  of 
the  r*^  degree,  the  origin  is  a  '*  multiple  point  of  the  r^  order** 
on  the  curve,  and  the  terms  of  the  r*^  degree  equated  to  zero 
give  the  r  tangents  there. 

292.  To  examine  the  Character  of  any  Specified  Point  on  a  Curve. 
Results  similar  to  those  of  the  preceding  article  may  be 
deduced  for  any  point  on  the  curve. 

Let  the  straight  line  —. —  ^- =/o  be  drawn  through  a 

given  point  Qi,  k)  to  cut  the  curve  f{Xy  y)  =  0.     Then 

x  =  h-\rlp, 
y=ik+mp. 
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The  use  of  these  equations  is  obviously  equivalent  to  a  double 
transformation  of  co-ordinates,  the  first  to  parallel  axes  through 
h,  k,  the  second  to  polars. 

Substituting  for  x  and  y  in  the  equation  of  the  curve  we 

obtain  f(h+lp,  k+mp)  =  0 

to  find  the  points  P^  P^, ..  in  which  a  radius  vector  through 
the  point  h,  k  cuts  the  curve. 

If  this  be  expanded  by  the  extended  form  of  Taylor's 
Theorem,  the  equation  becomes 


-lK-'"4)>--«- 


which  is  exactly  analogous  to  equation  (b)  of  Art.  291,  and 
corresponding  results  follow. 

I.  If /(A,  k)=0,  one  root  of  the  equation  for  p  vanishes  and 
the  point  h,  k  lies  on  the  curve  (which  is  otherwise  obvious). 

II.  In  this  case,  if  the  ratio  Z :  m  be  now  so  chosen  that 

then  another  root  vanishes,  and  this  relation  gives  the  direction 
of  the  tangent f  whose  equation  is  therefore 

as  found  in  Art.  191. 

III.  But  if  ^=0  and  |^=0,  as  well  as  /(A,  ifc)  =  0,  then  all 

lines  through  /t,  k  cut  the  curve  in  two  contiguous  points. 
But  if  the  ratio  Z :  m  be  so  chosen  that 

we  have  in  general,  as  in  Art  291,  III.,  two  directions  in  which 

a  radius  vector  drawn  through  (A,  k)  cuts  the  curve  in  three 

contiguous  points.    The  point  (h,  k)  is  a  double  point  on  the 

curve,  since  two  branches  of  the  curve  pass  through  this  point ; 

and  of  the  three  contiguous  points  in  which  each  of  the  above- 
E.D.a  p 
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mentioned  radii  vectores  meets  the  curve,  two  lie  on  one  branch 
and  one  on  the  other.    The  equation  of  the  two  tangents  is 

IV.  Further,  if  0=0,  ^^=0,  and  ^=0,  in  addition  to 

^  =  0,  ^  =  0,  and  fill,  A:)  =  0,  identically  for  the  same  values  of 

A,  i,  and  if  on  going  to  terms  of  the  third  order  we  find  that 
all  these  do  not  identically  vanish,  the  point  (A,  k)  is  a  triple 
point  on  the  curve. 

V.  And  generally  the  conditions  for  the  existence  of  a  TavZ- 
tiple  point  of  the  r^  order  at  a  given  point  Kk  oi  the  curve 
are  that  fix,  y)  and  all  its  difierential  coefficients  up  to  those 
of  the  (r—1)*^  order  inclusive  should  vanish  when  x=h  and 
y  =  k;  and  then  the  equation  of  the  r  tangents  at  that  point 
will  be 

293.  Special  Case  of  Doable  Point. 

Recurring  to  the  case  of  a  double  point  at  a  point  (A,  k),  since 
the  equation  of  the  tangents  is 

the  angle  between  these  tangents  is  given  by 

2  [TWYZWW 
*'°* WTW ' 

and  the  point  h,k  is  a,  node  or  conjugate  point  according  as 

\dkdk)  ^^  <  dh' '  -dh?' 

and  is  vn  general  a  cusp  if 

\?)hdk}  ~dh^    dk^' 
with  the  preliminary  conditions  in  each  case  that 

/(A,A.)=O.|=0.and|=0. 
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We  say  in  general  a  cusp ;  for  it  will  be  seen  that  in  some 
cases  when  the  above  conditions  hold  the  curve  becomes  imagin- 
ai'y  in  the  neighbourhood  of  the  point  considered,  which  must 
therefore  be  classed  as  a  conjugate  point  In  the  case  of  the 
coincidence  of  tangents,  further  investigation  is  therefore  neces- 
sary. The  mode  of  procedure  is  indicated  below  in  the  method 
for  the  investigation  of  the  character  of  a  cusp.     It  appears  that 

\dxdyJ  "dix^'  dy^ 
represents  a  curve  which  cuts  J{x,  y)  =  0  in  all  its  cusps;  and 

that  ^^+^{=0 

is  a  l5urve  which  cuts  f{x,  ?/)=0  in  all  the  double  points  at 
which  the  tangents  are  at  right  angles. 

294.  To  search  for  Doable  Points. 

The  rule  therefore  to  search  for  double  points  on  a  curve 

f(jx,  y)  =  0  is  as  follows.     Find  ^  and  ^ ;  equate  each  to  zero 

and  solve.  Test  whether  any  of  the  solutions  satisfy  the  equa- 
tion of  the  curve.  If  so,  apply  the  tests  for  the  character  of 
each  of  the  points  denoted,  i.e.,  try  whether 

KdxdyJ         <  da^    dy* 

295.  To  discriminate  the  Species  of  a  Cusp. 

Method  L  Suppose  the  position  of  a  cusp  to  have  been 
found  by  the  foregoing  rules.  Transfer  the  origin  to  the  cusp. 
The  transformed  equation  will  be  of  the  form 

(aa+byf+u^+u^+...  =  0, (1) 

where  ax+by  =  0  is  the  tangent  at  the  origin,  and  u^,  u^, ... 
are  homogeneous  rational  algebraical  functions  of  x  and  y  of 
the  degrees  indicated  by  their  respective  suffixea 

Let  P  be  the  length  of  the  perpendicular  drawn  from  a  point 
X,  y  of  the  curve,  very  near  the  cusp,  upon  the  tangent 
ax+by  =  0, 

"'^^ « 
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If  ^  be  eliminated  between  equations  (1)  and  (2),  an  equation 
is  obtained  giving  P  in  terms  of  x.  It  is  our  object  to  consider 
only  the  two  small  perpendiculars  from  points  on  the  curve 
near  the  origin,  and  having  a  given  small  abscissa  x ;  hence  in 
comparison  with  P*  we  reject  cubes  and  all  higher  powers  of 
P  and  also  all  such  terms  as  P^,  P^x^, ...  which  may  arise  on 
substitution. 


Fig.  46. — Single  oosp,  first  species.  Fig.  47.— Single  cusp,  second  spades. 


Fig.  48.  —Double  cusp,  first  species.  Fig.  49. — ^Double  cusp,  second  species. 


Fig.  50.— Double  cusp,  change  of  species.    Osculinflexion. 

We  shall  then  have  a  quadratic  to  determine  P.  If,  when  x  is 
made  very  small,  the  roots  be  imaginary,  the  branches  of  the 
curve  through  the  origin  are  unreal,  and  therefore  there  is 
a  conjugate  point  at  the  origin.     If  the  roots  be  real,  but  of 
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opposite  signs,  the  two  small  perpendiculars  lie  on  opposite 
sides  of  the  tangent,  and  there  is  a  citsp  of  the  f/rst  species  at 
the  origin.  If  the  roots  be  real  and  of  like  sign  the  perpendic- 
ulars lie  on  the  same  side  and  the  cusp  is  of  the  second  species, 
and  the  sign  of  the  roots  determines  on  which  side  of  the  tan- 
gent the  cusp  lies. 

Complete  information  is  also  afforded  by  this  method  as  to 
whether  the  cusp  is  single  or  dmcble,  i.e.,  as  to  whether  the 
branches  of  the  curve  extend  from  the  cusp  towards  one 
extremity  only  of  the  tangent,  or  towards  both  extremities 
as  shown  in  the  annexed  figurea 

The  reality  of  the  roots  of  the  quadratic  for  P  will  in  some 
cases  depend  upon,  and  in  others  be  independent  of  the  sign 
of  X,  In  the  former  cases  the  cusp  is  single ;  in  the  latter, 
double.  Moreover,  if  double,  we  can  detect  whether  the  cusp 
is  of  the  same  or  of  different  species  towards  opposite  extrem- 
ities of  the  tangent  When  the  cusp  is  of  different  species 
towards  opposite  extremities  the  point  is  called  by  Cramer  a 
jxnnt  of  OscvUmjlexion. 

In  adopting  the  above  process  it  will  clearly  be  sufficient  to 
put  P=^ax+by,  thus  dropping  the  s/a^+b^  for  the  sake  of 
brevity;  the  effect  of  this  being  to  consider  a  line  whose  length 
is  proportional  to  that  of  the  perpendicular  instead  of  the  per- 
pendicular itself. 

Ex.  1.  Epdmine  the  character  of  the  origin  on  the  curve 

:f*  -  4r^  -  Say*  +  4y«=0. 

Here  the  tangent  at  the  origin  is  y =0.  According  to  the  rule  put  y=P. 
The  quadratic  for  P  is 

F\4-2x)-4Fx^-hx'=0, 

The  roots  of  this  equation  are  real  or  imaginary  according  as 

4t*  is  >  or  <  a!\4  -  20*), 

t.e.,  according  as  :p  is  positive  or  negative.  Hence  the  cusp  is  ^^ single** 
and  lies  to  the  right  of  the  axis  of  y.     Moreover  the  product  of  the  root? 

ift and  is  positive  when  ^  is  very  small,  and  the  roots  are  therefore 

of  the  same  sign.  The  origin  is  therefore  a  single  cusp  of  the  second  species. 
Moreover  the  sum  of  the  roots  is  positive,  so  that  the  two  hranches  near 
the  origin  lie  in  the  first  quadrant. 
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Ex.  2.  Examuie  the  character  of  the  curve 

at  the  origin.     Here  y=0  is  a  tangent  at  the  origin.    Put  y=P.    The 
quadratic  for  P  is 

PX9-ar)-ar2P+;F*=0. 
The  roots  are  real  or  imaginary  according  as  9a?*  -  4(9  -  Zx)a^  is  positive  or 
negative,  i.e,y  as  -27ar*+  12j:*  is  positive  or  negative. 
,  Now,  when  x  is  very  small,  a^  is  negligible  in  comparison  with  x^y  and 
therefore  the  above  expression  is  negative  for  very  small  positive  or  nega- 
tive values  of  x.  The  roots  of  the  equation  for  Pare  therefore  imaginary, 
and  the  origin  is  a  conjugate  point  on  the  curve. 

Ex.  3.  Examine  the  character  of  the  cwrve 

y^F{x)±{x-h)  ^  f{x) (1) 

in  the  nei^hbowhood  of  the  point  x=h,  y  —  F\h\  m  aiid  n  being  positive 
integers. 
By  Taylor's  Theorem  we  may  write 

F{x+h)^F\h)+ax+bji^+ .,. 
and  [f{x+h)'^=a^+b^x+  ...y 

where  a^  being  \^f(Jijf  is  necessarily  positive. 
Hence  on  transforming  our  origin  to  the  point  {A,  F{h)}  we  obtain  for 

the  transformed  equation 

a»m-i 

{y-ax-bs^  -„,f=x  -  (ai+M+...). (2) 

Examining  the  form  of  the  curve  at  the  origin,  there  are  obviously  coin- 
cident tangents  if  ?^±1  be  >  2. 
n 

Vyxty-ax—P,  then 

Sm+l 

i«-2P(6a?2+...)+62.r*-a,.r  "    -...=0. 
That  the  roots  of  this  quadratic  are  real,  if  or  be  positive  and  small,  is 
obvious  from  equation  (2)  ;  also,  that  the  roots  are  imaginary  for  small 
negative  values  of  x.    There  is  therefore  a  single  cusp  extending  to  the 
right  of  the  new  axis  ofy. 

Again,  the  product  of  the  roots = 6V  -  a^x  *•    - . . .. 

If  ^^"^    >  4,  this  product  has  the  same  sign  as  oi^  when  x  is  taken 
n 

sufficiently  small,  and  therefore  is  positive,  giving  a  cusp  of  the  second 

species. 

If <  4,  the  term  —  aix  "     is  the  important  term  in  the  product 

n 

and  is  negative,  x  being  positive.    There  is  therefore  in  this  case  a  cusp  of 
thQ  first  species. 

We  have  assumed  that  the  coefficient  b  or  -F"{h)  is  not  zero.  If  how- 
ever this  coefficient  vanish,  it  is  easy  to  make  the  corresponding  change 
in  the  subsequent  investigation. 
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Ex.  4.  Examine  the  nature  of  the  double  point  on  the  cwh>e 
(ar+y)>-V2(y-^+2)«=0. 

Here  ^=3(x+y)«+2  V2(y-^+2)=0, 

These  give  j7+y=0, 

and  y-^+2 

or  X—  1, 

Now  this  point  obviously  lies  upon  the  curve,  and  there  is  therefore  a 
multiple  point  of  some  description  there. 

A^ain,  ^=6(j:+y)-2V2=  -2^2  at  the  point  (1,  -1), 


:3 


p=6(:r+y)- 2^/2= -2^2, 
^=6(x+y)+2V2=2VS. 
Hence  at  this  point  g    ^=(^y, 

and  we  have  a  double  point  at  which  the  tangents  are  coincident. 

Next,  transforming  to  the  point  (1,  - 1)  for  origin,  the  equation  becomes 
(^+y)'-V2(y-:r)»=0. 
According  to  the  rule  we  put  y-;r=P.    Then  rejecting  terms  in  F^  and 
I^x  we  have  P*-&r»  V2P-4r»^/2=a 

The  roots  are  real  if  iar*  +  4  V2^>  0, 

which  is  the  case  if  :p  be  very  small  and  positive.    There  is  therefore  a 
iingle  cusp  at  the  point  (1,  - 1). 

Again,  the  product  of  the  roots  =  -4a^  V2»  and  is  negative  when  x  is 
smalL    This  indicates  that  the  cusp  is  one  of  the/r«^  species. 

[This  curve  is  obvioiisly  only  a  transformation  of  the  semi-cubical  pai'a- 
bolay'=x*.] 

Ex.  5.  Search  for  a  multiple  point  upon  the  curve 

x'+a»*+2^+2ar'+a:^  +  2:ry-i-yH2ar  +  2y  +  l=0. 
Here  |^=7jc«+8^+6^y  +  6ar*+2ar+2y+2=0.  (i.) 

|^=2a:»+2x -4-2^  +  2=0.  (ii.) 

From  the  second  equation  y=-^— j?-l. 
Substituting  in  (i.)  7a^-ar*=0, 

whence  dr=0  or  f, 

and  therefore  y=— 1  or  -^ft 


a43 
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It  is  obvious  that  the  latter  solution  canuot  satisfy  the  equation  to  the 
curve. 
Transforming  to  the  point  (0,  -  1 ),  the  equation  becomes 

indicating  that  there  is  either  a  cusp  at  the  new  origin  to  which  x+y=0 
is  a  tangent,  or  a  conjugate  point. 

Put  x+y=P,  then  P^+2Pj:^+x^  =  0, 

The  roots  will  be  real  if  x*- j?^  is  positive,  which  is  true  when  x  is  positive 
and  less  than  1,  and  also  when  x  is  negative.  Hence  there  is  a  double  cusp. 
The  product  of  the  roots  is  x^j  which  is  positive  or  negative  according  as  x 
is  positive  or  negative.  It  is  therefore  ramphoid  on  the  right-hand  side 
of  the  new  y-axis  and  keratoid  on  the  left-hand  side,  and  therefore  there 
is  an  osculinflexion.  Also  the  sum  of  the  roots  is  -  2x\  and  is  therefore 
positive  when  x  is  negative  ;  hence  on  the  left  side  of  the  new  y-axis  the 
upper  portion  of  the  curve  deviates  from  the  tangent  more  rapidly  than 
the  lower  portion. 

296.  Method  II.  Another  method  of  discrimination  of  the 
species  of  a  cusp  depends  upon  the  test  for  concavity  or  convex- 

ity.    Find  the  two  values  of  ^  (or  ^-^,  see  Art.  280).     K  these 

have  opposite  signs  very  near  to  the  cusp,  the  two  branches 
starting  from  the  cusp  are  in  general  one  concave  and  the  other 
convex  to  the  foot  of  the  ordinate,  and  the  cusp  is  of  the  Jirst 
species.  But  if  the  signs  be  the  same,  the  two  branches  are 
either  both  concave  or  both  convex  to  the  foot  of  the  ordinate, 
and  the  cusp  is  of  the  second  species.  In  the  case  however 
when  the  a?-axis  is  a  tangent  at  the  cusp,  the  cusp  will  be 
keratoid  when  both  branches  are  convex  to  points  on  the  axis 

near  the  cusp.  But  in  this  case  the  values  of  -r^  are  of 
opposite  sign.     Hence  the  above  test  still  holds. 

Ex.  Discuss  the  form  of  the  curve  y—x±.3^  at  the  origin. 

Here  ^^=±3/4^/^. 

Hence  only  positive  values  of  x  are  adnjissible  and  the  two  values  of  y^ 
have  opposite  signs.    The  origin  is  therefore  a  single  cusp  of  the  first  species. 

297.  Singularities  on  the  Beciprocal  Curve. 

Since  to  a  tangent  to  a  curve  corresponds  a  point  on  its 
polar  reciprocal,  it  will  be  evident  that  to  the  points  in  which 
a  straight  line  cuts  the  one  correspond  the  tangents  which  can 
be  drawn  from  a  given  point  to  the  other.  If  the  one  has  a 
multiple  point  of  the  p^  order  the  other  has  a  multiple  tangent 
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touching  its  curve  at  p  distinct  points ;  to  a  double  point  on 
the  one  corresponds  a  double  tangent  or  bi-tangent  to  the  other ; 
to  a  stationary  point  on  the  one  corresponds  a  stationary  tan- 
gent on  the  other. 

These  considerations  t«nd  to  show  that  the  multiple-tangent 
should  be  classed  as  a  distinct  singularity. 

Examples. 

1.  Show  that  for  the  semi-cubical  parabola 

the  origin  is  a  cusp  of  the  Brst  species, 

2.  Show  that  the  origin  is  a  cusp  of  the  first  species  on  the  curve 

3.  Show  that  the  curves 

v'^ar^sin-,      tr'=jr^an- 

have  cusps  of  the  first  kind  at  the  origin . 

4.  Show  that  at  the  origin  on  the  carve 

v*=6a:siu- 
a 

there  is  a  node  or  a  conjugate  point  according  as  a  and  h  have  like  or 

unlike  signs. 

5.  Show  that  for  the  Cissoid  y^—'r 

the  origin  is  a  cusp  of  the  first  species. 

6.  Examine  the  nature  of  the  point  on  the  curve 

y-2=j<l+ar+j?') 
where  it  cuts  the  y-axis. 

7.  In  the  cur\-e  c^y^  -  2abx^y=a^ 

show  that  there  is  an  osculinflexion  at  the  origin.  [Obaueb.] 

8.  Search  for  the  double  point  on 

(y-2)»=.r(a:-l)^ 
and  find  the  directions  of  the  tangents  there. 

9.  Determine  the  position  and  species  of  the  cusps  of  the  following 

curves : — 

(a.)(2y  +  ar+l)*'^  =  4(l-:F)*, 

(6.)  (y+x)*-(y-:r)*=l, 

(c.)  ay2+2aV-a^-3a2^-3aS=0. 

10.  Examine  the  nature  of  the  point  ( -  a,  a)  on  the  curve 

-p4  _  Qy8  ^  2aj^  +  4ajc' +  3ay + 4a*a^  +  4a*j:*  -  a*y = 0. 

11.  Show  that  at  the  point  (  - 1,  -  2)  there  is  a  cusp  of  the  first  species 
on  the  curve  x^+%(^  +  txy-f+bx-2y^Q. 

12.  Show  that  at  each  of  the  four  points  of  intersection  of  the  curve 

with  the  axes  there  is  a  cusp  of  tlie  first  species. 
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13.  Show  that  the  origin  is  a  conjugate  point  on  the  curve 

ar*  -  ar^ + ojty* + a^ = 0. 

14.  Show  that  at  the  origin  there  is  a  single  cusp  of  the  second  species 
on  the  curve  ^-  2aa:^-<My +ay =0. 

1 6.  Show  that  the  curve  y* = 2a%  +  a^y-\-:t^ 
has  a  single  cusp  of  the  first  species  at  the  origin. 

16.  Show  that  the  curve  y^^^x^^-a^-^-a^ 
has  a  double  keratoid  cusp  at  the  origin. 

17.  Show  that  the  curve  y^—2x^y+xhf-2a^ 
has  a  conjugate  point  at  the  origin. 

298.  Sinj^ularities  of  Transcendental  Curves. 
In  addition  to  the  singularities  above  discussed  others  occur 
occasionally  in  transcendental  curves,  due  to  discontinuities  in 

the  values  of  y,  t^,  etc.     For  instance,  if  the  value  of  y  be 

discontinuous  at  a  certain  point  the  curve  suddenly  stops  there 

and  the  point  is  called  a  ''point  d'arrSt "  or  "  stop  point" 

I 
Consider  the  curve  y = a* ;  (a  >  1). 

When  ar=  — 00,  y=l,  and  as  x  increases  from  -oo  to  zero  y  is  always 
positive  and  decreases  down  to  zero.  As  soon,  however,  as  x  becomes 
positive,  being  still  indefinitely  small,  y  suddenly  becomes  infinitely  great, 
and  as  x  increases  to  +  oo  y  gradually  diminishes  down  to  unity.  The 
origin  is  a  paint  cTarrSt  on  this  curve,  and  the  shape  is  that  shown  in  the 
annexed  figure. 

Y 


Fig.  51. 


Next  suppose  that  the  value  of  y  is  continuous,  but  that  at 

a  certain  point  -^  -  becomes  discontinuous,  so  that  two  branches 

of  the  curve  meet  at  a  certain  angle  at  the  same  point  and  stop 
there.     Such  a  point  is  called  a  "point  saUlant" 
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299.  Branch  of  Coigugate  Points. 

It  sometimes  happens  that  a  curve  possesses  an  infinite  series 
of  conjugate  points,  satisfying  the  equation  to  the  curve  and 
forming  a  branch  of  isolated  points.  M.  Vincent,  in  a  memoir 
published  in  vol.  XV.  of  Gergonne*s  "  Annales  des  Math.,"  has 
discussed  several  such  cases,  and  calls  such  discontinuous 
branches  by  the  name  branches  povatill^. 

Ex.  In  tracing  the  cturve  ^=J^,  it  is  clear  that,  when  x^ao,  y=ao ; 
and  when  a;=l,  y=l.  Also  that  as  x  decreases  from  oo  to  1,  y  also 
decreases  from  oo  to  1.  Between  ^=1  and  ^=0  y  is  less  than  1 ;  and 
when  ^=0,  y=l  (see  Chap.  XIV.).  There  is  therefore  a  continuous 
branch  of  the  curve,  viz.,  oo  PB^  above  the  axis  of  x, 

Again,  whenever  ^  is  a  fraction  with  an  even  denominator  there  are 


Fig.  52. 
two  real  values  of  y,  differing  only  in  sign  ;  e,g,j 

whilst,  whenever  the  denominator  of  x  is  odd,  there  is  but  one  real  value 
for  y.  There  is  therefore  a  set  of  conjugate  points  below  the  axis 
forming  a  discontinuous  branch,  of  the  same  shape  as  the  continuous 
branch  above  the  axis. 

Next  consider  what  happens  when  x  is  negative.  Let  the  co-ordinates 
of  any  point  P  on  the  branch  in  the  first  quadrant  be  (x,  y\  then  ON^x. 
Take  On=-x  along  the  negative  portion  of  the  axis  of  x,  then,  if />  be  the 
corresponding  point  on  the  curve,  we  have 

pn=(-ar)-',    PN=x', 
and  therefore  pn .  PN=(  - 1)*, 

which  may  be  =1,  - 1,  or  imaginary',  according  to  the  particular  value  of 
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X.  Hence,  when  the  ordinate  pii  is  real,  its  magnitude  is  inverse  to  that 
of  the  corresponding  ordinate  PN.  Hence  on  this  curve  we  have  two 
infinite  series  of  conjugate  points,  as  shown  in  the  figure. 

For  an  account  of  M.  Vincent's  memoir  and  criticisms  upon  it  see 
Dr.  Salmon's  "Higher  Plane  Curves,"  2nd  ed.,  p.  275,  or  a  paper  by 
Mr.  D.  F.  Gregory,  "Camb.  Math.  Journal,"  voL  i.,  pp.  231,  264. 

300.  Maclaurin*s  Theorem  with  regard  to  Cubics. 

If  a  radius  vector  OPQ  be  drawn  through  a  point  of  in- 
flexion (0)  of  a  cubic,  cutting  the  curve  again  in  P  amd  Q,  to 
show  that  the  locus  of  the  extremities  of  the  harmonic  means 
between  OP  and  OQ,  is  a  straight  line. 

If  the  origin  be  taken  at  the  point  of  inflexion  and  the  tan- 
gent at  the  point  of  inflexion  as  the  axis  of  y,  the  equation  of 
the  cubic  must  assume  the  form 

y^+xu  =  0 (1) 

where  u  is  the  most  general  expression  of  the  second  and  lower 

degrees,  viz.,       ax^+2hxy  +  by^+2gx+2fy+c, 

for  it  is  clear  that  the  axis  of  y  cuts  this  curve  in  three  points 
ultimately  coincident  with  the  origin. 

The  equation  (1)  when  put  into  polars  takes  the  form 

Lr^+Mr+N=0, 

where     L  =  sin^0 + (a  cos^^ + 2h  sin  6cos6+b  sin^O)  cos  ft 

M=(2g  cos  0+2/ sin  6)  cos  6, 

iV=ccos  6, 

If  7*1,  rg  be  the  roots  of  this  quadratic,  and  p  the  harmonic 
mean  between  them,  we  have 

-^^   ,  ^^     ^^     2gcose+2f{ime 

which  shows  that  the  Cartesian  Equation  of  the  locus  of  the 
extremity  of  the  harmonic  mean  is  the  straight  line 

gx+fy+c  =  0. 

301.  It  is  obvious  from  Art.  211  that  the  equation  of  the 
polar  conic  of  the  cubic  (1)  with  regard  to  the  origin  is 

x{2gx+2fy)  +  2cx  =  0, 

or  x(gx+fy  +  c)  =  0. 
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Hence  the  polar  conic  of  a  point  of  inflexion  on  a  cubic  breaks 
up  into  two  straight  lines,  one  of  which  is  the  tangent  at  the 
point  of  inflexion,  and  the  other  the  locus  of  the  extremities  of 
the  harmonic  means  of  the  radii  vectorcs  through  the  point  of 
inflexion.  It  appears  from  this  that  only  three  tangents  can 
be  drawn  from  a  point  of  inflexion  on  a  cubic  to  the  curve, 
viz.,  one  to  each  of  the  points  in  which  the  line  gx+fy+c  =  Q 
meets  the  curve,  and  consequently  also  that  their  three  points 
of  contact  lie  in  a  straight  line. 

302.  If  a  Cubic  have  three  real  points  of  Inflexion  they  are 
Collinear. 

It  follows  immediately  from  Maclaurin*s  Theorem  above 
proved  that  if  A  and  B  be  two  points  of  inflexion  on  a  cubic, 
the  line  AB  produced  will  cut  the  curve  in  a  third  point  C, 
which  is  also  a  point  of  inflexion  on  the  cubic  For  if  B,  B^,  B^ 
be  the  three  ultimately  coincident  points  on  the  cubic,  which 
lie  in  a  straight  line  (B  being  a  point  of  inflexion),  let  AB, 
AB^y  AB^  cut  the  curve  in  C>  Cp  Og,  and  let  AH,  AH^,  AH^  be 
the  harmonic  means  between  AB,  AC;  AB^,  AC^ ;  AB^,  AC^ 
respectively,  then  H,  H^,  H^  lie  in  a  straight  line  by  Maclaurin's 
Theorem,  and  B,  B^,  B^  lie  in  a  straight  line;  therefore  by  a 
theorem  in  conic  sections  C,  C^,  C^  also  lie  in  a  straight  line, 
and  they  are  ultimately  coincident  points.  G  is  therefore  a 
point  of  inflexion. 

303.  Nomber  of  points  necessary  to  define  a  Curve  of  the 
n^  Degree. 

The  number  of  terms  in  the  general  equation  of  the  n^  degree 

is  i  +  2  +  3+...+(n+l)  =  <^^^±i^^^ 

,.   .,       -  .  .      (n+l)(n+2)     ,        w(n+3)  .    , 

It  therefore  contains  ^^ {^ ^  — 1  or  —^ — -  mdepen- 

dent  constants. 

Hence  in  general  a  curve  of  the  ?i*^  degree  may  be  drawn  to 

pass  through  -^^ — -  arbitrarily  chosen  points. 
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304.  Mazimom  Nomber  of  Double  Points  on  a  Cnrye  of  the 
n^  Degree. 

There  cannot  be  more  than  J(ii— l)(7i— 2)  double  points  on 
an  7i-tic  curve. 

For  if  there  could  be  ^ ^ -  + 1  double  points,  a  curve 

of  degree  ti— 2  could  be  drawn  to  pass  through  them  and 
through  any  n— 3  other  arbitrary  points  on  the  curve,  for 

and  therefore  these  would  make  just  sufficient  points  to  com- 
pletely define  the  new  curve.     But  the  number  of  intersections 

would  be  2f^-^^^-'^>+l)+(n-3), 

or  7i(n-2)+l, 

which  is  one  more  than  possible  for  curves  of  degrees  n  and 

n-2. 

Examples. 

1.  Show  that  a  cubic  curve  cannot  have  more  than  one  double  point, 
and  cannot  have  a  triple  point. 

Examine  the  case  of  the  curve 

2(j?»  +/)  -  3(ar*  +y)  +  lar = 4, 
and  show  that  there  are  apparently  two  nodes  at  (1,  1)  and  at  (2,  0) 
respectively.     Explain  this  result. 

2.  Show  that  a  quartic  cannot  have  more  than  three  double  points,  and 
cannot  have  a  double  point  and  a  triple  point. 

3.  The  curve  whose  equation  is 

^+/=2a'^a'*+y)-a^ 
has  four  double  points.    Find  them ;  account  for  this,  and  trace  the  curve. 

[Cramkr.] 

4.  All  curves  of  the  third  degree  which  pass  through  eight  given  points 
also  pass  through  a  ninth  common  point 

5.  All  the  double  points  of  a  family  of  cubics  determined  by  seven  given 
points  lie  on  a  sextic. 

305.  Use  of  Homogeneous  Co-ordinates. 

Let  fix,  y,  2;)  =  0  be  the  equation  of  any  curve  of  the  n*^ 
degree,  which  may  be  considered  expressed  either  in  trilinears, 
areals  or  Cartesians  made  homogeneous  by  the  introduction  of 
a  proper  power  of  0(  =  1)  where  requisite. 
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Let  (a^j,  2/j,  z^)  be  the  coordinates  of  any  fixed  point  A,  and  let 
<X,  F,  Z)  be  the  current  co-ordinates  of  any  point  P  on  the 
secant  AP,  Let  AP  cut  the  curve  in  the  points  d,  Q^  .>.. 
Let  any  of  the  points  Q(x,  y,  z)  divide  AP  in  the  ratio  X :  /a 
where  X+/i  =  l. 

Then  x  =  \X+fxx^y 

y  =  \Y+fjLy^, 
z=^\Z+fiz^, 
Hence  /(XX+iJiX^,  \Y+fxy^,  X^+AtJi)  =  0. 

This  may  be  expanded  in  two  ways  by  Taylor's  Theorem; 
and  to  abbreviate  the  algebra  let/(X,  7,  Z)  be  written /and 
-A^v  Vv  ^i)  ^  written  /^  also  denote  the  operations 


by  F**  and  V^^  respectively. 
Then  we  have 

=0 (1) 

or 

=  0 (2) 

Either  of  these  equations  gives  the  n  values  of  the  ratio 

t  viz  ^^  ^^ 

Comparing  the  coefHcients  we  have  the  series  of  identities 

(71-1)!^      /i      '^Z' 
etc., 

1 FV  = L__ir»*-V 

2t/i-'i     (n-2)!        -^^ 

^i-'i    (71-1)!*^     •'' 


/^  =  ^^'*-^- 
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306.  Polar  Cnryes. 

The  several  loci  defined  by  the  equations 

etc., 
are  respectively  called  the  polar  line,  the  polar  conic,  the  polar 
cubic ;  and  so  on. 

The  curve  Fi**'yi  =  0,  or,  which  is  the  same  thing,  F/=0, 
has  been  called  (Art.  211)  the  first  polar  of  the  point  x^,  y^,  Zy 
Similarly  the  curves  Fy=0,  7y=0,  etc.,  are  called  the  second, 
third,  etc.,  polar  curves.     It  is  clear  then  that 

the  71  —  1*^  polar  curve  is  the  polar  line, 
the  n— 2***  polar  curve  is  the  polar  conic; 
and  so  on. 

•    307.  Oeometrical  Interpretations. 

The  geometrical  meanings  of  these  equations  will  be 
obvious : — 

If  Fi/i=0,  the  sum  of  the  roots  of  Equation  (2)  vanishes,  i.e. 

ss-o, 

or  putting  -4Qi  =  rj,  etc.,  and  AP  =  R, 


giving 


2^=0, 


This  property  is  due  to  Cotes,  and  the  special  case  of  it  when 
the  curve  is  a  conic  gives  rise  to  the  name  polar  line. 

IfF,«A=0.wehave25|-5|=0. 

which  may  be  interpreted  as  before,  and   similarly  for  the 
higher  polar  curves. 

It  appears  that  since  each  of  these  curves  is  completely 
defined  by  its  geometrical  property  it  is  totally  independent 
of  any  system  of  co-ordinates  used  in  its  description. 
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308.  Polar  Corves  of  the  Origin. 

Taking  Cartesians,  if  the  origin  be  chosen  at  the  point  A, 
a?i  =  2/1  =  0,  and  it  appears  that  the  polar  line,  polar  conic,  polar 
cubic,  etc.,  of  the  origin  respectively  reduce  to 

3»-y_o    ^-'/-o    '^Hl-Q    etc 

ai^~°'  ai^«-"'  3i5^-"'  ^^- 

If  the  Cartesian  equation  be  written 

Uq  +  V^  +  V,^  +  U^+  ..,+Un  =  Q 

this  becomes  when  the  z  is  introduced 

and  the  equations  of  the  several  polars  of  the  origin  are 

etc., 
i.e.    71^0 +14  =  0, 

1    2  X+(^"-lK+^2  =  Q> 

n(n-l)(7l-2)        ,(7^-1X71-2)         .   ,  ov.       .  A 

etc. 

309.  General  Conclnsions. 

If  the  point  A  which  has  been  taken  for  origin  lie  on  the 
curve,  then  ttQ=0,  and  the  polar  curves  all  have  te^  =  0  for 
tangent  at  the  origin. 

If  also  the  first  degree  terms  are  absent  from  the  equation  of 

the  curve,  they  are  absent  too  from  all  the  polars,  and  the  terms 

of  lowest  degree  throughout  the  whole  system  are  u^.    We 

therefore  draw  the  following  conclusions : — 

(a.)  The  polar  curves  at  any  point  on  the  original  curve  all 

touch  it  at  the  point  in  question. 
(6.)  The  polar  curves  at  any  multiple  point  all  have  a  mul- 
tiple point  of  the  same  order,  with  the  same  tangents 
as  the  multiple  point  on  the  original  curve. 


E.D.C. 
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(c.)  The  polar  conic  at  a  double  point  on  a  curve  breaks  up 

into  two  straight  lines,  viz.,  the  tangents  at  the 

multiple  point. 
(d.)  The  polar  conic  at  a  cusp  breaks  up  into  two  straight 

lines  coincident  with  the  tangent  at  the  cusp, 
(e.)  The  polar  conic  at  a  point  of  inflexion  breaks  up  into 

two  straight  lines,  one  of  which  is  the  tangent  at  the 

inflexional  point  and  the  other  does  not  in  general 

pass  through  that  point. 

[For  in  this  case  u^  must  contain  u^  for  a  factor, 

=  U{v^  say,  so  the  polar  conic  becomes 

the  line  v^+7i  —  I  =0  is  called  the  Harmonic  Polar  of 
the  point  of  Inflexion  (see  Art.  301).] 

310.  First  Polar.    Cases  of  Node  or  Cusp. 
If  a  curve  have  a  node  at  any  point  let  the  origin  be  taken 
there  and  the  tangents  at  the  node  for  axes. 
The  curve  then  takes  the  form 

The  first  polar  of  x^,  y^,  z^,  viz. 

?ni  ,     ^^t  .     ?>u    ^ 

becomes        x^{yz^-^+ .  ..)+yi(xz'^-^+  ...)+...=  0, 
the  lowest  degree  terms  only  being  retained.     And  since  these 
terms  are  linear  it  appears  that  the  first  polar  of  any  point  x^, 
Vv  ^1  S^®^  through  the  origin  and  therefore  through  all  the 
other  double  points  on  the  curve. 

If  the  curve  have  a  cusp  and  the  origin  be  taken  there  with 
the  tangent  at  the  cusp  as  ic-axis  the  equation  of  the  curve 
takes  the  form 

u  =  2/V-24-it33"-3+^^4^'*"*+...=0, 
and  the  first  polar  of  any  point  x^,  y^,  z^  is 

7/^(2?/0"-2+...)+...=O 

the  term  of  lowest  degree  only  being  retained. 

Hence  this  curve  also  touches  the  a^-axis  at  the  origin. 

Thus  the  first  polar  of  any  point  goes  through  all  the  cusps 
and  tovbchea  the  curve  at  each. 
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311.  The  Hessian. 

We  have  seen  that  at  all  double  points  and  points  of  inflex- 
ioa  the  polar  conic  degenerates  into  two  straight  lines.  Hence 
its  discriminant  vanishes.  Also,  conversely.  Now  the  equation 
of  the  polar  conic  of  the  curve  u=f{x,  y,z)=^0  corresponding 
to  the  point  x^,  y^,  z^  is  ^i!/i  =  0> 


\Jl. 

...  -r^a  J  . 

"^y.^^. ' 

...  —  v. 

Hence  if  x^,  y^, 

z^  be  a 

double 

point  or  a  point  of  inflexion, 

we  have 

3y 
■dxf 

ay 

32/ 

33;3x, 

=  0; 

3y 

3y 

ay 

'^yfix; 

^yf 

dyfiz. 

dzfix^' 

3y 

2?f 

that  is,  the  curv( 

i 

H{xC)^ 

Uxx, 

Uxy, 

M« 

=  0 

Uyx, 

^yy 

Uyl 

^'j». 

Uiy, 

Uu 

cuts  the  original  curve  u  =  0  in  all  its  multiple  points  and 
points  of  inflexion. 

The  determinant    H{u)  is  called  the   Hessian  of  u  from 
M.  Otto  Hesse,  the  discoverer  of  the  relation  between  the 
u  =  0,     H(it)  =  0. 


curves 


312.  Number  of  the  Points  of  Inflexion. 

The  degree  of  this  curve  is  clearly  3(n  —  2).  Hence  it  cannot 
have  more  than  37i(n  — 2)  intersections  with  the  original  curve. 

Thus  in  a  curve  with  no  multiple  points  upon  it  there  will 
be  3n(7i  — 2)  points  of  inflexion  real  or  imaginary. 

313.  Cases  of  Node  and  Cusp. 

If  the  curve  has  a  node  let  the  origin  be  taken  there,  and 
the  tangents  to  the  node  for  axes. 

The  equation  to  the  curve  now  becomes 


lt  =  X?/5"-2  +  U32;'*-'+U^0~-*  + 


=  0. 
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Hence 

u«  =  (7i-2)(7i-3)a;y0'*-*+...;  u^=2^-2+...  ; 

the  lowest  degree  terms  only  in  x  and  y  being  retained  in  each 
case. 

Hence  in 

=  0, 

the  lowest  degree  terras  are  of  the  form  Axy.  Hence  the 
Hessian  has  a  node  also  at  the  origin  and  the  tangents  to  the 
node  of  the  Hessian  coincide  with  the  tangents  to  the  node  on 
the  original  curve. 

It  is  easy  to  prove  further  that  when  the  curve  has  a  mul- 
tiple point  of  order  k  the  Hessian  has  a  multiple  point  of 
order  3^  —  4  at  the  same  point  and  that  each  of  the  tangents  at 
the  multiple  point  is  a  tangent  to  one  or  other  of  the  37c— 4 
branches  of  the  Hessian.  (See  Dr.  Salmon's  Higher  Plane 
Curves,  2nd  ed.,  page  58.) 

We  next  consider  the  case  of  a  cusp.  Let  the  origin  be 
taken  at  the  cusp  and  the  tangent  for  the  o^axis.  Then  the 
equation  to  the  curve  becomes 

u  =  t/V-2+U30'»-8+U4C'*-*+...     =0. 
Here 


^-^=7,J'^'"^+-  '     Uj,,  =  2(ii-2)2/2^«-3. 


Uyy  =  2z-^+,„  ;     u^  =  (7i-3r^^^2^-*+...; 


u,,=(7^-2)(7^-3)2/V-^+...;     ^-y  =  ^'iy^~^+-'  J 

the  lowest  degree  terms  only  in  x  and  y  being  retained. 

Hence  in  H(u)  =  0  the  lowest  degree  terms  in  x  and  y  are  of 

the  form  A  .  -— v  •  V^- 

So  the  Hessian  has  a  triple  point  with  two  coincident  tan- 

gents  y  =  0  and  a  third  tangent      /  =  0. 
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314.  Pliicker's  Equations. 

We  are  now  in  a  position  to  establish  Pliicker's  Equations  for 
the  number  of  tangents  which  can  be  drawn  from  a  given 
point  to  a  curve  of  the  n^  degree  and  for  the  number  of  points 
of  inflexion  upon  it 

It  was  established  in  Art.  208  that  the  first  polar  cuts  the', 
curve  in  ti(7i—  1)  points.  The  first  polar  however  goes  through 
all  the  double  points  and  in  the  case  of  a  cusp  touches  the 
curve  there.  Hence  a  node  counts  as  two  and  a  cusp  as  three 
points  of  intersection.  Thus  if  there  be  S  nodes  and  k  cusps 
the  class  of  the  curve,  viz.  71(71  —  !),  is  diminished  by  2S+Sk. 
Hence  if  m  be  the  class 

m  =  <7i-l)-2^~3/c (1) 

Again,  let  i  be  the  number  of  inflexions  on  the  curve.  Then 
it  has  been  established  that  if  there  are  no  multiple  points 

i  =  S7i{n-2). 

But  it  has  been  shown  that  the  Hessian  passes  also  through 
all  the  double  points  and  has  tangents  coincident  with  those 
of  the  curve.  Hence  each  node  counts  for  six  intersections  of 
the  Hessian  with  the  curve.  And  since  at  each  cusp  on  the 
curve  the  Hessian  has  a  triple  point,  two  tangents  being  the 
coincident  tangents  to  the  curve  at  the  cusp,  each  cusp  counts 
for  8  intersections  (3  +  3  +  2).  Thus  the  number  of  inflexions 
is  diminished  by  6^  +  8/c  and  stands  as 

,  =  37i(7i-2)-6^-8/c (2) 

By  considering  the  reciprocal  curve  for  which 

a  stationary  point  gives  rise  to  a  stationary  tangent, 
a  double  point  gives  rise  to  a  double  tangent, 
a  stationary  tangent  gives  rise  to  a  stationary  point, 
it  follows  that  if  t  be  the  number  of  double  or  bi-tanorents. 
i.e.  tangents  having  contact  at  more  than  one  point  of  their 
length,  and  m  the  degree  of  the  reciprocal  curve,  i.e,  the  class 
of  the  original  curve 

7i  =  m(77i-l)-2T-3/, (3) 

ic  =  3m(m-2)-6T-8/ (l^) 

These  four  equations  are  due  to  Plucker. 
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315.  Deficiency. 

The  number  J(7i-l)(7i-2)  — <S-/f,  by  which  the  number  of 
double  points  falls  short  of  the  maximum  possible  is  called  the 
deficiency  of  the  curve. 

Examples. 

1.  Prove  that  the  four  equations  established  in  Art.  314  are  not  inde- 
pendent. 

2.  Show   that  the  geometrical   property  of  the   jK)lar  conic   may  be 

,  n(n  -1)1      7i-lw:,l      ^,1 

expressed  as  ^^c—       r, —       2-  +  ^-      =0. 

2        p^       p        Ti        nra 

3.  If  A  be  a  point  of  inflexion  on  a  cur\'e  and  A,  I\  A,  ...,  Pn-i  be  a 
secant  cutting  the  Harmonic  polar  of  the  point  of  inflexion  in  Qy  prove 

'^"'  AiJ^AP^Al^"'^Al\..: 

4.  Form  the  Hessian  of  x^  +  }/^  =  ^xy,  and  find  the  number  of  points  of 
inflexion.  [Oxford,  1885.] 

5.  Establish  the  equations 

2T=KH-2)(7r-9)-2(7r-n-6X25  +  3K)  +  45(8-l)  +  128K  +  9/c(K-lX 
26  =  w(m-2)(w2-9)-2(7?i*-?n-6X2T+3i)+4T(T-l)  +  12Ti  +  9i(i-l). 

[Plucker.  ] 

6.  Prove  that  the  deficiency  of  a  curve  is  the  same  as  that  of  its 
reciprocal.  • 

31 G.  IJnicursal  Curves. 

When  a  curve  has  its  full  number  of  double  points,  so  that 
its  deficiency  is  zero,  the  current  co-ordinates  can  each  be 
expressed  as  rational  algebraic  functions  of  some  single  para- 
meter. 

For  supposing  that  there  are  —  — ^~         double  points,  a 

curve  of  the  (n  —  2)*^  degree  may  be  made  to  pass  through  them 
and  through  9?  —  3  other  points  on  the  cui-ve.     Then  since 

(,,_lX7l-2)  (77-2)(7l+l)       ^ 

2       "      -T^  —  o—  ^  1, 

the  points  now  chosen  are  insufiicient  by  one  to  completely 
determine  the  new  curve.  Its  equation  will  therefore  contain 
one  arbitrary  constant  and  may  therefore  be  written 

with  an  undetermined  parameter  X. 
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Eliminating  y  between  this  equation  and  that  of  the  given 
curve,  we  have  remaining  an  equation  between  x  and  X  of 
degree  ti(n  — 2)  determining  the  abscissae  of  the  points  of 
intersection.  Of  the  n{n^2)  roots  all  but  one  are  known, 
being  the  abscissae  of  the  ^(ti  — l)(7i  — 2)  double  points  each 
counted  twice  and  the  abscissae  of  the  chosen  ti  — 3  points 

for  ^(«_2)-{2<^^:il^^-^^:i?>+r.-3}  =  l. 

If  then  the  corresponding  factors  be  divided  out  we  are  left 
with  X,  the  abscissa  of  any  other  point  on  the  original  curve, 
expressed  as  a  rational  integral  function  of  X.  In  the  same 
way  y  may  be  similarly  expressed. 

317.  Though  it  is  impossible  to  compress  into  the  limits  of 
the  present  volume  a  complete  account  of  the  singularities  of 
curves,  it  is  hoped  that  the  later  articles  of  this  chapter  will 
form  a  fair  introduction  to  a  study  of  their  general  properties 
in  Dr.  Salmon's  Treatise,  to  which  the  student  is  referred  for 
more  detailed  information  and  to  which  also  the  Author  desires 
to  acknowledge  his  indebtedness. 

EXAMPLES. 

1.  Write  down  the  equations  of  the  tangents  at  the  origin  for  each 
of  the  following  curves  : — 

X 


(a)     y-\-c  =  c  cosh 


c 


(P)  y  =  atan?. 

(y)         y-  =  x\og(l-^x). 
(8)  x^ -\- y^  =  Saxy. 

2.  Show  that  on  the  curve 

(ay  -  a;2)2  =  i^ 

there  is  a  cusp  of  the  first  species  at  the  origin,  and  a  point  of 
inflexion  whose  abscissa  is  ^. 

3.  Show  that  the  Trident  curve 

aocy  •{•a^  =  x^ 
has  a  point  of  inflexion  at  the  point  in  which  it  cuts  the  axis  of  x, 
and  show  that  the  tangent  at  the  point  of  inflexion  makes  with  the 
axis  of  a;  an  angle  tan"* 3. 


Digitized  by  LjOOQ IC 


248  CHAPTER  IX. 

4.  Show  that  the  curve  h{ay  -  ic*)^  =  a^ 
has  a  cusp  of  the  second  species  at  the  origin. 

5.  Show  that,  if  n  be  greater  than  2,  the  curve 

has  a  cusp  at  the  origin  of  the  first  or  second  species  according  as  n 
is  less  or  greater  than  4. 

6.  Find  the  two  points  of  inflexion  of  the  curve 

y _  a^      (x-a\\ 
c     9a2"^V    a    ) 
and  draw  figures  showing  the  characters  of  the  inflexions. 

7.  Show  that  the  points  of  inflexion  on  the  cubic 

are  given  by  a;  =  0  and  05  =  +  a^3. 
Show  that  these  three  points  of  inflexion  lie  on  the  straight  line 

x  =  iy. 

8.  Show  that  the  curve  au  =  6'^  has  a  point  of  inflexion  where 

n 

aw=  {n(l  -n)Y, 

9.  Find  by  polars  the  points  of  inflexion  on  the  curve 

2a:(a;2  +  y2)=,^2a;2  +  y2). 

10.  Show  that  the  origin  is  a  triple  point  on  the  curve 

a^-\-y^  =  axy'^^ 
and  that  there  is  a  cusp  of  the  first  species  there. 

11.  Show  that  the  abscissae  of  the  points  of  inflexion  on  the  curve 

y^^A^) 
are  roots  of  the  equation 

1 2.  Show  that  the  abscissae  of  the  points  of  inflexion  on  the  curve 

y  =  6"^'  tan  fuc 
are  given  by      2/*  sec2/£ic(ft  tan  /uur  -  A)  +  A^tan  fix  =  0. 

13.  Show  that  the  curve  y  =  - — -      . — 

x^  -a^ 

has  a  point  of  inflexion  at  the  point  whose  abscissa  is 

-^3-1 

1 4.  Show  that  there  are  two  points  of  inflexion  on  the  cubic 

a:^-\-y^  =  a^ 
at  the  points  (a,  0),  (0,  a)  respectively. 
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15.  In  the  curve  ix?  +  y^  =  aa^ 

show  that  there  is  a  cusp  of  the  first  kind  at  the  origin,  and  a  point 
of  inflexion  where  x  —  a, 

1 6.  In  the  curve       y^  =  {x-  a){x  -  b)(x  -  c) 

show  that  if  a  =  6  there  is  a  node,  cusp,  or  conjugate  point  at  a;  =  a 
according  as  a  is  >,  =,  or  <c.     Also  show  that  the  points  of 

inflexion  have  for  their  abscissae  a:=   ^"1^.     Hence  show  that  the 

o 

points  of  inflexion  on  this  curve  are  real  or  imaginary  according  as 
the  curve  has  a  conjugate  point  or  a  node. 

17.  Show  that  for  the  curve 

r  =  a(l  -cos^) 
there  is  a  cusp  of  the  first  kind  at  the  origin. 

18.  Show  that  the  curve 

r2cos2^  =  a2cos2^ 
has  a  double  point  at  the  origin. 

1 9.  Show  that  the  curve    r  =  a  sin  nO 

has  a  multiple  point  at  the  origin  of  order  n  or  2n  according  as  n  is 
odd  or  even. 

20.  Show  that  the  curve     r  =  , — ^r^r 

1  +  ^ 

has  a  cusp  of  the  first  kind  at  the  pole. 

21.  Show  that  if  the  cubic 

icy2  ^ey  =  aa^  +  ha^  +  cx  +  d 
have  a  centre,  then  will  6  =  0  and  d=0  and  the  centre  is  at  the  origin. 
In  this  case  show  also  that  the  origin  is  a  point  of  inflexion  on  the 
curve. 

22.  Show  that  there  is  a  conjugate  point  on  the  locus 

a^  +  y^  +  Sexy  =  c^ 
at  the  point  ( -  r,  -  c).     Trace  the  curve. 

23.  Show  that  the  curve  a^  +  y*  =  5axh/^ 

has  two  cusps  of  the  first  species  at  the  origin,  and  that  x  +  y  =  aiB 
an  asymptote. 

24.  Show  that  the  curve  by^  =  ar^sin^- 

a 

has  a  cusp  of  the  first  species  at  the  origin  and  is  symmetrical  with 
regard  to  the  axis  of  x.  Show  also  that  it  has  an  infinite  series  of 
conjugate  points  lying  at  equal  distances  from  each  other  along  the 
negative  portion  of  the  axis  of  x. 
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25.  Show  that  the  curve  y  -x  =  log-^ 

4a; 

has  a  node  at  the  point  (1,  2). 

26.  Show  that  the  curve 

has  a  triple  point  at  the  origin,  and  that  the  angles  between  the 
branches  through  the  origin  are  equal. 

27.  Show  that  the  curve 

(a;2  +  2/2)^  =  4aa:2/(a:2-y2) 

has  a  multiple  point  of  the  eighth  order  at  the  origin,  and  that  the 
curve  consists  of  eight  equal  loops. 

28.  Show  that  for  the  Conchoid 

if  6  be  >a  there  is  a  node  at  «  =  0,  y  =  -  a,  and  if  6  =  a  there  is  a 
cusp  at  the  same  point 

29.  The  curve  whose  tangent  is  of  an  invariable  magnitude  is 
always  convex  towards  the  foot  of  the  ordinate. 

30.  Examine  the  nature  of  the  origin  on  the  curve 

if'Araai^-  Wxf  -  0.  [Cramer.  ] 

31.  Examine  the  nature  of  the  origin  on  the  curve 

ic*  -  ayar^  +  6y^  =  0.  [Rollb.] 

32.  Examine  for  multiple  points  the  curve 

a;4  _  2a2/3  _  3^2y2  _  <i^ir^i  +  a*  =  0.  [Pkaoock.] 

33.  Examine  the  singularities  of  the  curve 

^  -  4oic3  _  2rty3  ^  4^2^2  +  3^2^2  _  a4  ^  0. 

There  are  nodes  at  the  points  (0,  a),  (a,  0),  (2a,  a).     Find  the  direc- 
tions of  the  tangents  at  these  points. 

34.  Show  that  the  curve 

v^  -  Ixhj  -  ^2/2  _  Oa.2  _  2a;y +  y2  _  aj  +  2y  +  1  =  0 
has  a  single  cusp  of  the  second  kind  at  the  point  (0,  -  1). 

35.  Search  for  double  points  on  the  curve 

2/*  -  8^3  -  I2a:y2  +  162^2  +  43^^  +  4^  _  54^  ^  q.        [Rollb,] 

36.  Show  that  there  are  two  double  points  in  all  respects  similar 

on  the  curve       v^  -  ^ax^  J2  +  ^a^x^  -  ay^  -  ahp'  =  0, 

and  that  there  is  an  inflexion  at  each  double  point. 

[Cramer,  Lignes  Courhts.'S 
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37.  Determine  the  double  points,  distinguishing  their  species,  on 

the  sextic   (x^  -  2y'^f{2{x^  +  2y2)  -  3}  =  {3(ic2  +  2y^)  -  4}2. 

[Oxford,  1886.] 

38.  Determine  the  double  points  on 

{^  -  y^){x  -  l)(2aj  -  3)  +  4(a;2  +  y2  _  ^xf  =  0.      [Plucker.] 

39.  The  points  of  contact  of  parallel  tangents  to  a  curve  of  the 
n***  degree  lie  on  a  curve  of  the  (n  -  1 Y"  degree.  [Serbkt.] 

40.  If  A  be  any  point  on  a  curve,  and  -iPjP, ...  P^_i  be  a  secant 
cutting  the  curve  in  P„  Pj,  ...  Pn-i  and  the  polar  conic  oi  A  in  Q, 

n-1        1  1  1 

41.  A  nodal  cubic  intersects  in  the  points  P  and  F  two  lines  which 
are  harmonically  conjugate  with  respect  to  the  tangents  at  the  node. 
Prove  that  the  tangents  at  P,  F  meet  on  the  curve. 

42  Prove  that  the  locus  of  the  cusp  of  a  cubic  with  three  given 
asymptotes  is  the  maximum  ellipse  inscribed  in  the  triangle  formed 
by  the  asymptotes.  '  [Plucker.] 

43.  If  (a:,  y,  z)  be  a  double  point  on  a  curve  t^  =  0,  and  if 

be  a  tangent  at  the  double  point,  then  will 

u    +  ^u    4-    u  =  0 
I  m         n 

and  ^arWy,  +  m^yu„  +  n^zu,^  =  0.  [Oxford,  1886.] 

44.  If  the  equation  to  a  plane  curve  be  <^  =  0,  where  <^  is  a  function 

of  X  and  y  which  fulfils  the  condition  — -?  +  -  *^  =  0,  prove  that  if  n 

ox^      oy^ 

branches  of  the  curve  meet  in  a  multiple  point  their  tangents  will 

form  2n  angles  with  each  other,  each  equal  to  —    ^„        ,  .^         _  ^ 
^  '  ^  n     [Smith's  Prize,  1877.] 

45.  Prove  that  the  Hessian  of  the  cubic 

o^-V'i^  -^^  •\-  6mxyz  -  0 

IS  xr^  +  y^-^z^ ^ — xyz  =  0, 

and  show  that  the  curve  and  its  Hessian  have  the  same  points  of 
inflexion.  [Salmon,  H,  P.  C] 
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318.  Angle  of  Gontingence. 

Let  PQ  be  an  arc  of  a  curve.  Suppose  that  between  P  and 
Q  there  is  no  point  of  inflexion  or  other  singularity,  but  that 
the  bending  is  continuously  in  one  direction.  Let  LPR  and 
MQ  be  the  tangents  at  P  and  Q,  intersecting  at  Tand  cutting 


Fig.  53. 

a  given  fixed  straight  line  LZ  in  L  and  M.     Then  the  angle 
RTQ  is  called  the  angle  of  contingence  of  the  arc  PQ, 

The  angle  of  contingence  of  any  arc  is  therefore  the  difi^erence 
of  the  angles  which  the  tangents  at  its  extremities  make  with 
any  given  fixed  straight  line.  It  is  also  obviously  the  angle 
turned  through  by  a  line  which  rolls  along  the  curve  from  one 
extremity  of  the  arc  to  the  other. 

319.  Heasure  of  Curvature. 

It  is  clear  that  the  ivhole  bending  or  curvature  which  the 
curve  undergoes  between  P  and  Q  is  greater  or  less  according 
as  the  angle  of  contingence  RTQ  is  greater  or  less.    The 
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^    ^.      angle  of  contingence  .       n  j  ,  i  r     j  • 

fraction  — ^^j — -ti- — >—^ is  called  the  dverage  bending  or 

average  curvature  of  the  arc.    We  shall  define  the  curvature 

of  a  curve  in  the  immediate  neighbourhood  of  a  given  point  to 

be  the  rate  of  deflection  from  the  tangent  at  that  point.    And 

we  shall  take  as  a  measure  of  this  rate  of  deflection  at  the 

...,,.    -x    1?  xv  •       angle  of  contingence 

given  pomt  the  limit  of  the  expression  ---^ rr— 7.— ^ 

°  ^  ^  length  of  arc 

when  the  length  of  the  arc  measured  from  the  given  point 

and  therefore  also  the  angle  of  contingence  are  indefinitely 

diminished. 

320.  Curvature  of  a  Circle. 

In  the  ca^e  of  the  circle  the  curvature  is  the  same  at  every 
point  and  is  measured  by  the  reciprocal  of  the  radius. 

T       ^-^ 
P^ 


Fig.  54. 

For  let  r  be  the  radius,  0  the  centre.    Then 

the  angle  being  supposed  measured  in  circular  measure.    Hence 
angle  of  contingence  __  1 
length  of  arc        "  r 

and  this  is  true  whether  the  limit  be  taken  or  not.  Hence  the 
"  curvature  "  of  a  circle  at  any  point  is  measured  by  the  recipro- 
cal of  the  radius. 

321.  Circle  of  Curvature. 

If  three  contiguous  points  P,  Q,  R  be  taken  on  a  curve,  a 
circle  may  be  drawn  to  pass  through  them.  When  the  points 
are  indefinitely  close  together,  PQ  and  QR  are  ultimately 
tangents  both  to  the  curve  and  to  the  circle.  Hence  at  the 
point  of  ultimate  coincidence  the  curve  and  the  circle  have  the 
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aame  angle  of  contingence,  viz.,  the  angle  RQZ  (see  Fig.  55). 
Moreover,  the  arcs  PR  of  the  circle  and  the  curve  differ  by  a 
small  quantity  of  order  higher  than  their  own,  and  therefore 
Yiuiy  he  considered  equal  in  the  limit  (see  Art.  34).  Hence 
the  curvatures  of  this  circle  and  of  the  curve  at  the  point  of 
contact  are  equal.  It  is  therefore  convenient  to  describe  the 
curvature  of  a  curve  at  a  given  point  by  reference  to  a  circle 
thus  drawn,  the  reciprocal  of  the  radius  being  a  correct  measure 


Fig.  55. 

of  the  rate  of  bend.  We  shall  therefore  consider  such  a  circle 
to  exist  for  each  point  of  a  curve  and  shall  speak  of  it  as  the 
circle  of  curvature  of  that  point.  Its  radius  and  centre  will  be 
called  the  radius  and  centre  of  curvature  respectively,  and  a 
chord  of  this  circle  drawn  through  the  point  of  contact  in  any 
direction  will  be  referred  to  as  the  chord  of  curvature  in  that 
direction. 

322.  Formula  for  Radius  of  Curvature. 

Referring  to  the  figure  of  Art.  318,  let  the  arc  AP  measured 
from  some  fixed  point  A  on  the  curve  up  to  P  be  called  s,  and 
AQ,  s-^Ss;  let  the  angle  PLZ=yjr,  and  QJ/Z=V^+d>.  Then 
the  angle  of  contingence  RTQ=SyJr  and  the  measure  of  the 

curvature  =  i^^=   /^.     If  therefore  the  radius  of  curvature 

OS      as 

be  called  p,  we  have   -  =  -,s  or  p  =  -,\ (a) 

^  p      as  ^     a\Jr 

323.  This  formula  may  also  be  arrived  at  thus.  Let  PQ  and 
QR  (Fig.  55)  be  considered  equal  chords,  and  therefore  when 
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we  proceed  to  the  limit  the  elementary  arcs  PQ  and  QR  may 

be  considered  equal.     Call  each  Ss,  and  the  angle  BQZ=S\lr. 

Now  the  radius  of  the  circum-circle  of  the  triangle  PQR  is 

PR 

2  sin  PQR 

jj  j^      PR  j.^     2S8         ,^&         S\U        ds 

xlence  p  =  Lt:r~, — ^^  ^  =  LItt—. — ^rr^^iin-  '  -^\-r  =  -rT' 
^         2  sm  PQR         2&inS\lr         oyfr     sin  Srjr     d\fr 

Also,  it  is  clear  that  the  lines  which  bisect  at  right  angles  the 
chords  PQ,  QR  intersect  at  the  circum-centre  of  PQR,  i.e.,  in  the 
limit  the  centre  of  curvature  of  any  point  on  a  curve  may  be  con- 
sidered as  the  point  of  intersection  of  the  normal  at  that  point 
with  the  normal  at  a  contiguous  and  tdtimately  coincident  point. 

324.  The  formula  (a)  is  useful  in  the  case  in  which  the  equation  of  the 
curve  is  given  in  its  intrinsic  form,  i.€.  when  the  equation  is  given  as  a 
relation  between  s  and  yjr  (Art.  346).  For  example,  that  relation  for  a 
catenary  is  «=c  tan  ^,  whence 

and  the  rate  of  its  deflection  at  any  point  is  measured  by 
l_cos^_     c 

325.  Transformations. 

This  formula  however  must  be  transformed  so  as  to  suit  each 
of  the  systems  of  co-ordinates  in  which  it  is  usual  to  express 
the  equation  of  a  curve.  These  transformations  we  proceed  to 
perform. 

We  have  the  equations 

doc  dii 

Hence,  differentiating  each  of  these  with  respect  to  a, 
,d\lr     d^x  .dxlr     dry 

cPx     iPy 
.  1     "ds*"     <M 

"'^""''^  riF^^. ^""^ 

ds        ds 
and  by  squaring  and  adding 

y-(thmf («» 

These  formulae  (b)  and  (c)  are  only  suitable  for  the  case  in 
which  both  x  and  y  are  known  functions  of  s. 
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326.  Cartesian  Formula.    Explicit  Fanctions. 
Again,  since         tan  yjr = -p* 

we  have  sec*t/r-^— =  j^ 

by  differentiating  with  regard  to  x. 

Now  #:=^.^=. 


dx      (Is     dx    pcoayjr 
therefore  sec^/r .  -  =  ^-^» 

and  sec^V^  =  1 + tan^^/r = 1  +  (^^ ; 

therefore  p  =  i^ u,  ^      (d) 

dx^ 
This  important  form  of  the  result  is  adapted  to  the  evalua- 
tion of  the  radius  of  curvature  when  the  equation  of  the  curve 
is  given  in  Cartesian  co-ordinates,  y  being  an  explicit  function 
of  a;. 

327.  Cartesians.    Implicit  Functions. 

We  may  throw  this  into  another  shape  specially  adapted  to 
Cartesian  curves,  in  which  neither  variable  can  be  expressed 
explicitly  as  a  function  of  the  other. 

Thus  if  if>{x,  y)=0  be  the  equation  to  the  curve,  we  have 

and  differentiating  again 

ar  "^  ^2/  *  dx'^K^x  "^  "dy  '  dxJdx'^^^dx'"^' 

Hence  substituting  for  J^-  and  -s  g  in  the  formula 


)=  — r: » 


d^ 
dx^ 
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{^m^ 

we  have  p  = r—^ ^. 

., _(±tH4^ 

328.  A  curve  is  frequently  defined  by  giving  the  two  Car- 
tesian co-ordinates  x,  y  in  terms  of  a  third  variable,  e,g.,  the 
equation  of  a  cycloid  is  most  conveniently  expressed  as 
X  =  a(0+ sin  Q),    y  =  a(l — cos  6). 
Formula  (d)  is  very  easily  modified  to  meet  the  requirements 
of  this  case. 

Let  x=F{t)\  be  the  equations  of  the 

y=/(0  J  curve. 

Then  <^y^E^f(^l 

dt 
,  d^y  __  d    (dv\    dt 

dx^'^dt'KdxJ'dx 

dhf  dx     d?x   dy 
_di^'di^~dt^'di 

\dt) 
f{t).F\t)^f{t),F\t) 
\F\t)]^ 
and  formula  (d)  becomes 

^"dV  <J^_d^x  dy~  fit) .  F'(t)-f{t) .  F"(t) ''  '' 

dt^ '  dt     df^ '  dt 

Ex.  In  the  above-mentioned  case  of  the  eydoid 

g=«(l+co8^,        %=-a.ine, 

|=««n<>.  g=«eoBft 


and  by  formula  (f) 

2 


8acos3| 
^     cos^l  +  co8^)+8m-'^      2C08^^^  ^ 


E.D.C. 
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329.  Cnrvatore  at  the  Origin. 

When  the  curve  passes  through  the  origin  the  values  of 

^(=p)  and  ^(  =  g)  at  the  origin  may  be  deduced  by  substi- 

tuting  for  y  the  expression  px+\^+ . . .  (the  expansion  of  y  by 

Maclaurin's  Theorem)  and  equating  coefficients  of  like  powers 
of  X  in  the  identity  obtained.  The  radius  of  curvature  at 
the  origin  may  then  be  at  once  deduced  from  the  formula 

/>=  ±^i±2^  [Formula  (d)]. 
Ex.  Let  the  curve  be  ax-^-hy 

+ =0. 

a    x-\-  a!    ^+...  =0, 

^2       1 

a+6p=0, 

etc. 
5)=-|and?=-s£±M^±*>*, 


Putting 
we  have 


therefore 
and 

giving 
whence 


^  +(1+^1)!^  1 (?^+^!)L_ 


This  result  of  course  might  be  deduced  at  once  from  formula  (b). 

330.  It  will  be  noticed  that,  if  the  lowest  terms  of  the 
equation  be  of  the  second  degree,  we  should  get  a  quadratic 
equation  giving  two  values  for  p,  and  consequently  also  two 
values  for  q.  These  indicate  the  two  values  of  p  corresponding 
to  the  two  branches  of  the  curve  passing  through  the  origin. 

Ex.  FiTid  the  radii  of  curvature  at  the  origin  for  the  curve 
Substituting  px + ^*  + ...  for  y  we  have 


p« 

x»+      pq 

-3p 

-|y 

+  2 

-1 

arJ  +  ...     =0, 
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whence 

^«-3p  +  2=0, 

pq-iq-l=0, 

etc., 

whence 

jD=l  or  2, 

and 

5r=-2or  2, 

and  therefore 

^Jl+p«)l_2»             2=-l-414..., 
q           -2 

or 

=  5?=\/5  =  6-690.... 

259 


The  difference  of  sign  introduced  by  the  q  indicates  that  the  two  branches 
passing  through  the  origin  bend  in  opposite  directions. 

B 


331.  Newtonian  Method. 

The  Newtonian  Method  of  finding  the  curvature  of  the  curve 
at  the  origin  is  instructive  and  interesting.  Suppose  the  axes 
taken  so  that  the  axis  of  a;  is  a  tangent  to  the  curve  at  the 
point  A,  and  the  axis  of  y,  viz.,  AB,  is  therefore  the  normal 
Let  APB  be  the  circle  of  curvature,  P  the  point  adjacent  to 
and  ultimately  coincident  with  A  in  which  the  curve  and  the 
circle  intersect.     Then 

PN^=AN.NB, 
Pm 


or 


NB= 


AN' 


Now  in  the  limit 

NB=AB= twice  the  radius  of  curvature. 


Hence 


1 PX^         a? 

"^^AN^^^'ly 


Similarly,  if  the  axis  of  y  be  the  tangent  at  the  origin,  we 
have 


.=< 
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Ex.  Find  the  radius  of  curvature  at  the  origin  for  the  curve 

In  this  case  the  axis  of  y  is  a  tangent  at  the  origin,  and  therefore  we  shall 

endeavour  to  find  Lt^. 
2,v 

Dividing  by  x        2a^+dv^.^-h4j^+y-^'^2^0. 

X  '        X 

Now,  at  the  origin  Lfi^ =^p^  J7=0,  y=0,  and  the  equation  becomes 

X 

-2p  +  2=0,    or  /)  =  1. 

332.  The  same  method  may  be  applied  when  the  taDgent  to 
the  curve  at  the  origin  does  not  coincide  with  one  of  the  axes ; 
but  as  the  method  of  Art.  329  is  very  simple  we  leave  the 
investigation  as  an  exercise  to  the  student. 

Ex.  Establish  in  the  above  manner  the  result  of  the  Example  in  Art.  329. 

Examples. 

1.  Apply  formula  (a)  to  the  curves 

«=a^,  «=asin^,  «=asec*V^,  V^=gd    . 

2.  Apply  formula  (d)  to  the  curves 

y^=4axy  y  =  cco8h-. 

3.  Apply  formula  (e)  to  the  curve 

cw4- iy +a'ar + 2A'j^  +  6y- + . ..  =0 
to  find  the  radius  of  curvature  at  the  origin. 

4.  Apply  formula  (f)  to  the  ellipse 

^=acos  6\ 
y  =  h  sin  $j 

6.  Prove  that  in  the  case  of  the  equiangular  spiral  whose  intrinsic 
equation  is  s= a{e"^^  -  1 ), 

6.  For  the  tractrix  s=c  log  sec  yfr  prove  that  p  =  c  tan  ^. 

7.  Show  that  in  the  curve   t/=x-\-  ^^  -  a^ 

the  radius  of  curvature  at  the  origin  ='4714...,  and  that  at  the  point 
(1,  3)  it  is  infinite. 

8.  Show  that  in  the  curve 

the  radii  of  curvature  at  the  origin  are 

^Vl"  and  5^2. 

9.  Show  that  the  radii  of  curvature  of  the  curve 

a-x 
for  the  origin  =  ±a^^2, 

and  for  the  point  (  -  a,  0)  =  ^. 


'I- 

9) 
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10.  Show  that  the  radii  of  curvature  at  the  origin  for  the  curve 

,  3a 

are  each  =  -  . 

11.  Prove  that  the  chord  of  curvature  parallel  to  the  axis  of  y  for  the 

curve  y = « log  sec  - 

a 

is  of  constant  length. 

1 2.  Prove  that  for  the  cii rve     s = tn{»echfr -\\ 

p  =  3m  tan  yfr  sec^, 

and  hence  that  3m  /  -  ^=  1. 

djrcur 

Also,  that  this  differential  equation  in  satisfied  by  the  semicubical  parabola 

13.  Prove  that  for  the  curve 

.=alogcot(f-t)  +  «^'^» 
^        \4     2/       cosV 

p  =  2asec*V^; 

and  hence  that  » ^, = ^- » 

cLr    2a 

and  that  this  differential  equation  is  satisfied  by  the  parabola 

jr^  =  4ai/. 

X 

14.  Show  that  for  the  curve  in  which  8=<x(f 

15.  Show  that  the  curve  for  which  s==»JSai/  (the  cycloid)  has  for  its 
intrinsic  equation  8  =  4a  sin  i/r. 

Hence  prove  p  =  4a  W 1  -  .jf . 

16.  Prove  that  the  curve  for  which  y-  =  c2+«2  (the  catenary)  has  for  its 
intrinsic  equation  8  =  c  tan  yfr. 

Hence  prove  ^=3^  =the  part  of  the  normal  intercepted  between  the 
curve  and  the  j'-axis. 

17.  Show  that  for  the  curve  jf^+t/'"  =  k^ 
we  may  write  p  in  the  foiin 


(1  — m  1  — »»     \  j» 

COS* '^  </>+Bin*  "•  <f>) 


,  ,  .    ,^      ^,  where  a:=;J  C08"*<i). 

m_  1  l-Sm  l-2m  '  • 

COS    *"    </>8in     "*  0 
Examine  the  cases  m  =  2,  §,  1. 
18.  For  the  rectangular  hyperbola 

prove  that  ^"^ -SB^ 

r  being  the  central  radius  vector  of  the  point  considered. 

Digitized  by  LjOOQ IC 


262 


CHAPTER  X. 


333.  Formula  for  Pedal  Equations. 

Since  a  curve  and  its  circle  of  curvature  at  any  point  P 
intersect  in  three  contiguous  and  ultimately  coincident  points 
they  may  be  regarded  as  having  two  contiguous  tangents 
common.  *    Therefore   the   values   of  r+Sr   and  p+Sp   are 

dv 
common  in  addition  to  those  of  r  and  p ;  i.e.  the  value  of  j- 

is  common.     Now  let  0  be  the  pole  and  C  the  centre  of  curva- 


Fig.  57. 
ture  corresponding  to  the  point  P  on  the  curve. 
Then  00^=7^+ p^-^rp  cos  OPG 

=  r2+p2_2rp8in^ 
=  7-2+p2_2pp. 
Considering  this  as  refemng  to  the  circle  (for  which  00  and  p 
are  constant)  wo  obtain  by  differentiating 


«.2.|-V 


dr 


.(H) 


and  it  has  been  pointed  out  that  the  values  of  r  and  -j-  are 

the  same  at  the  point  P  for  the  curve  and  for  the  circle. 
Hence  for  the  curve  itself  we  also  have 

dr 
P=''d^-  

Ex.  In  the  equation  p^^Ar^-^-By  which  represents  any  epi-  or  hypo- 
cycloid  [p.  163,  Ex.  6],  we  have 

and  therefore  P^P' 

The  equiangular  spiral,  in  which  ^  «  r,  is  included  as  the  case  in  which 

^=0. 
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334.  Polar  Carves. 

We  shall  next  reduce  the  formula  to  a  shape  suited  for 
application  to  curves  given  by  their  polar  equations. 
We  proved  in  Art.  205 

1       2  ,  (du\^ 

}_dp_f       cPu\du 
dp  J    ,  dNi\ 

Now  p=--^- and  r=- ; 


Hence 


therefore 


dip  u 

1  du  1 


335.  This  may  easily  be  put  in  th^  r,  d  form  thus :  — 
Since  u  =  -. 


r 


we  have 
and  therefore 


du 1^  dr 

de^     ^~dff 


de^'rKde)     7^'d9^' 
therefore  ^^Ul     2/d^^^^^^ 


•W 
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336.  Tangential-Polar  Fonn. 
In  Art  221  it  was  proved  that 

p=p^^^ w 

giving  us  a  formula  for  the  radius  of  curvature  suitable  for 
p,  yf/-  equations. 

Ex.  It  is  known  that  the  general  p,  yjr  equation  of  all  epi-  and  hypo- 
cycloids  can  be  written  in  the  form 

p  =  J  Bin  Bir  {p.  163,  Ex.  6). 
Hence  p = ^  sin  Byjr  -  ABhin  Byfr, 

and  therefore  P  ^Py 

thus  again  proving  the  result  of  the  Example  in  Art.  3.33. 

337.  Point  of  Inflexion. 

At  a  point  of  inflexion  the  radius  of  curvature  is  infinite. 
This  is  geometrically  obvious  from  the  fact  that  it  is  the  radius 
of  a  circle  which  passes  through  three  coUinear  points.  We 
may  hence  deduce  various  forms  of  the  condition  for  a  point  of 
inflexion  ;  thus  if  />  =  <», 

we  get  "^^^  ^^^^  ^^^* 

2  =  0  from  (D), 

d^  \dy)  ^dxdy   dx    dy^dy^    \^)  ^^  ^"^  ^^^^ 


K'dyJ        dxdy    dx    dy     dy^ 

some  of  which  have  already  been  established  otherwise. 

338.  List  of  Formulae. 

The  formulae  proved  above  are  now  collected  for  convenience. 
ds  .  . 

f=-d^ <^> 

^    dh/ 

\=-^J^ (B) 

p         ay      ax 

ds      ds 
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^-mh&f- <^) 

KM' ,„> 

p=_  (^'±i?!)i_ (E) 


P^        . 


.x^ 


P-% («) 

dr  ^    . 

f^^Tp <«> 

'^      U»(w.  +  M,j) ^' 

P  =  J^PP- (^) 

^=^+rf^- <'^> 

£XAMPLK& 

1.  Appl/  formula  (h)  to  the  curves 

2.  Apply  formula  (i)  to  the  reciprocal  spiral 

mi  =  6. 

3.  Apply  the  polar  formula  for  radius  of  curvature  to  show  that  the 

radius  of  the  circle  r=-a  cos  ^  is     • 

2 

4.  Show  that  for  the  cardioide  r=a(l  +co8  $) 

Also  deduce  the  same  result  from  the  pedal  equation  of  the  curve,  viz., 

p>/2a  =■  r"*. 

5.  Show  that  at  the  points  in  which  the  Archimedean  spiral  r  =  ad 
intersects  the  reciprocal  spiral  r$=a  their  curvatures  are  in  the  ratio  3 : 1 
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6.  For  the  equiangular  spiral  r  =  a^^  prove  that  the  centre  of  curvature 
is  at  the  point  where  the  perpendicular  to  the  radius  vector  through  the 
pole  intersects  the  normal. 

7.  Prove  that  for  the  curve     r = a  sec  2^, 

r* 

8.  For  any  curve  prove  the  formula 

r 


sm 


<^4t) 


where  tan  </>=-,• 

dr 

Deduce  the  ordinary  formula  in  terms  of  r  and  0, 

9.  Show  that  the  chord  of  curvature  through  the  pole  for  the  curve 

is  given  by  chord = 2p-=-  =  2^^v 

dp      f{r) 

10.  Show  that  the  chord  of  curvature  through  the  pole  of  the  cardioide 

r=a(l+cos^  is  -r. 

11.  Show  that  the  chord  of  curvature  through  the  pole  of  the  equi- 
angular spiral  T—a^^  is  2r. 

12.  Show  that  the  chord  of  curvature  through  the  pole  of  the  curve 

2r 

r^=a"'co8m^  is 

m  +  1 

Examine  the  cases  when  w=  -  2,  —  1,  -i,  i,  1,  2. 

13.  Show  that  the  radius  of  curvature  of  the  curve 

r=a  sin  w^ 

at  the  origin  is  — ^- 

14.  For  the  curve  r*=a"'cosm^, 

a** 
prove  that  p— 


(m+l)r~-* 

Examine  the  particular  cases  of  a  rectangular  hyperbola,  lemniscatey 
parabola,  cardioide,  straight  line,  circle. 

339.  Centre  of  Curvature. 

The  Cartesian  co-ordinates  of  the  centre  of  curvature  may 
be  found  thus : — 

Let  Q  be  the  centre  of  curvature  corresponding  to  the  point 
P  of  the  curve.     Let  OX  be  the  axis  of  a; ;   0  the  origin ;  a?,  y 
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the  co-ordinates  of  P ;  x,y  those  o{  Q;  yp-  the  angle  the  tan- 
gent makes  with  the  axis  of  x.    Draw  PN,  QM  perpendiculars 


t       M         N 

Fig.  68. 

upon  the  o^axis  and  PR  a  perpendicular  upon  QM,    Then 
x  =  OM=ON--RP 

=  Oi^-QP  sin  x/r 

=a;— psin-^, 
y=MQ^NP+RQ 

=  2/H-pC08\/r. 

dy 

,  dx 

sin  \u  =    i  ,      > 

,  1 

COS>/r=- 


and 

Now 

therefore 


and 


Also 


Hence 


P=' 


x=x 


t{^*m 


1+ 


2/=y+- 


d^ 

(dyV 


.(«) 


.()8> 
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Involutes  and  Evolutes. 

340.  Def.  The  locus  of  the  centres  of  curvature  of  all  points 
of  a  given  plane  curve  is  called  the  evolute  of  that  curve.  K 
the  evolute  itself  be  regarded  as  the  original  curve,  a  curve  of 
which  it  is  the  evolute  is  called  an  involute. 

The  equation  of  the  evolute  of  a  given  curve  may  be  found 
by  eliminating  x  and  y  between  equations  (a),  ()8)  of  the  last 
article  and  the  equation  of  the  curve. 

Ex.  Tojmd  the  locus  of  the  centres  of  curvature  of  the  parabola 

dy  _x         <^y  _  1 
dx     2a        djr     2a 


Here 


Hence  x^x-"^^     }<^'^^^^^i 

ay  4a* 

d^ 

d^ 

Hence  the  equation  of  the  evolute  is 

4(y-2a)8=27aj^. 

341.  Evolute  tonched  by  the  NormalB. 

Let  Pj,  Pg'  ^3  ^  contiguous  points  on  a  given  curve,  and 
let  the  normals  at  P^,  Pg  and  at  P.,,  P^  intersect  at  Qp  Qg 
respectively.     Then  in  the  limit  when  Pg,  Pg  move  along  the 


/p, 

Fig.  59. 

curve  to  ultimate  coincidence  with  P^  the  limiting  positions  of 
Qp  Qg  ^r®  ^^^  centres  of  curvature  corresponding  to  the  points 
Pp  Pg  of  the  curve.  Now  Q^  and  Qg  both  lie  on  the  normal  at 
P.,,  and  therefore  it  is  clear  that  the  normal  is  a  tangent  to  the 
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locus  of  such  points  as  Q^,  Q^,  i.e.,  each  of  the  normals  of  the 
original  curve  is  a  tangent  to  the  evolute ;  and  it  will  be  seen 
in  the  chapter  on  Envelopes  that  in  general  the  best  method  of 
investigating  the  equation  of  the  evolute  of  any  proposed  curve 
is  to  consider  it  as  the  envelope  of  ilie  n^ormals  of  that  curve. 

342.  There  is  but  one  Evolute,  but  an  infinite  number  of  In- 
volutes. 

Let  ABCD  ...  be  the  original  curve  on  which  the  successive 
points  A,  B,G,  D, ..,  are  indefinitely  close  to  each  other.  Let 
a,  6,  c, . . .  be  the  successive  points  of  intersection  of  normals 
at  A,  B,  Cj  ,.,  and  therefore  the  centres  of  curvature  of  those 
points.  Then  looking  at  ABC,  as  the  original  curve,  abed.,. 
is  its  evolute.  And  regarding  abed...  as  the  original  curve, 
ABCD. . .  is  an  involute. 


If  we  suppose  any  equal  lengths  AA\  BR,  CG\ ...  to  be 
taken  along  each  normal,  as  shown  in  the  figure,  then  a  new 
curve  is  formed,  viz.,  A'RC'...,  which  may  be  called  a  parallel 
to  the  original  curve,  having  the  same  normals  as  the  original 
curve  and  therefore  having  the  same  evolute.  It  is  therefore 
clear  that  if  any  curve  be  given  it  can  have  but  one  evolute, 
but  an  infinite  number  of  curves  may  have  the  same  evolute, 
and  therefore  any  curve  may  have  an  infinite  nv/mber  of 
involutes.  The  involutes  of  a  given  curve  thus  form  a  system 
o{  parallel  curves. 
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343.  Involutes  traced  oat  by  the  several  points  of  a  string 
unwound  from  a  curve. 

Since  a  is  the  centre  of  the  circle  of  curvature  for  the  point 


A  (Fig.  60), 

aA  =  aB 

=  6-6+ elementary  arc  ah  (Art.  34). 

Hence 

a-4  — 6-B=arc  ah. 

Similarly 

bB—cG^SLrc  be, 

cC~'dD  =  8Lrc  cd, 

etc., 

fF--gG  =  8LVcfg, 

Hence  by  addition 

aA  — grG  =  arc  a6+arc  6c+ ... +arc^ 
=  arc  a^r. 
Hence  the  difference  between  the  radii  of  cwrvatiire  at  two 
points  of  a  curve  is  equal  to  the  length  of  the  corresponding 
arc  of  the  evolute.  Also,  if  the  e volute  abc.  be  regarded  as  a 
rigid  curve  and  a  string  be  unwound  from  it,  being  kept  tight, 
then  the  points  of  the  unwinding  string  describe  a  system  of 
parallel  curves,  each  of  which  is  an  involute  of  the  curve 
abed. . .,  one  of  them  coinciding  with  the  original  curve  ABC. . . . 
It  is  from  this  property  that  the  names  involute  and  evolute 
are  derived. 

344.  Radius  of  Curvature  of  the  Evolute. 
It  is  easy  to  find  an  expression  for  the  radius  of  curvature  at 
that  point  of  the  evolute  which  corresponds  to  any  given  point 
of  the  original  curve. 

Let  0  (Fig.  60)  be  the  centre  of  curvature  for  the  point  a  of 
the  evolute.     The  angle  6\fr'  between  the  normals  at  a,  b 
=  the  angle  between  the  tangents  at  a,  b 
=  the  angle  between  the  tangents  B.i  A,  B  to  the  original 

curve 
=  6\Ia. 
And  if  s'  be  the  arc  of  the  evolute  measured  from  some  fixed 
point  up  to  a,  and  p'  the  radius  of  curvature  of  the  evolute  at 
a,  and  p  that  of  the  original  curve  at  A,  we  have,  rejecting 
infinitesimals  of  order  higher  than  the  first, 
Ss'  =  arc  ab  =  Sp, 

and  theretore      p  -^«^-^-^V^-^^-^' 


Digitized  by  VjOOQIC 


CURVATURE.  271 

8  being  the  arc  of  the  original  curve  measured  from  some  fixed 
point  up  to  A,  and  ^  the  angle  which  the  tangent  at  A  makes 
with  some  fixed  straight  line. 

346.  From  Articles  337,  340,  it  will  follow  that  to  an 
inflexional  or  undulatory  point  on  a  curve  will  correspond  an 
asymptote  on  the  e volute.  For  an  iuflexional  point  the  evolute 
will  be  asymptotic  at  opposite  ends  of  the  normal  and  on 
opposite  sides.  For  an  undulatory  point  it  will  be  asymptotic 
on  opposite  sides  at  the  same  extremity. 

EXAHPLE& 

1.  For  the  parabola  y^—\ax^ 
prove  ^=2a  +  ar, 

-        J 

p=2  -—, 

8P  being  the  focal  distance  of  the  point  of  the  parabola  whose  co-ordinates 
are  {x,  y). 

2.  Show  that  the  circles  of  curvature  of  the  parabola  ^=Aax  for  the 
ends  of  the  latus  rectum  have  for  their  equations 

^+y*-10aa7±4ay-3a*=0, 

and  that  they  cut  the  curve  again  in  the  points  (9a,  76a). 

3.  Show  that  the  evolute  of  the  parabola  y^=Aax  is  the  semicubical 
parabola  27ay* = 4{x  —  2a)5, 

and  that  the  length  of  the  evolute  from  the  cusp  to  the  point  where  it 
meets  the  parabola  =  2a(3\^—  1 ). 

4.  Show  that  in  a  parabola  the  radius  of  curvature  is  twice  the  part  of 
the  normal  intercepted  between  the  curve  arid  the  directrix. 

5.  Prove  that  in  an  ellipse,  centre  (7,  the  radius  of  curvature  at  any 

pomt  P  IS  given  by  p=  ^^=  -^  =  ^  -^^, 

where  a,  b  are  the  semi-axes,  r,  /  are  the  focal  distances  of  P,  p  the  per- 
pendicular from  the  centre  on  the  tangent  at  P,  and  CD  the  semi-diameter 
conjugate  to  CP. 

6.  Show  that  in  any  conic 

_  (normal)^ 

(semi-latus-rectum)* 
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7.  For  the  ellipse 
prove 


a* 


Hence  show  that  the  equation  of  the  evolute  is 
and  prove  that  the  whole  length  of  the  evolute 

8.  Show  that  the  co-ordinates  of  the  centre  of  curvature  of  any  curve 
may  be  written 


di- 


Intrinsic  Equation. 

346.  The  relation  between  the  length  of  the  arc  («)  of  a 
given  curve,  measured  from  a  given  fixed  point  on  the  curve, 
and  the  angle  between  the  tangents  at  its  extremities  (^)  has 
been  aptly  styled  by  Dr.  Whewell  the  Intrinsic  Equation  of 
the  curve.  For  many  curves  this  relation  takes  a  very  elegant 
form.  The  name  seems  specially  suitable  to  a  relation  between 
such  quantities  as  these,  depending  as  it  does  upon  no  external 
system  of  co-ordinates.  The  method  of  obtaining  the  intrinsic 
equation  from  the  Cartesian  or  polar  relation  is  dependent  in 
general  upon  processes  of  integration.  If  the  equation  of  the 
curve  be  given  as  y=f(x),  the  axis  of  x  being  supposed  a 
tangent  at  the  origin,  and  the  length  of  the  arc  being  measured 
from  the  origin,  we  have 

tanVr=/(^) (1) 

and  g=Vl+r/(^)? (2) 

If  8  be  determined  by  integration  from  (2)  and  x  eliminated 
between  the  result  and  equation  (1),  the  required  relation 
between  8  and  \fr  will  be  obtained. 
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Ex.  1.  Intriimc  equation  of  a  circle. 

If  V^  be  the  angle  between  the  initial  tangent  at  A  and  the  tangent  at 
the  point  P,  and  a  the  radius  of  the  circle,  we  have 

and  therefore  s=a^. 


Ex.  2.  In  the  case  of  the  catenary  whose  equatioyi  is 

y  =  cco8h- 
c 

the  intrinsic  equoMon  is  s=c  tan  yjr. 

For  tanf=^=--sinh?, 

cLv  c 

and  ^=\/l  +  8inli*--C08h?, 

ajr      ^  c  c 

and  therefore  «=C8inh-, 

c 

the  constant  of  integration  being  chosen  so  that  x  and  s  vanish  together, 

whence  « = c  tan  ylr. 

Examples. 

1.  Show  that  the  cycloid     X'=^a(6-^sm0)\ 

y=a(l-cos^)/ 
has  for  its  intrinsic  equation   s™4a  sin  ^. 

2.  Show  that  the  epi-  or  hypo-cycloid  given  by 

^=(a+6)cos^-6cos^^ 
b 

y=(a+6)8in^-68in^^ 
o 
has  an  intrinsic  equation  of  the  form 

s^ABinBylr. 

347.  Intrinsio  Equation  of  the  Evolnta 

Let  8=f(yf/)  be  the  equation  of  the  given  curve.  Let  s'  be 
the  length  of  the  arc  of  the  evolute  measured  from  some  fixed 
point  A  to  any  other  point  Q.     Let  0  and  P  be  the  points  on 

E.D.C.  S 
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the  original  curve  corresponding  to  the  points  A,  Q  on  the 
evolute ;  p^,  p  the  radii  of  curvature  at  0  and  P;  yf/  the  angle 
the  tangent  QP  makes  with  OA  produced,  and  sJa  the  angle  the 
tangent  PT  makes  with  the  tangent  at  0. 


Then  V^'=V-,  and     s' ^ p-- p^^^r- Po. 

or  «'=/(>/^')-/>o> 

the  intrinsic  equation  of  the  evolute. 

348.  Intrinsic  Equation  of  an  Involute. 
With  the  same  figure,  if  the  curve  -4Q  be  given  by  the 
equation  8'=f{\f/), 

P=8'+Pq,    p  =  -.~r.  and  V^  =  V^', 


we  have 
whence 


349.  Evolutes  of  Cycloids  or  Epi^  and  Hypo-Cycloids. 
If  we  apply  the  result  of  Art.  347  to  the  intrinsic  equation 
8  =  A  sin  Bxfr,  we  get  for  the  equation  of  the  evolute 

8'  =  AB  cos  B\fr'  —  p^^, 

or,  dropping  the  dashes, 

8  =^AB  cos  B\fr, 

if  8  be  supposed  measured  from  the  point  where  \fr==^^. 

This  proves  that  the  evolute  of  an  epi-  or  hypo-cycloid  is 
a  similar  epi-  or  hypo-cycloid.  Also,  the  case  in  which  B=l 
shows  that  the  evolute  of  a  cycloid  is  an  equal  cycloid. 

[For  further  information  on  Intrinsic  Equations  the  student  is  referred 
to  Boole,  Differential  Equations,  p.  263,  and  to  Camb.  Phil.  Trans.,  vol. 
VIII.,  p  689,  and  vol.  IX.,  p.  150.] 
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Examples. 

1.  If  il  be  the  area  of  the  portion  of  a  curve  included  between  the  curve, 
two  radii  of  curvature,  and  the  evolute,  prove 

2.  Show  that  the  evolute  of  an  equiangular  spiral  is  an  equal  equiangular 
spiral. 

3.  Show  that  the  intrinsic  equation  of  the  evolute  of  a  parabola  is 

8  =  2'/(sec^  —  1 ). 

4.  Given  the  pedal  equation  of  a  curve,  viz.,  p—f{r);  show  that  the 
pedal  equation  of  its  evolute  may  be  found  by  eliminating  p  and  r  between 
this  equation  and  the  equations 

r^=p3  +  r2-2/Dp, (a) 

p'^^^r^-p^ (/?) 

Again,  that  if  the  equation  p'  —  fif)  of  a  curve  be  given,  the  general 
differential  equation  of  its  involutes  may  be  obtained  by  eliminating  p\  / 
between  this  equation  and  the  equations  (a),  (/?). 

5.  Show  that  the  curve  whose  equation  is 

p'=^r^  —  a'^ 
is  an  involute  of  a  circle,  and  that  its  intrinsic  equation  is 

2 

6.  Show  that  the  evolute  of  the  epi-  or  hypo-cycloid  denoted  by 

p-  =  Ar^+B 
is  another  epi-  or  hypo-cycloid  denoted  by 

7.  Show  that  the  pedal  equation  of  the  evolute  of  the  curve 

is  obtained  by  eliminating  r  between 

.2_a^-}-(m^-l)r^ 
(m+iy'r^--^ 

and  p'^  =  r^- — ^L— • 

Contact. 
350.  First,  consider  the  point  P  at  which  two  curves  cut. 


Fig.  63. 

It  is  clear  that  in  general  each  has  its  own  tangent  at  that 
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point,  and  that  if  the  curves  be  of  the  m***  and  n^  degrees 
respectively,  they  will  cut  in  mil— 1  other  points  real  or 
imaginary. 

Next,  suppose  one  of  these  other  points  (say  Q)  to  move 
along  one  of  the  curves  up  to  coincidence  with  P.  ITie  curves 
now  cut  in  two  ultimately  coincident  points  at  P,  and  there- 
fore have  a  common  tangent.  There  is  then  said  to  be  contact 
of  the  first  order.  It  will  be  observed  that  at  such  a  point  the 
cutves  do  not  on  the  whole  cross  each  other. 

Again,  suppose  another  of  the  mn  points  of  intersection 
(viz.,  jR)  to  follow  Q  along  one  of  the  curves  to  coincidence 
with  P.     There  are  now  three  contiguous  points  on  each  curve 


Fig.  64. 

common,  and  therefore  the  curves  have  two  contiguous  tangents 
common,  namely,  the  ultimate  position  of  the  chord  PQ  and 
the  ultimate  position  of  the  chord  QR.  Contact  of  this  kind  is 
said  to  be  of  the  second  order,  and  the  curves  on  the  whole 
ct*088  each  other. 

Finally,  if  other  points  of  intersection  follow  Q  and  i2  up  to 
P,  so  that  ultimately  k  points  of  intersection  coincide  at  P, 
there  will  be  ^  — 1  contiguous  common  tangents  at  P,  and  the 
contact  is  said  to  be  of  the  (A;— 1)*^  order.  And  if  h  be  odd 
and  the  contact  of  an  even  order  the  curves  will  cross,  but  if 
k  be  even  and  the  contact  therefore  of  an  odd  order  they  will 
not  cross. 

351.  Closest  Degree  of  Contact  of  the  Conic  Sections  with  a 
Curve. 

The  simplest   curve   which  can   be   drawn  so  as  to   pass 
through  two    given  points  is  a  straight  line, 
do.       three  do.  circle, 

do.       four  do.  parabola, 

do.       five  do.  conic. 
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Hence,  if  the  points  be  contiguous  and  ultimately  coincident 
points  on  a  given  curve,  we  can  have  respectively  the 

Straight  Line  of  Closest  Contact  (or  tangent),  having  contact 
of  the  first  order  and  cutting  the  curve  in  two  ultimately 
coincident  points,  and  therefore  not  in  general  crossing 
its  curve ;  the 

Circle  of  Closest  Contact,  having  contact  of  the  second  order 
and  cutting  the  curve  in  three  ultimately  coincident  points, 
and  therefore  in  general  crossing  its  curve  (this  is  the 
circle  already  investigated  as  the  circle  of  curvature) ;  the 

Parabola  of  Closest  Contact,  having  contact  of  the  third  order 
and  cutting  the  curve  in  four  ultimately  coincident  points, 
and  therefore  in  general  not  crossing ;  and  the 

Conic  of  Closest  Contact,  having  contact  of  the  fourth  order 
and  cutting  the  curve  mfive  ultimately  coincident  points, 
and  therefore  in  general  crossing. 

It  is  often  necessary  to  qualify  such  propositions  as  these  by 
the  words  in  general.  Consider  for  instance  the  "circle  of 
closest  contact "  at  a  given  point  on  a  conic  section.  A  circle 
and  a  conic  section  interaect  in  four  points  real  or  imaginary, 
and  since  three  of  these  are  real  and  coincident,  the  circle  of 
closest  contact  cuts  the  curve  again  in  some  one  real  fourth 
point.  But  it  may  hajypen,  as  in  the  case  in  which  the  three 
ultimately  coincident  points  are  at  an  end  of  one  of  the  axes  of 
the  conic  ihat  the  fourth  point  is  coincident  with  tlte  other 
three,  in  which  case  the  circle  of  closest  contact  has  a  contact 
of  higher  order  than  usual,  viz.,  of  the  third  order,  cutting  the 
curve  in  four  ultimately  coincident  points,  and  therefore  on 
the  whole  Tiot  crossing  the  curve.  The  student  should  draw 
for  himself  figures  of  the  circle  of  closest  contact  at  various 
points  of  a  conic  section,  remembering  that  the  common  chord 
of  the  circle  and  conic,  and  the  tangent  at  the  point  of  contact 
make  equal  angles  with  either  axis.  The  conic  which  has  the 
closest  possible  contact  is  said  to  osculate  its  curve  at  the 
point  of  contact,  and  is  called  the  osculating  conic.  Thus  the 
circle  of  curvature  is  called  the  osculating  circle,  the  parabola 
of  closest  contact  is  called  the  osculating  parabola,  and  so  on. 
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352.  Analytical  Conditions  for  Contact  of  a  given  order. 
We  may  treat  this  subject  analytically  as  follows. 
Let  2/ =  0(^5)1 

be  the  equations  of  two  curves  which  cut  at  the  point  P(a3,  y). 
Consider  the  values  of  the  respective  ordinates  at  the  points 
Pj,  Pg  whose  common  abscissa  is  x+h. 


Let 
Then 

and 


MN=h, 
NP^  =  <f>(x+kl 
NP^  =  yl^x+h\ 

P.P^  =  NP^-NP^  =  </>(x+h)-'\fr{x+h) 
=  [<l>{x)--yJ.{x)]  +  h[<p\x)--yfrXx)] 


Fig.  65. 

If  the  expression  for  PgPi  be  equated  to  zero,  the  roots  of 
the  resulting  equation  for  h  will  determine  the  points  at  which 
the  curves  cut. 

If  <p(x)  =  \lr{x),  the  equation  has  one  root  zero  and  the  curves 
cut  at  P. 

If  also  <p\x)  =  yfrXx)  for  the  same  value  of  Xy  the  equation 
has  two  roots  zero  and  the  curves  cut  in  two  contiguous 
points  at  P..  and  therefore  have  a  common  tangent. 
The  contact  is  now  of  the  first  order. 

If  also  <l>'{x)  =  ylr\x)  for  the  same  value  of  x,  the  equation 
for  h  has  three  roots  zero  and  the  curves  cut  in  three 
ultimately  coincident  points  at  P.  There  are  now  two 
contiguous  tangents  common,  and  the  contact  is  said  to 
be  of  the  second  order ;  and  so  on. 

Similarly  for  curves  given    by   their  polar  equations,   if 
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T=f{Q\  r  =  if>(6)  be  the  two  equations,  there  will  be  -^+1 
equations  to  be  satisfied  for  the  same  value  of  6  in  order  that 
for  that  value  there  may  be  contact  of  the  n^  order,  viz., 

fie)=<i>{e),  f{6)=<i>xe).  ne)=<j>'\e) fKd)=riO). 

353.  Osculating  Circle. 

The  circle  of  curvature  may  now  be  investigated  as  the 
circle  which  has  contact  of  the  second  order  with  a  given 
curve  at  a  given  point 

Suppose  y=/(^) (1) 

to  be  the  equation  of  the  curve. 

Let  (a.-i)2  +  (y-y)2  =  ^2   (9) 

be  the  equation  of  the  circle  of  curvature. 
By  differentiating  (2)  we  have 

x-x+iy-yf^=o, (3) 

and  differentiating  again 

>+(-Z)'«^-^)S-«- w 

Now  the  X,  y,  ^ -,  ,  2  ^^  equations  (2),  (3),  (4)  refer  to  the 
circle.  But,  since  there  is  to  be  contact  of  the  second  order 
with  the  curve  y  =/(ic)  at  the  point  (x,  y),  -,  -  and  -7-^  have  the 
same  value  as  when  deduced  from  the  eqvAxtion  to  the  curve, 
i.e.,  we  may  write  f(x)  for  -j  and  f"{x)  for  -^. 

From  equation  (4) 

y  y-     d?y  -     f(x)  ' 

whence  ^-T-M'  +  U;/  f(x)[l  +  {f{xm 

<iy  fix) 

da? 

and  by  squaring  and  adding 


"^  f\x) 

dx^ 
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such  a  sign  being  given  to  the  radical  as  will  make  p  positive, 
i.e.,  if  -^  be  positive  we  must  choose  the  +  sign  for  the  num- 
erator, and  if  -i-^  be  negative  we  must  choose  the  —  sign. 

The  values  of  x  and  y  are  the  same  as  those  found  geometri- 
cally in  Art.  339,  viz., 

—^ — 


x=x 


y=y4 


d'y 


354.  Conic  having  Third  Order  Contact  at  a  given  point. 

The  locus  of  the  centres  of  all  conies  having  third  order 
contact  with  a  given  curve  at  a  given  point  (i.e.,  cutting  the 
curve  in  four  ultimately  coincident  points)  is  a  straight  line 
which  passes  through  the  point  of  contact. 

Let  P  be  a  point  on  the  curve  and  C  the  centre  of  one  of 
the  conies  having  third  order  contact  with  the  given  curve  at 


T' 


Kg.  66. 


p.     Let  CD  be  the  semiconjugate  to  CP  and  CY  a  perpendi- 
cular on  the  tangent  at  P. 

Let  CP  =  r,  CD^r\  CY=p,  and  let  PG  make  an  angle  </> 
with  the  normal  at  P. 

Tlien  we  have  r^ + r'^  =  a^  +  6^, 

and  pr'=^ab, 

and  therefore         rdr + r'dr  =  0 ; 


and  for  a  conic 
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therefore  ^J^.^^.^.T^ 

da      ao    da         ab    da 

__  _^8r  cZr__^ sin  0 

p    ds'^    cosift 

dt* 
for  ^  =  cosCPT'=  —  sin^,  the  arcs  of  the  curve  and  of  the 

conic  being  mefitsured  from  the  points  0  and  (7  up  to  P,  and 
^  =  cos<A; 

therefore  -^  =  3  tan  <A, 

da  ^ 

and  tan  0  =  -  -^,  where  ^  is  found  for  one  of  the  conica. 

But  since  the  conic  and  the  curve  have  contact  of  the  third 

dv  d  7* 

order  they  have  the  same  tangent,  the  same  ;j^,  the  same  -^, 
7g  cLu  ctu 

and  the  same  -j^  at  the  point  of  contact.     They  therefore  also 

have  the  arnne  p  and  the  aame  -fi,  for  p  depends  on  ,^^  *^^  / 
d^r 

Hence  the  value  of  ^  found  above  is  the  same  for  all  the 
conies,  and  depends  only  upon  the  shape  of  the  curve  at  the 
point  of  contact.  The  locus  of  all  such  centres  is  therefore  a 
straight  line  through  the  point  of  contact  inclined  in  front  of 

the  normal  at  an  angle  tan"^f  ^  J^\  where  ->-  ia  found  from 
the  cui^ve. 

355.  This  result  may  be  established  analytically  as  follows : — 
Referring  the  conic  to  the  common  tangent  and  normal  as  axes,  its 
equation  takes  the  form   2y = ax^  +  2hxy + 6y2 

If  y  be  expanded  in  powers  of  Xy  by  Maclaurin's  Theorem  we  have 

as  in  Art.  329  ;  o,  q.  and  r  being  the  values  of  -,^,  ^  and  v?  at  the 

origin.  Since  there  is  contact  of  the  third  order  the  values  of  these  are 
the  same  for  the  conic  and  for  the  curve  and  are  therefore  known  quanti- 
ties.   Moreover,  since  the  tangent  has  been  chosen  for  the  x-axis,  we  have 

p=0. 
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Substituting  in  the  equation  of  the  conic  we  have 

giving  a=q, 

qh=l,     . 

and  thus  determining  a  and  h  in  terms  of  the  known  quantities  q  and  n 
Also  the  centre  of  the  conic  lies  on  the  line 

or  3^*a?+ry=0, 

which  is  a  straight  line  through  the  point  of  contact  inclined  in  front  of 

the  normal  at  an  angle  tan~*f  ~  q"^)' 

Also  since  /^  =  ( 1  -hp^rq'^ 

g={3(l+;>')V-(l+M-Mg. 

dx 
which,  when  j5=0  and  ;t-  =  1, 

becomes  -,^= — -. 

ds        q^ 

Hence  the  above  angle  may  be  written 
as  ill  the  preceding  article. 

356.  Osculating  Conic. 

We  can  now  pick  out  the  particular  conic  which  has  fourth 
order  contact  with  the  given  curve  at  the  given  point 

Let  0  be  the  centre  of  curvature  of  the  point  considered  and 
C  the  required  centre  of  the  conic  of  closest  contact.     Let  P^ 


p    P. 
Fig.  67. 

be  a  point  on  the  cui-ve  adjacent  to  the  given  point  P.     Join 

CP,  CP^  and  draw  P^Ii'  at  right  angles  to  CP. 
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Let  OPC=<t>:    0PiC=<f,+S^,    PC=R 

Then  PEP^  =  p6e+4>, 

and  also  =  P^JE-^-  tf, + (5^, 

whence  PdE=:PjCE+S<p. 

Also,  neglecting  infinitesimals  of  higher  order  than  the  first, 

PPl  =  S8, 

PdE^A 
P 

and  pfip^M^§l^t 

Hence  ^  =  ^^£>+^^, 

or,  proceeding  to  the  limit, 

cos  0  _  1     d<f> 
a       p     ds* 

where  ^  =  tan-iijj 

And  since  the  contact  is  of  the  fourth  order,  -^  is  the  same 

as 

for  the  curve  as  for  the  conic,  and  may  therefore  be  supposed 

derived  from  the  equation  of  the  curve. 

These  equations  determine  the  position  of  C. 

357.  Tangent  and  Normal  as  Axes.  Co-ordinates  of  a  Point 
near  the  Origin  in  terms  of  the  Arc. 

When  the  tangent  and  normal  at  any  point  of  a  curve  are 
taken  as  the  axes  of  x  and  y  it  is  sometimes  requisite  to  express 
the  co-ordinates  of  a  point  on  the  curve  near  the  origin  in  terms 
of  the  length  of  the  arc  measured  from  the  origin  up  to  that 
point. 

Assume  ^  =  tt+c4«-fa2^,  +  a3..,+  ..., 

the  lettera  a,  C4...,  6,  ftj...  denoting  constants  whose  values  are 
to  be  determined,  and  s  being  the  length  of  the  arc.  Then, 
when  «  =  0,  a;  and  y  both  vanish,  and  therefore 
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Again,  by  Maelaurin's  Theorem 

«.=@).-(3'.Or-m=».l 
^.-(S)r(-^)ren-? 

_  /'cPx\  _^      /cos  ^     sin  yfr  dp\  __      1 


Kd^Jo         V    p^  p^     dsJo 

r  _  (d^y\  __(     sin  \/r     cos  yfr  dp\  __      1    cZp 


p 

p' 


whence 


88     d£ 


etc., 


EXAMPLES. 

1.  Determine  the  curvature  of  the  curve 

at  the  origin.  [Coll.  Exam.] 

2.  Find  the  radii  of  curvature  of  the  two  branches  of  the  curve 
(x  -  yy{x  -  2y){x  -  3y)  -  2a(x^  -  y3)  -  2a^x  +  y){x  -  2y )  =  0 

at  the  origin.  [Oxford,  1888.] 

l(/v        /  -       ^ 

3.  For  the  curve         y"*  w^  =  V  a*"  -  2/"*> 

prove  that  the  radius  of  curvature  is  m  times  the  normal. 

4.  Establish  the  formula 

doir  /de\^  d^r^ 

5.  Find  the  equation  of  the  circle  of  curvature  at  any  point  of  the 
curve  yja  =  vers~^a;/a. 

6.  If  p  be  the  radius  of  curvature  of  a  parabola  at  a  point  whose 
distance,  measured  along  the  curve,  from  a  fixed  point  is  «,  prove 

[Oxford,  1889.] 


that 


''3-(iy-»=»- 
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7.  A  curve  is  such  that  the  normal  at  any  point  passes  through 
the  centre  of  curvature  of  the  corresponding  point  on  the  pedal  with 
respect  to  a  given  point.  Show  that  the  curve  is  an  equiangular 
spiral  [Oxford,  1890.] 

8.  If  p  and  p  be  the  radii  of  curvature  at  corresponding  points  of 
a  curve  and  its  evolute,  and  p,  q,  r  are  the  first,  second,  and  third 
differential  coefficients  of  y  with  respect  to  x,  prove  that 

p'lp={Spq^-r(l+p^)}/q^, 

9.  The  projections  on  the  a;axis  of  the  radii  of  curvature  at  corre- 
sponding points  of  y  =  log  sec  ic  and  its  evolute  are  equal. 

[Couu  Exam.] 

10.  Show  that  the  radius  of  curvature  of  the  point  of  the  evolute 

of  the  curve  r*  =»  a"co8  nO 

7i-  1 
corresponding  to  r,  ^  is  -       ,  ^j-  sec  nO  tan  nO.  ^^  ,  «^  , 

^  ^  (n+l)2  [Oxford,  1889.] 

11.  A  tangent  to  the  evolute  of  a  parabola  at  the  point  where  it 
meets  the  parabola  is  also  a  normal  to  the  evolute  at  the  point  where 
it  again  meets  the  evolute.  [Coll.  Exam.] 

1 2.  If  p^  be  the  radius  of  curvature  at  any  point  of  a  parabola,  p^ 
the  radius  of  curvature  of  the  corresponding  point  of  its  first  nega< 
tive  pedal  with  respect  to  the  focus,  show  that 

27pi*  =  32/p./ 
where  I  is  the  latU9  rectum.  [Oxford,  1889.] 

13.  P,  Qy  B,  S^  jTare  five  points  on  a  curve  of  continuous  curva- 
ture 'Whose  abscissae  are  in  arithmetical  progression,  the  common 
difference  being  Sx ;  show  that  as  Sx  diminishes  without  limit,  FT, 
QS,  and  the  tangent  at  B  ultimately  intersect  in  the  same  point,  and 
that  in  the  parabola  y^  =  mx  the  locus  of  this  point  is  a  parabola 
with  the  same  vertfex  and  axis.  [Coll.  Exam.] 

14.  The  radius  of  curvature  at  the  point  t  on  the  curve 

e  =  F(t)I 
is  given  by  the  equation 

where  «  =  -r»    f  =  -r-»>  etc.  

dt  dV^  [Oxford,  1888.] 

15.  Show  that  the  parabola  whose  axis  is  parallel  to  the  axis  of  y, 
and  which  has  the  closest  possible  contact  with  the  curve 

at  the  point  (a,  a),  has  for  its  equation 

n(n  -  l)a^^  =  2ay  +  2n(n  -  1)ax  -  (n  -  l)(n  -  2)a^. 
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16.  If  aj,  y  be  the  co-ordinates  of  a  point  P  of  &  curve  OP  passing 
through  the  origin  0,  then  the  radius  of  curvature  at  0 


=  iLt- 


a^  +  y« 


X  sin  a-y  cos  a 

where  y  =  x  tan  a  is  the  equation  of  the  tangent  at  the  origin. 
Hence  show  that  the  radius  of  curvature  of  the  curve 

X*  +  y^  =  2a(x  +  y) 
at  the  origin  is  2aJ2. 

17.  Show  that  the  arcs  of  the  two  curves 

ocy  =  a\     Qi?  =  3a2y 
turn  throtigh  the  same  angle  between  any  the  same  pair  of  ordin- 
ates.     Also  show  that  the  ratio  of  the  radii  of  curvature  at  points 
on  the  two  curves  which  have  the  same  abscissa  varies  as  the  square 
root  of  the  ratio  of  the  ordinates.  [Oxford,  1887.] 

18.  The  radius  of  curvature  of  the  first  negative  pedal  of  p=J{r) 
at  a  point  corresponding  to  {p,  r)  on  the  original  curve  is 

2r^_^r*  dp 
p^     p^  dr 

19.  Show  that  the  curvature  at  any  point  of  the  pedal  of  an  epi- 

or  hypo-cycloid  is  ^ — J''^  K 

where  a  is  the  radius  of  the  fixed  circle  and  r  and  p  refer  to  the 
pedal  curve.  [Sidney  Coll.,  Camb.] 

20.  If  r,  p,  p  be  respectively  the  radius  vector,  perpendicular  from 
the  origin  on  the  tangent  and  the  radius  of  curvature  at  any  point  of 
a  curve,  prove  that  the  radius  of  curvature  at  the  corresponding 
point  of  the  reciprocal  polar  with  regard  to  the  origin  is 

where  k^  is  the  constant  of  reciprocation. 

Hence  show  that  the  reciprocal  of  a  circle  is  a  conic  with  the  origin 
as  focus. 

21.  If  r,  p,  p  be  the  same  as  in  the  last  question,  show  that  the 
radius  of  curvature  at  the  corresponding  point  of  the  inverse  with 

regard  to  the  origin  is  - —  ^— -» 

2pp  -  r^ 

k^  being  the  constant  of  inversion. 

22.  Find  the  radii  of  curvature  of  the  confocal  orthogonal  Lima^ons 

r  sin^a  =  rt(cos  6  -  cos  a), 

r  sinh-j3  =  a(cosh  /3  -  cos  6) 

at  a  point  of  intersection,  in  terms  of  a  and  /?.     [Math.  Tripos,  1884.] 
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23l  Show  that  the  intrinsic  equation  of  the  curve 

et  =  6ec-  IS  -  =  gd  ^^. 
a        a 

24.  If  A~i,  /Jt~i  be  the  ratios  of  any  arc  of  the  curve 

«  =  ctan^ 
measured  from  the  point  ^  =  0,  to  the  corresponding  arcs  of  the 
evolute,  and  of  that  involute  which  meets  the  curve  at  the  point  ^  -  0, 
find  the  relation  between  A  and  fu  [Oxford,  1888.] 

25.  An  inextensiblo  wire  in  the  form  of  a  plane  curve  is  bent  so 
that  each  point  of  the  wire  moves  a  distance  u  in  the  direction  of  the 
normal  to  the  curve  at  that  point ;  prove  that 

^_W  +  !f  =  2. 

u\dsj      p  [Cambridge,  1883.] 

26.  Show  that  the  locus  of  the  centre  of  the  rectangular  hyperbola, 
having  contact  of  the  third  order  with  the  conic 

has  for  its  equation     ar^  •*  J/^  =  ( -j  +  ^jJAx^  +  By^, 

27.  Show  that  the  locus  of  the  centres  of  the  rectangular  hyper- 
bolae, having  contact  of  the  third  order  with  the  parabola 

is  the  equal  parabola        y^  +  4a(x  +  2a)  -  0. 

28.  If  the  equation  to  a  curve  passing  through  the  origin  be 

Wi+U2  +  U3+...=0, 

where  u„  is  a  homogeneous  function  of  a;,  y  of  n  dimensions,  show 
that  the  general  equation  to  all  conies  having  the  same  curvature  at 
the  origin  as  the  given  curve  is 

t^i  +  Wg  +  (fe  +  wiy)w,  =  0. 
Thence  find  the  circle  of  curvature. 

29.  Show  that  the  circle  of  curvature  at  the  origin  for  the  curve 

is  (a  +  b){a?  +  y^)  =  2x+  2y, 

30.  Obtain  the  equation  of  the  conic  which  osculates  the  curve 

ay  =  a^-\'a^xy-k'a^-^bQQ(?-\'h^xhf'\-h^'^'\-h^^ 
at  the  origin. 

PQ  is  the  common  chord  of  a  parabola 

y^  =  4aa; 
and  its  osculating  circle  at  P.     Prove  that  the  locus  of  the  point  of 
intersection  of  PQ  with  the  perpendicular  drawn  on  it  from  the 
vertex  is  the  cissoid  y^(3a  - «)  =  os^.  [Oxford,  1890.] 


Digitized  by  VjOOQIC 


288  CHAPTER  X. 

31.  Show  that  when  the  osculating  circle  has  third  order  contact 
with  its  curve  the  curvature  is  measured  by 

32.  A  line  is  drawn  through  the  origin  meeting  the  cardioide 

r  =  a(l  -cos^) 
in  the  points  P,  ©,  and  the  normals  at  F  and  Q  meet  in  C.     Show 
that  the  radii  of  curvature  at  P  and  Q  are  proportional  to  FO  and  QC. 

33.  If  PQ  be  an  arc  not  containing  a  point  of  maximum  or  mini- 
mum curvature,  the  circles  of  curvature  at  P,  Q  will  lie  one  entirely 
within  the  other.  [Math.  Tbipos.] 

34.  Determine  the  equation  of  the  circle  which  touches  the  curve 

at  the  point  (r^,  B^  and  goes  through  another  point  (r^,  0^  on  the 
curve ;  and  hence  derive  the  expression  for  the  radius  of  curvature 
in  polars.  [Math.  Tripos,  1884.] 

35.  Show  that  the  osculating  conic  of  the  catenary 

y  =  ccosh- 
c 

at  a  point  whose  ordinate  is  TyJ\^  is  a  parabola.  rOxFOKD  1889 1 

36.  An  equiangular  spiral  has  contact  of  the  second  order  with  a 
given  curve  at  a  given  point ;  prove  that  its  pole  lies  on  a  certain 
circle,  and  that,  if  the  contact  be  the  closest  possible,  the  distance  of 
the  pole  from  the  point  of  contact  is 

9 


VRS' 


\2 

[Math.  Tripos.] 

37.  If  accented  letters  refer  to  a  point  on  a  curve  and  unaccented 
letters  to  the  corresponding  point  on  the  involute,  prove 

, dx 

Show  how,  by  means  of  these  equations  and 

the  equation  of  an  involute  of  a  given  curve  may  be  found ;  a*  being 
supposed  known  in  terms  of  the  co-ordinates  of  the  extremities  of 
the  arc. 

38.  If  a  right  line  move  in  any  manner  in  a  plane,  the  centres 
of  curvature  of  the  paths  described  by  the  different  points  in  it  in 
any  position  lie  on  a  conic. 
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39.  If,  on  the  tangent  at  each  point  of  a  curve,  a  constant  length 
be  measured  from  the  point  of  contact,  prove  that  the  normal  to  the 
locus  of  the  points  so  found  passes  through  the  corresponding  centre 
of  curvature  of  the  given  curve.  [Bektrand.] 

40.  If  through  each  point  of  a  curve  a  line  of  given  length  be 
drawn,  making  a  constant  angle  with  the  normal  to  the  curve,  the 
normal  to  the  locus  of  the  extremity  of  this  line  passes  through  the 
corresponding  centre  of  curvature  of  the  proposed  curve.  [Bkrtrand.] 

41.  If  on  the  tangent  at  each  point  of  a  curve  a  constant  length  c 
be  measured  from  the  point  of  contact,  show  that  the  radius  of  curva- 
ture of  the  curve  locus  of  its  extreipiity  is  given  by 

where  p  and  ^  refer  to  the  corresponding  point  of  the  original  curve. 

42.  If  through  each  point  of  a  curve  a  line  of  given  length  c  be 
drawn,  making  a  constant  angle  a  with  the  normal  at  that  point,  the 
radius  of  curvature  of  the  locus  of  its  extremity  is  given  by 

,            (p^  +  c^-  2pc  cos  a)' 
p  = ^-L c ^. — .^_, 

p^  +  c^"  2pc  cos  a  -  c  sin  a^ 
a\f/ 

where  p  and  ^  refer  to  the  corresponding  point  of  the  original  curve. 

43.  If  on  each  tangent  to  a  given  curve  a  length  be  measured  from 
the  point  of  contact  equal  to  the  radius  of  curvature  there,  the  centre 
of  curvature  at  any  point  on  the  locus  of  the  extremity  of  the  mea- 
sured length  is  at  the  centre  of  curvature  of  the  corresponding  point 
of  the  original  curve. 

44.  Show  that  the  equation  of  the  involute  of  the  catenary 

y  =  c  cosh  - 
c 

which  begins  at  the  point  where 

05  =  0,     y  =  c, 

is  the  Tractrix  x  =  c  cosh"^-  -  Jc^  -  y^. 

y 

45.  If  a  straight  line  be  drawn  through  the  pole  perpendicular  to 
the  radius  vector  of  a  point  on  the  equiangular  spiral 

to  meet  the  corresponding  tangent,  show  that  the  distance  between 
the  point  of  intersection  and  the  point  of  contact  of  the  tangent  is 
equal  to  the  arc  of  the  curve  measured  from  the  pole  to  the  point  of 


E.D.C. 
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<;ontact  Hence  prove  that  the  locus  of  this  point  of  intersection  is 
one  of  the  involutes  of  the  spiral,  and  show  that  it  is  an  equal  equi- 
angular spiral. 

46.  A  fixed  oval  curve  on  a  smooth  horizontal  plane  is  surrounded 
by  a  smooth  endless  string,  and  a  particle  is  projected  inside  the 
string  so  as  to  move  round,  keeping  the  string  stretched  If  t  and  t' 
are  the  lengths  of  the  straight  portions  of  the  string  at  any  time ; 
<f>,  <f>  the  inclinations  of  these  lengths  to  a  fixed  line ;  and  p,  p  the 
radii  of  curvature  at  the  points  of  contact ;  prove  that 

.,dt  ,  .dt'       ,.       ., 
defy      d<f>''    ^       ^  [Math.  Tripos,  1885.] 

47.  A  curve  is  given  by  the  equation 

<^(n»^2'»'8»  ....  0  =  0 
connecting  the  distances  of  a  point  on  the  curve  from  n  fixed  points 
in  its  plane,  and  yjr^  denotes  the  angle  which  r«  makes  with  the 
tangent  to  the  curve ;  prove  that  the  curvature  at  any  point  is  given 

by     h  sin  i/^^  =  ^Isinvl"^  +  2  cos^^^  +  22  cos  if^  cos  lA' ^*  / 

p  dr        r  Or  or^  ^rdr 

[Math.  Tripos,  1889.] 

48.  Prove  that  in  the  Cartesian  oval 

^fj  +  l^r^  =  constant 

where  r^  and  r^  are  the  distances  of  a  point  P  from  two  fixed  points 
A  and  B,  the  curvature  at  F  is 

/,(/,  +  /gcos  x)\  + 1^(1^  +  l^cos  x)\ 

where  x  is  the  angle  APB,  [Math.  Tripos,  1886.] 

49.  Prove  that  the  radius  of  curvature  at  any  point  of  the  curve 

mr  +  Ir'  =  lc 

t^  -  m^  '  (U^  -  m^)c  -  3m{rl  +  r'm) 

where  r  and  r'  are  the  distances  of  a  point  from  two  fixed  points,  and 
c  is  the  distance  between  these  two  points.  [Coll.  Exam.] 

50.  Two  equal  circular  discs  of  radius  a  with  their  planes  parallel 
are  fastened  at  their  centres  to  a  bar,  the  discs  being  inclined  to  the 
bar  at  an  angle  a.  The  two  wheels  thus  formed  being  rolled  along  a 
plane,  prove  that  the  intrinsic  equation  to  the  track  of  either  wheel 

on  the  plane  is  sin  \^  =  cos  a  sin  -• 


a 
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Prove  that  in  this  curve  the  product  of  the  radius  of  curvature  and 
the  normal  is  constant,  the  normal  being  terminated  by  the  straight 
line  which  divides  the  curve  symmetrically.         [Math.  Tbipos,  1878.] 

51.  If  the  tangent  and  normal  to  a  curve  at  any  point  be  taken  as 
the  axes  of  x  and  y  respectively,  and  if  8  be  the  distance,  measured 
along  the  arc,  of  a  point  very  near  to  the  origin,  show  that  the 
Cartesian  co-ordinates  of  that  point  are  approximately 

.   _   _  «3       8*   dp 
^~*    6^'^Sp^  ds'"' 

^     2p     ^p^  d8     2Vl  Kds)      ^ds^]      ' 

the  values  of  />,  -/^,  and    ^  being  those  at  the  origin. 
ds  d8^ 

52.  If  a  line  be  drawn  parallel  to  the  common  tangent  of  a  curve 
and  its  circle  of  curvature,  and  so  near  to  it  as  to  intercept  on  the 
curve  a  small  arc  of  length  8  measured  from  the  point  of  contact,  of 
the  first  order  of  small  quantities,  show  that  the  distance  between 
the  two  points  on  the  same  side  of  the  common  normal  in  which  the 

line  cuts  the  curve  and  the  circle  of  curvature  is  - — ^,  i.e.,  is  of 

6/3  ds 

the  second  order  of  small  quantities,  the  values  of  p  and  -?  being 

those  at  the  point  of  contact ;  and  again,  if  a  line  be  drawn  parallel 
to  the  common  normal,  the  distance  between  the  points  of  intersec- 
tion with  the  curve  and  the  circle  is  -  „  -^  and  is  of  the  third  order 

bp^  ds 

of  small  quantities. 

53.  Prove  that  the  circle 

V2(a;2  4.y2  +  2)  =  3(aj  +  y) 
has  contact  of  the  third  order  with  the  conic 
5a:2.6a;?/  +  5y2  =  8. 

54.  Show  that  for  the  portion  of  the  curve 

a^y^  =  x^ 
very  near  the  origin  the  shape  of  the  evolute  is  approximately  given 
by  \22ba?y^=\^a\ 

55.  The  conic  whose  focus  is  at  the  pole  and  which  has  second 
order  contact  with  u^J\6)  at  the  point  6  =  a  has  for  its  equation 
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56.  If  a  chord  of  an  ellipse  be  drawn  to  cut  the  evolute  of  the 
ellipse  at  right  angles,  three  times  the  difference  between  its  seg- 
ments intercepted  between  the  evolute  and  the  ellipse  is  equal  to  the 
diameter  of  curvature  of  the  evolute  at  the  point  of  intersection. 

[Math.  Tripos,  1878.J 

57.  If  in  the  plane  curve  ^a;,  y)  =  0, 

we  have  at  any  point  ^  -  =  0,    -^  =  0,      -4  =  0 

ox  oy  ox- 

prove  that  the  curvature  of  one  of  the  branches  of  the  curve  which 
passes  through  that  point  is 

^  'W\dx'dy)  [CaiusColl.,  Camb.] 

58.  If  6  be  the  angle  between  the  normal  at  any  point  P  of  a  plane 
curve  <t>{x,  y)  =  0, 

and  the  line  drawn  from  P  to  the  centre  of  the  chord  parallel  and 
indefinitely  near  to  the  tangent  at  P,  prove  that 

cos^=  _Jp'j:^^±^ ^ 

Jp'  +  ? V{ Q>'  +  h^)p'  -  2(a  +  b)hpq  +  (a2  +  h')p^) 

[TOWNSEND.J 

59.  A  curve  is  such  that  any  two  corresponding  points  of  its 
evolute  and  an  involute  are  at  a  constant  distance.  Prove  that  the 
line  joining  the  two  points  is  also  constant  in  direction. 

60.  Prove  that  at  corresponding  points  of  a  plane  curve  traced  on 
a  cylinder  and  its  development  when  the  surface  of  the  cylinder  is 
developed  into  a  plane,  the  ordinates  drawn  to  corresponding  axes 
which  are  perpendicular  to  the  generating  lines  of  the  cylinder  are 
in  a  constant  ratio ;  prove  also  that  the  product  of  the  radius  of 
curvature  and  the  normal  intercepted  by  the  axis  is  the  same  at 
corresponding  points  of  the  curve  and  its  development. 

[Math.  Tripos,  1878.] 
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ENVELOPES. 

358.  Families  of  Curves. 

If  in  the  equation  ip(x,  y,  c)  =  0  we  give  any  arbitrary  numeri- 
cal values  to  the  constant  o,  we  obtain  a  number  of  equations 
representing  a  certain  family  of  curves ;  and  any  member  of 
the  family  may  be  specified  by  the  particulai'  value  assigned  to 
the  constant  o.  The  quantity  c,  which  is  constant  for  the  same 
curve  but  different  for  different  curves,  is  called  the  pavaTneter 
of  the  family. 

359.  Envelope.    Definition. 

Let  all  the  members  of  the  family  of  curves  ip(x,  y,  c)  =  0  be 
drawn  which  correspond  to  a  system  of  infinitesimally  close 
values  of  the  parameter,  supposed  arranged  in  order  of  magni- 
tude. We  shall  designate  as  consecutive  curves  any  two  curves 
which  correspond  to  two  consecutive  values  of  c  from  the  list. 
Then  the  locus  of  the  ultimate  points  of  intersection  of  consecu- 
tive members  of  this  family  of  curves  is  called  the  envelope 
of  the  family. 

360.  The  Envelope  touches  each  of  the  Intersecting  Members 
of  the  Family. 

Let  Ay  B,  G  represent  three  consecutive  intersecting  mera- 

c  — 


Fig.  68. 

bers  of  the  family     Let  P  be  the  point  of  intersection  of  A 

and  By  and  Q  that  of  B  and  C. 

293 
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Now.  by  definition,  P  and  Q  are  points  on  the  envelope. 
Thus  the  curve  B  and  the  envelope  have  two  contiguous  points 
common,  and  therefore  have  ultimately  a  common  tangent,  and 
therefore  touch  each  other.  Similarly,  the  envelope  may  be 
shown  to  touch  any  other  curve  of  the  system. 

361.  To  find  the  Equation  of  an  Envelope. 

To  find  the  equation  of  the  envelope  of  the  family  of  curves 
of  which  ^(flj,  y,  c)  =  0  is  the  typical  equation. 

Let  ^fey,  c)  =  0,l 

i>{x,y,c+Sc)  =  Q]  ^  ^ 

be  two  consecutive  members  of  the  family.     Expanding  the 
latter  we  have 

0(ic,  y,  c) + Sc^<l>(x,  y ,  c)  + . . .  =  0. 
Hence  in  the  limit,  when  Sc  is  infinitesimally  small,  we  obtain 

as  the  equation  of  a  curve  passing  through  the  ultimate  point 
of  intersection  of  the  curves  (a). 

If  we  eliminate  c  between  the  equations 
<f>ix,y,c)  =  0 

and  :^<p(x,y,c)  =  0 

we  obtain  the  locus  of  that  point  of  intersection  for  all  values 
of  the  parameter  c.    That  is,  we  obtain  the  equations  of  the  enve- 
lope of  the  family  of  curves  of  which  <l>(x,  y,  c)  =  0  is  the  type. 
The  polar  curves  <f>(r,  0,  c)  may  be  treated  in  the  same  manner. 

Ex.  Find  the  envelope  of  the  si/stem  of  straight  lines  of  which  y=cr+^ 

is  the  typCy  c  being  the  parameter  and  (a)  constant  for  all  lines  of  the  st/stem. 

Here  <K^,y,  c)=y-c.r-^=0, 

c 

and  ^^<^(r,  y,  c)=  -.  jr+|=0, 

therefore  c  =  ±  v-  ; 

^  .r 
or  r/'  =  4aj'y 
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a  parabola,  which  is  therefore  the  envelope.      In  other  worda,  every 
straight  line,  obtained  by  giving  any  arbitrary  special  value  to  c  in  the 

equation  y=  ca?  +^,  touches  the  parabola  y*=4a.r. 

362.  The  Envelope  of  A\^+2B\+C=0  is  B«  =  4C. 

If  A,  B,Che  any  functions  of  x  and  y,  and  the  equation  of 
any  curve  be  ^X^ + 2B\ +(7=0, 

\  being  an  arbitrary  parameter,  the  envelope  of  all  such  curves 
is  B'^AC, 

For  we  have  to  eliminate  X  between 

A\^+2B\+C^0 
and  2AX  +  2B  =  0, 

and  the  result  is  clearly  B^  =  AC. 

The  result  of  the  example  of  Art.  361  may  be  obtained  in  this  way ;  for 

the  equation  v=mx+— 

m 

may  be  written  m^x  -  my + a = 0, 

and  therefore  the  envelope  is  y'=4<w?. 

363.  Another  Mode  of  Establishing  the  Rule. 

The  equation  AX^+2B\+C=0  may  be  regarded  as  a  quad- 
ratic equation  to  find  the  values  of  X  for  the  two  particular 
members  of  the  family  which  pass  through  a  given  point  (x,  y). 
Now,  if  (x,  y)  be  supposed  to  be  a  point  on  the  envelope,  these 
members  will  be  coincident.  Hence  for  such  values  of  aj,  y  the 
quadratic  for  X  must  have  two  equal  roots,  and  the  locus  of 
such  points  is  therefore        B^=AC. 

The  envelope  of  the  system  <f>(x,  y,  c)  =  0  might  be  considered 
in  a  similar  manner.  And  it  is  proved  in  Theory  of  Equations 
that  if /(c)  =  0  is  a  rational  algebraic  equation  for  c,  the  con- 
dition that  it  should  have  a  pair  of  equal  roots  is  obtained  by 
eliminating  c  between  the  equations 

/(c)  =  0, 
/(c)  =  0, 
a  result  agreeing  with  that  of  Art  361. 

Examples. 

1.  Show  that  the  envelope  of  the  line  - +?=  1,  where  ab=€^,  a  constant, 

a     0 

is  Axy^c^. 
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2.  Find  the  equation  of  the  curve  whose  tangent  is  of  the  form 

m  being  independent  of  x  and  y. 

3.  Find  the  envelope  of  the  curves 

a^cosl9    }Mne^(^ 
X  y        a 

for  different  values  of  Q. 

4.  Find  the  envelope  of  the  family  of  trajectories 

v=^tan  B-\g—z — rn, 

6  being  the  arbitrary  parameter. 

5.  Find  the  envelopes  of  straight  lines  drawn  at  right  angles  to  tan- 
gents to  a  given  parabola  and  passing  through  the  points  in  which  those 
tangents  cut        (1)  the  axis  of  the  parabola, 

(2)  a  fixed  line  parallel  to  the  directrix. 

6.  Find  the  envelope  of  straight  lines  drawn  at  right  angles  to  normals 
to  a  given  parabola  and  passing  through  the  points  in  which  those  normals 
cut  the  axis  of  the  parabola. 

7.  A  series  of  circles  have  their  centres  on  a  given  straight  line,  and 
their  radii  are  proportional  to  the  distances  of  their  corresjx)nding  centres 
from  a  given  point  in  that  line.     Find  the  envelope. 

8.  P  is  a  point  which  moves  along  a  given  straight  line.  PMy  PN  are 
perpendiculars  on  the  co-ordinate  axes  supposed  rectangular.  Find  the 
envelope  of  the  line  MN, 

9.  A  straight  line  has  its  extremities  on  two  fixed  straight  lines  and 
forms  with  them  a  triangle  of  constant  area.     Find  its  envelope. 

10.  Show  that  the  envelope  of  the  lines  whose  equations  are 

X  sec^O+y  eosec^S = c 
is  a  parabola  touching  the  axes  of  co-ordinates. 

11.  Show  that  the  system  of  conies  obtained  by  varying  A  in  the 

equation  ^+  2A.--'{+^=  1  -  X^ 

have  for  their  envelope  the  parallelogram  whose  sides  are 
j:=±a,    y=±.b. 

1 2.  Show  that  the  envelope  of  the  line 

lx+my  +  l—0, 
where  the  parameters  I,  m  are  connected  by  the  quadratic  relation 

aV^-{-2hlm-\-hm^  +  '2,gl'\-2fni+c=0y 
is  the  conic  Ax^ + 2llxy +By^+2Gx+ 2Fy + C=  0, 

A,  Bj  Cy  Fy  G,  H  being  minors  of  the  determinant 

a,  A,  g 

g*  ^*  c 
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364.  The  c-Disoriminant 

The  function  of  x  and  j/,  whose  vanishing  expresses  that 
4p(x,  y,  c)  =  0  has  equal  roots  for  c,  is,  when  expressed  in  its 
simplest  rational  integral  form,  called  the  o-discriminant  of  0, 
and  may  b^  denoted  by  Ae<f>. 

Hence  the  envelope  for  different  values  of  c  will  be  given  in 
the  equation  A<j^  =  0. 

365.  SingularitieB. 

The  equation  Ac<f>  =  0  may  contain  loci  other  than  the  true 
envelope. 

Imagine  a  curve  with  a  double  point  iV  to  be  made  to  move 
in  a  given  manner  altering  its  shape  as  it  travels  but  retaining 
the  same  general  characteristics.  Take  a  point  P  near  the 
locus  of  the  double  point.  First  one  and  then  the  other  of  the 
branches  which  form  the  node  pass  through  P,  and  when  P  is 
ultimately  on  the  locus  of  the  node  the  two  positions  of  the 
curve  in  which  a  branch  passes  through  P  ultimately  coincide. 

We  can  now  generalize  this  idea.  When  fixed  values  are 
assigned  to  x  and  y  the  equation  <f}{x,  j/,  c)  =  0  may  be  regarded 
as  giving  the  several  values  of  c,  corresponding  to  the  several 
members  of  the  family  which  pass  through  a  specified  point. 
If  this  equation  be  of  the  n^  degree  in  c,  there  will  be  n  real 
or  imaginary  solutions  and  therefore  n  members  of  the  family 
each  passing  through  this  point. 

When  successive  values  of  c  give  a  locus  of  multiple  points 
of  the  r^  order  for  the  family  0(a;,  y,  c)  =  0  and  the  chosen 
point  (x,  y)  happens  to  lie  upon  this  locus,  r  of  these  members 
will  coincide,  and  therefore  the  equation  0(aj,  y,  c)  =  0  will 
give  for  such  a  point  r  equal  values  of  c. 

Hence  it  may  be  expected  that  the  equation  Ac<f>  =  0  will 
contain,  besides  the  true  envelope  solution,  the  loci  of  any 
nodes,  cusps  or  conjugate  points  which  the  members  of  the 
family  may  possess. 

366.  The  more  advanced  student  is  referred  for  further 
information  to  Papers  by  Cayley,  Messenger  of  Mathematics, 
vols.  II.  and  XII. ;  Henrici,  vol.  II.,  Proc.  Lond.  Math,  Soc. ; 
and  M.  J.  M.  Hill,  vol.  XIX.,  Proc.  Lond,  Math.  8oc. ;  where  it 
has  been  shown  that  the  c-discriminant  in  general  contains  the 
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envelope  locus  as  a  factor  once,  the  node  locus  twice,  and  the 
cusp  locus  thrice. 


Ex.  1.  c(y  +  c)8=^. 

Here  differentiating  with  regard  to  c 

(y  +  c)*  +  2c(y  +  c)=0, 

giving  y  +  c=0, 

or  y4-3c=0 

Substituting  from  (L)  in  the  curve  we  get 

x=0 

Substituting  from  (ii.)  we  get        _  -^ = ar' 

Of  these  (iv.)  is  a  cusp  locus 

and  (v.)    is  a  true  envelope  3ar=  —4%. 

This  is  exhibited  in  the  accompanying  figure. 


..(ii) 


.(iv.) 

..(V.) 


Fig.  69. 
Ex.  2.  It  may  happen  accidentally  that  the  node  or  cusp  locus  is  the 
true  envelope  locus. 
Thus  in  the  family  of  semicubical  parabolas 

af={x-cf 

y 


<<  <  <  < 


Fig.  70. 

the  c-discrimiuant  is  y  ==0  or  the  ^r-axis,  and  as  this  line  touches  each  mem- 
ber of  the  family  it  may  be  regarded  as  a  true  envelope.  The  cusps  are 
now  arranged  as  shown  in  Fig.  70. 
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Ex.3.  c(y+c)*=a?2(ar+l). 

Here  there  is  a  node  or  conjugate  point  at  (0,  -  c)  according  as  c  is  positive 
or  negative. 

Differentiating  we  have 

(y+c)(y+3c)=0. 
Eliminating  c  we  have  the  results 

or  _^^=.r^x+l). 

27 

Of  these  a;=0  is  the  node  locus  for  the  portion  of  the  y-axis  below  the 
origin,  and  the  conjugate  point  locus  for  the  portion  above  the  origin. 
The  line  a:+ 1  =0  is  a  true  envelope  solution,  as  also  the  cubic 

4/  +  27Ar'(jF  +  l)=0. 

Ex.  4.  Examine  the  cases  of 

(i.)  0/  +  c)»=^(^+lX 
(ii.)  y=-c(^+c)«, 

(iii.)         t/^^cix-cy, 

367.  It  may  happen  that  the  consecutive  members  of  the 
family  <p(Xy  y,c)  =  0  do  not  all  intersect  in  real  points.  In  this 
case  the  curve  Ae</>  =  0 

does  not  touch  all  the  members  of  the  family  at  real  points. 

Ex.  Let  circles  be  described  having  for  their  diameters  the  double 
ordinates  of  the  parabola  y*=4<ur.     Find  their  envelope. 

If  2c  be  the  double  ordinate,  the  typical  equation  of  such  a  circle  is 


(--4O  +^'=<^- 


or  c*-8ac2(.r+2a)  +  16aV+3^*)=0, (1) 

and  the  envelope  is  (.r + 2a)^ =ar^+^ 

or  y^  =  4a(x+a\ (2) 

Le.y  an  equal  parabola  whose  focus  is  at  the  vertex  of  the  original  curve. 
To  find  where  the  circle  (1)  touches  the  envelope  solve  for  ;r  between 

( 1 )  and  (2).     We  obtain  t-  =  4a(x  +  2a) 

=/  +  4a«, 

which  gives  an  imaginary  ordinate  for  the  point  of  contact  if  c<2a ;  i.e., 
if  the  centre  of  the  circle  lies  between  the  focus  and  the  vertex  of  the 
original  parabola.  The  student  will  be  able  to  illustrate  this  result  by  a 
figure. 
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368.  Case  of  Two  Parameters. 

Next,  suppose  the  typical  equation  of  the  family  of  curves  to 
iuvolve  two  parameters  a,  )8  connected  by  a  given  equation. 
Then  two  courses  are  open  to  us.  We  may  eliminate  one  of 
the  parameters  by  means  of  the  connecting  equation  and  thus 
reduce  the  problem  to  that  solved  in  Art  361,  or,  as  is 
frequently  better  from  considerations  of  symmetry,  consider 
one  of  the  parameters  capable  of  independent  variation  and 
the  other  dependent  upon  it.     We  then  proceed  as  follows. 

Let  <l>{x,  2/,  a,  i8)  =  0 (1) 

be  the  typical  equation  of  the  curves  whose  envelope  is  to  be 

investigated,  and  /(a,  j8)  =  0 .- (2) 

the  relation  connecting  a  and  /8. 

Then,  supposing  a  the  independent  parameter,  we  have 

-da^-d^     da       ' ^^ 

where  ^/j.?/  .  ^^i^_0  (±\ 

We  thus  have  four  equations  and  three  quantities  to  eliminate, 

viz.,  a,  )8,  -f^.     The  result  of  elimination  is  the  equation  of  the 

envelope. 

The  parameters  a,  j8,  connected  by  the  relation  /(a,  i8)  =  0, 
may  be  regarded  as  the  co-ordinates  of  a  parametric  point 
which  lies  on  the  curve /(a?,  2/)  =  ^- 

369.  Indeterminate  Multipliers. 

The  equations  (3)  and  (4)  may  be  written 

^JcZa  +  ^^(Z^  =  0  (Art.  158), 

The  result  of  eliminating  da,  djS  between  these  equations  is 

30     d(f> 
1^  =  5^ 

da     3/3 
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Call  each  of  these  ratios  X.     We  then  have 

I^=X|^,....'. (5) 

oa        da 

3y8"V ^  ^ 

This  quantity  X  is  called  an  "  Indeterminate  Multiplier." 

It  remains  to  eliminate  a,  ^,  and  X  between  equations  (1), 
(2),  (5),  and  (6). 

This  method  is  peculiarly  adapted  to  the  case  in  which 

<t>(x,  2/,  a,  ^)  =  <t>iix,  y,  a,  ^)-ai  =  0, 
and  /(a,i8)=/i(a,i8)-a2  =  0, 

where  <f}^  and  /^  are  homogeneous  in  a  and  )8,  and  of  the  i)*** 
and  q^  degrees  respectively,  a^  and  a^  being  absolute  constants. 
Multiply  equation  (5)  by  a  and  (6)  by  ^8,  and  add.  Then  by 
Euler's  Theorem  pa^  =  qa^, 

so  that  in  such  cases  X  is  easily  found. 

Ex.  Fhid  the  envelope  of  *  +^  =  1,  where  a  and  h  are  connected  hy  the 
relation  a^  +  b^:=:  c*, 

c  being  an  absolute  constant ;  i.e.,  the  envelope  of  a  line  of  constant  length 
which  slides  with  its  extremities  upon  two  fixed  rods  at  right  angles  to  each 
other. 

Here  "^da+'Ldb^O, 

a^         0^ 

ada+bdb=Oy 

and  therefore  ^=Xa, 

a^       ^ 

Multiplying  by  a  and  b  respectively,  and  adding, 

or  l  =  Ac». 


Hence 

and  since 

<^  +  b^^c^ 

we  have 

(c«j;)*  +  (c»^)'=c». 

or 

.r8+yt=<J. 
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Examples. 

1.  Find  the  envelopes  of  the  line 

£+1=1     ^- 
a    0 

under  the  following  conditions  : — 

(1)  a+6=it,     ' 

(2)  a"+6"=)t", 

(3)  a"»6"=X*^+", 
k  being  a  constant  in  each  case. 

2.  Find  the  envelopes  of  the  systems  of  coaxial  ellipses  whose  semiaxes 
a  and  b  are  connected  by  the  equations 

(1)        a+b  =  k, 

(3)  a"'+6"'  =  Xr, 

(4)  ah=J^, 
k  being  a  constant  in  each  case. 

3.  Find  the  envelopes  of  the  parabolas  which  touch  the  co-ordinate  axes 
and  are  such  that  the  distances  (o^  p)  from  the  origin  to  the  points  of  con- 
tact are  connected  by  the  relations 

(1)  «  +  /?=/:, 

(2)  oT'+p^^if^, 

(3)  ap^]^, 
k  being  a  constant  in  each  case. 

370.  Case  of  Three  Parameters  connected  by  Two  Equations. 
Next,  suppose  the  equation  of  a  curve  to  contain  three  para- 
meters connected  by  two  equations. 
Let  the  equation  of  the  curve  be 

4>{x,  y,  a,  ft  y)  =  0, (1) 

and  let  /i(a,  ft  y)=0,j (2) 

/a(a.fty)  =  Oj  (3) 

be  the  two  connecting  equations.     Then  we  have 

|^-^>+'4^V=0 (4) 

l''«  +  3>+ly^V  =  0. (5) 

la^«+3^^^^  +  3y^V  =  0 (6) 
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The  result  of  eliminating  da,  d^,  dy  between  these  three  equa- 
tions is  3^     d(f>     d<f> 
3a'    d^     d^ 

%     2A^     % 
da*     3/8*     3y 

^      3A      3/2, 
3a'     3jS*     3y 

If  a,  /8,  y  be  eliminated  between  the  four  equations  (1),  (2), 
(3)  and  (7),  the  result  will  be  the  equation  of  the  envelope. 

It  is  to  be  noted  that  the  same  deteiminant  would  arise  from 
the  elimination  of  the  *'  indeterminate  multipliers  "  \  and  Xj 
from  the  equations 

^+^.i'+^i-». <« 

a/3^'^^ai8^  -3/3~  • ^^^ 

^+^.|+^'4-«' w 

and  it  is  often  advantageous  to  use  these  latter  equations  in 
place  of  (4),  (5),  (6),  involving  da,  d^,  dy. 

The  result  of  eliminating  a,  /8,  y,  Xi,  \  between  the  six 
equations  (1),  (2),  (3),  (8),  (9),  (10)  will  then  be  the  equation  to 
the  envelope. 

371.  The  general  investigation  of  the  envelope  of  a  curve 
whose  equation  contains  r  parameters  connected  by  r— 1 
equations  proceeds  in  exactly  the  same  way,  and  is  the  result 
of  the  elimination  of  the  r  parameters  and  r— 1  indeterminate 
multipliers  between  2r  equations. 

372.  Converse  Problem.  Oiven  the  Family  and  the  Envelope 
to  find  the  relation  between  the  Parameters. 

Suppose  we  are  given  the  equation  of  a  curve 

0(a:,2/,a,/8)  =  O (1) 

containing  two  parameters.     Suppose  also  the  envelope  given, 

viz.,  F(x,  y)  =  0 (2) 

Required  the  relation  between  a  and  /3. 

Eliminate  y  between  (1)  and  (2).  We  obtain  an  equation  of 
the  form  /(«,  a,/8)-0 (3) 
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giving  the  abscissa  of  the  point  of  contact  of  the  curve  with  its 
envelope.  Since  the  curve  touches  its  envelope,  equation  (3) 
must  also  be  true  for  a  contiguous  value  of  x,  viz.,  x+Sx  (unless 
the  tangent  at  the  point  of  contact  be  parallel  to  the  axis  of  y, 
in  which  case  we  could  have  eliminated  x  between  (1)  and  (2) 
and  proceeded  in  the  same  way  with  y).     Hence 

f{x,a,b)  =  {)A (4) 

f{x+Sx,  a,  6)  =  0.J (5) 

The  latter  may  be  expanded  in  powers  of  Sx,  when  it  becomes 

y(a?,a,6)+|{^a:  +  ...=0, (6) 

and  therefore  in  the  limit 

I-- •-<'> 

If,  then,  X  be  eliminated  between 

f(x,a,^)  =  0, 

^f(x,  a,  y8)  =  0, 

we  obtain  the  relation  sought. 

It  will  be  observed  that  this  is  precisely  the  same  process  as 
finding  the  envelope  of. 

0(^»2/,  a,  ^)  =  0, 
consideriTig  a,  fi  as  the  current  co-ordinates  and  x,  y  as  para- 
meters  connected  by  the  relation 

F(x,y)  =  0. 

Ex.  Given  that  jF^+y*=c*  is  the  envelope  of  -4.^=  1,  fnd  the  necessary 
relation  between  a  and  b.  ^ 

We  have  "^+"^^=0, 

or     y' 

a      b 
therefore  jf^  =  A«, 

Hence  •^=Ax*,     ^  =  Ay^, 

and  by  addition  1  =  A.c^. 

This  gives  a  =  c^x\    b = c'y*, 

and  by  squaring  and  adding 

the  relation  required.    (See  Ex.,  Art.  369.) 
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373.  Evolntes  considered  as  Envelopes. 

The  evolute  of  a  curve  has  been  defined  as  the  locus  of  the 
centre  of  curvature,  and  it  has  been  shown  (Art.  341)  that  the 
centre  of  curvature  is  the  ultimate  point  of  intersection  of  two 
consecutive  normals.  Hence  the  evolute  is  the  envelope  of  the 
noTTnals  to  a  curve.  It  is  from  this  point  of  view  that  the 
equation  of  the  evolute  of  a  given  curve  is  in  general  most 
easily  obtained. 

Ex.  To  find  the  evolute  of  the  ellipse 


The  equation  of  the  normal  at  the  point  whose  eccentric  angle  is  <^  is 

_^__^_j  =  a«-6« ; (1) 

C03<t>     8in<^ 

"We  have  to  find  the  envelope  of  this  line  for  different  values  of  the 
parameter  <f>. 

Differentiating  with  regard  to  </>, 

sin  d>  ,  t   cos  <h     -.  ,_. 

CLV 7f+h''-2l  =  ^i (2) 

8in'<f»  .  cos'<f>    ^ 
by         ax 

Hence  ^^"^^^^^^  ^  (3) 

-%     ij^     V(cur)S+(6y)i 

Substituting  these  values  of  sin<^  and  co8<^  in  equation  (1)  we  obtain, 

after  reduction  (cwr)* + (6y)* = (a*  -  6*)*. 

374.  Pedal  Curves  as  Envelopes. 

It  has  already  been  pointed  out  (Art.  223)  that  if  circles  be 
described  on  radii  vectores  of  a  given  curve  as  diameters  they 
all  touch  the  Jirst  positive  pedal  of  the  curve  with  regard  to 
the  origin.  It  is  obvious,  therefore,  that  the  problem  of  finding 
the  first  positive  pedal  of  a  given  curve  is  identical  with  that 
of  finding  the  envelope  of  cirdea  described  on  the  radii  vectores 
as  diameters. 

Again,  the  first  negative  pedal  is  the  envelope  of  a  straight 
line  drawn  through  any  point  of  the  curve  and  at  right  angles 
to  the  radius  vector  to  the  point. 


B.D.C. 


Digitized  by  LjOOQ IC 


306  CHAPTER  XI. 

Ex.  1.  Find  the  first  positive  pedal  of  the  circle  r=2a  cos  6  vrith  regard  to 
the  origin. 

Let  G?,  a  be  the  polar  co-ordinates  of  any  point  on  the  circle,  then 

ci?=2acosa. 
Again,  the  equation  of  a  circle  on  the  radius  vector  d  for  diameter  is 

r=£^co8(^-a), (1) 

or  r  =  2aco8acos(^-a). (2) 

Here  a  is  the  parameter. 

Differentiating  with  regard  to  a, 

-  sin  a  cos(^  —  a)-f- cos  a  8in(^  -  a)=0, 
whence  sin(^  -  2a) = 0, 

or  a  =  ^ (3) 

Substituting  this  value  of  a  in  equation  (2) 

r=2aco8*-» 
2 

or  r=a(l4-cos^), 

the  equation  of  a  cardioide. 

Ex.  2.  Find  the  eqtuition  of  the  first  negative  pedal  of  the  cardioide 

r=a(l+co8  6) 
with  regard  to  the  origin. 
Here  we  have  to  find  the  envelope  of  the  line 

^cosa+y  sina=di 
where  dy  a  are  the  polar  co-ordinates  of  any  point  on  the  cardioide  ;  i.e., 
where  d=a{l+  cos  a). 

The  equation  of  the  line  is  therefore 

a:  cos  a+y  sin  a= a(l  +  cos  a), 
or  (x  -  a)co8  a +y  sin  a = a, 

a  line  which,  from  its  form,  is  easily  seen  to  be  a  tangent  to 

or  r=2acos^, 

which  is  therefore  its  envelope. 

375.  Envelope  of  a  Line  regarded  as  a  Negative  Pedal. 

If  a  straight  line  be  in  motion  in  any  manner,  suppose  0  to 
be  any  arbitrary  origin  and  OF  a  perpendicular  on  the  moving 
line.  It  is  evident  that  the  envelope  of  the  moving  line  is  the 
first  negative  pedal  of  the  locus  of  F. 

As  several  curves  have  well-known  first  negative  pedals,  the 
envelope  may  in  this  manner  often  be  inferred. 

The  following  results  frequently  recur  and  may  be  found 
useful. 
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First  Neoativb  Pedal. 


|any  point  not  uponj     parabola. 
\  the  line,  / 

{Ellipse  with    pole    for 
focus. 


any  point  within, 


any  point  without,       f  Hyperbola  pole  for  fo- 
\  cus. 


Circle, 

Cardioide  [r=a(l  ±cos  0)],  pole, 

Lima^on  [r=a+6cos^,   pole, 


any  point  upon  it, 


r"  =  a"cos  ndj  pole, 

Bernoulli's  Lemniscate,  pole, 

Equiangular  spiral,  pole, 

r=a8\iin$y  pole, 


Point. 

Circle  through  pole. 

Circle. 

n  n 

l-n 


Rectangular  hyperbola. 
Equiangular  spiral. 

{Epi-cycloid  or  hypo- 
cycloid. 

Ex.  1.  If  a  lamina  have  three  straight  lines  traced  upon  it  and  is  moved 
so  that  two  of  the  straight  lines  pass  through  fixed  points,  find  the  envelope 
of  the  third  carried  line. 


Fig.  n. 

Let  S  and  S'  be  the  fixed  points,  ABy  AC  the  lines  fixed  in  the  lamina 
and  passing  through  S  and  S'y  SY  a  perpendicular  from  S  on  the  carried 
line  BC. 

Sr=ry     rSX^Oy    SS'=k,    and    AB=c. 

A^S' ^6- {90- B\ 

r=SB  sin  B=(c-  AS)Bm  B 


Let 

Then 
and 


^[c-'7^Mn(A+B+$-90)]smB, 
sin  A 
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This  is  of  the  form 

r=a+/Jco8(^-y) 
where  a,  fi,  y  are  constants  and  the  locus  of  F  is  a  lima^n  with  S  for 
pole.     Hence  the  envelope  of  any  carried  line  BC  is  a  circle. 

CoR.  Thus  if  two  of  the  sides  of  a  polygon  pass  through  fixed  points,  all 
other  sides,  diagonals,  or  carried  lines  envelope  circles  or  pass  through 
fixed  points. 

Ex.  2.  If  a  lamina  with  a  curve  traced  upon  it  be  in  motion  in  any 
manner,  to  find  the  envelope  of  the  instantaneous  directions  of  motion  of 
all  points  upon  the  carried  curve. 

Let  Ay  Bhe  two  of  the  points  of  the  curve.  Draw  lines  AO,  BO  at  right 
angles  to  the  instantaneous  directions  of  motion  of  A  and  B  respectively. 
Then  0  is  the  "instantaneous  centre";  and  if  P  be  any  other  point  of  the 
curve,  PO  is  a  normal  to  the  path  of  P.  Hence  the  envelope  of  all  the 
directions  of  motion  at  any  instant  is  the  first  negative  pedal  of  the  given 
curve  with  regard  to  the  instantaneous  centre. 

EXAMPLES. 

1.  Find  the  envelope  of  the  line  y  =  nix  -  2am  -  am^  for  diflFerent 
values  of  m ;  i.e.,  find  the  equation  of  the  evolute  of  the  parabola 
y-  =  iax, 

2.  Show  that  the  envelope  of  the  family  of  curves 

^A8  +  3J5A2  +  3(7A  +  i>  =  0, 
where  A  is  the  arbitrary  parameter  and  A,  B,  Cj  D  are  functions  of 
X  and  y,  is  (BC  -  ADy  =  4{BD  -  C^){A  C  -  B^). 

3.  Find  the  envelope  of  the  line  which  joins  the  feet  of  the  two 
perpendiculars  from  any  point  of  a  circle  upon  a  given  pair  of  per- 
pendicular diameters. 

4.  Show  that  the  envelope  of  straight  lines  which  join  the  ex- 
tremities of  a  pair  of  conjugate  diameters  of  an  ellipse  is  a  similar 
ellipse. 

5.  Show  that  if  PM,  PN  be  perpendiculars  from  any  point  P  of 
the  curve  y  =  w^  upon  the  axes  the  envelope  of  MN  is 

272/  +  4w5c3=,o. 

6.  Find  the  envelope  of  circles  described  on  the  radii  vectores  of 
an  ellipse  drawn  from  the  centre  as  diameters. 

7.  Show  that  the  envelope  of  the  family  of  curves 

^cos"(9  +  J5sin"^=a, 
where  6  is  the  arbitrary  parameter  and  A,  B^  C  are  functions  of  x 

2  8  2 

and  y,  is  A'-''  +  ^-"  =  (7="". 
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8.  Show  that  the  envelope  of  a  circle  whose  centre  lies  on  the 
parabola  y^  =  4oa;  and  which  passes  through  its  vertex  is 

9.  Show  that  the  envelope  of  a  circle  whose  centre  lies  on  the 
parabola  ^  =  4a:c  and  whose  radius  =  the  abscissa  of  the  centre  is 
made  up  of  the  tangent  at  the  vertex  and  a  circle  with  centre  at  the 
focus. 

10.  Two  particles  move  along  parallel  straight  lines,  the  one  with 
uniform  velocity  and  the  other  with  the  same  initial  velocity  but 
with  uniform  acceleration  Show  that  the  line  joining  them  always 
touches  a  fixed  hyperbola. 

11.  A  series  of  circles  is  described  having  their  centres  on  an 
equilateral  hyperbola  and  passing  through  its  centre.  Show  that 
the  locus  of  their  ultimate  points  of  intersection  is  a  lemniscate. 

12.  Find  the  envelope  of  the  lines 

x(8in  ^)  -  i  -{-  y(cos  ^) "  4  =  a.  [Oxford,  1889.] 

13.  Prove  that  the  equation  of  the  normal  to  the  curve 

may  be  written  in  the  form 

y  cos  <^  -  a;  sin  </>  =  a  cos  2<^. 
Hence  show  that  the  evolute  of  the  curve  is 
(x  +  y)8  +  (cc  -  7/)3  =  2a8. 

14.  Show  that  the  envelope  of  the  lines 

£C  cos  wia  +  y  sin  ma  =  a(cos  na)", 
where  a  is  the  arbitrary  parameter,  is 

^1 n  „ 

m-n 

1 5.  Circles  are  described  having  for  diameters  the  radii  vectores 
from  the  origin  to  the  curve  a?  +  y^  =  Soar^.  Prove  that  their  en- 
velope is  the  inverse  of  a  semicubical  parabola.  [Oxford,  1889.] 

16.  The  tangent  at  any  point  P  on  a  parabola  meets  the  tangent 
at  the  vertex  in  <?,  and  the  normal  at  P  meets  the  axis  in  i?,  find 
the  envelope  of  QR.  [Oxford,  1888.] 

17.  Show  that  the  radius  of  curvature  of  the  envelope  of  the  line 

a;  cos  a  -f  2/  sin  a  =/(a) 

is  /(«)+/» 
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and  that  the  centre  of  curvature  is  at  the  point 

X  =  -/'(a)sin  a  -/''(a)cos  a^l 
y  =      f'(a.)c08  a  -/''(a)sin  a) 

18.  If  0  be  the  pole  and  P  any  point  of  the  curve 

r=^a  cos  mOy 

and  if  with  0  for  pole  and  P  for  vertex  a  similar  curve  be  described, 

the  envelope  of  all  such  curves  is 

4      Jt      ^^ 
r5  =  aacos-   . 

2 

19.  If  0  be  the  pole  and  P  any  point  of  the  curve 

r*"  =  a*"cos  7ndj 
and  if  with  0  for  pole  and  P  for  vertex  a  curve  similar  to 

r^  —  a"cos  n6 
be  described,  the  envelope  of  all  such  curves  is 

."!?_       .♦"'•  mn   ^ 

r"*+'*==a"*+"cos 0. 

m  +  7i 

20.  If  0  be  the  pole  and  Y  the  foot  of  the  perpendicular  from 
0  on  any  tangent  to  the  curve 

r"*  =  a'^cos  mOj 
and  if  with  0  for  pole  and  Y  for  vertex  a  curve  similar  to 

r"  =  a**cos  nO 
be  described,  the  envelope  of  all  such  curves  is 

r^  =  a'^cos pO,  where  p  = 


wi  +  n  +  mw 

21.  If  a  point  on  the  circumference  of  a  given  circle  be  taken  as 
pole,  and  circles  be  described  on  radii  vectores  of  the  given  circle  as 
diameters,  the  envelope  of  these  circles  is  a  cardioide. 

22.  Show  that  the  envelope  of  all  cardioides  on  radii  vectores  of 
the  circle  r  =  a  cos  6  for  axes,  and  having  their  cusps  at  the  pole,  is 

r^  =  a^  cos  ^0, 

23.  Show  that  the  envelope  of  all  cardioides  described  on  radii 
vectores  of  the  cardioide  r  =  a{l  +  cos  ^)  for  axes,  and  having  their 
cusps  at  the  pole,  is 

ri  =  (2a)^cos-. 

24.  On  radii  vectores  of  r^  =  a^  cos  2n^  as  axes,  curves  similar  to 
it  are  described,  the  curves  being  all  concentric.  Show  that  the 
envelope  of  all  these  is         r"  =  a"cos  nO. 
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25.  A  and  B  are  two  polar  curves  [r  =  af{6)  and  r  =  hF(6)\.  If 
curves  similar  to  A  be  similarly  described  upon  radii  of  jB  as  initial 
lines,  their  envelope  will  be  similar  to  that  of  curves  similar  to  B 
similarly  described  on  radii  vectores  of  -4  as  initial  lines. 

26.  A  variable  parabola  is  drawn  having  its  vertex  on  a  given 
parabola,  the  two  curves  having  the  same  focus ;  prove  that  the 
envelope  of  its  directrix  is  the  curve 

r  cos^-  =  /, 

o 

referred  to  the  common  focus  as  pole  ;  and  trace  this  curve. 

[Oxford,  1890.] 

27.  Prove  that  the  pedal  equation  of  the  envelope  of  the  line 

X  cos  2^  +  y  sin  2^  =  2a  cos  ^, 

is  ;>^-|(^-«^). 

28.  Prove  that  the  pedal  equation  of  the  envelope  of  the  line 

X  cos  md-^y  sin  mO  =  a  cos  nOy 
is  mV^  =  (m^  -  n?)p^  +  n^cfi, 

29.  Two  central  radii  vectores  of  a  circle  of  radius  a  rotate  from 
coincidence  in  a  given  initial  position  with  uniform  angular  velocities 
G>  and  0)'.  Show  that  the  pedal  equation  of  the  envelope  of  a  line 
joining  their  extremities  is 

(oi  +  w')2r2  =  4a>a>'/>2  +  (o)  -  0)')2a2^ 

30.  The  envelope  of  polars  with  respect  to  the  circle 

of  points  which  lie  on  the  circle 

x^-\-y^  =  2hx 
is  {(a-6)a;  +  a6}2  =  62{(a:-a)2  +  y2}. 

31.  A  square  slides  with  two  of  its  adjacent  sides  passing  through 
fixed  points.  Show  that  its  remaining  sides  touch  a  pair  of  fixed 
circles,  one  diagonal  passes  through  a  fixed  point,  and  that  the 
envelope  of  the  other  is  a  circle. 

32.  An  equilateral  triangle  moves  so  that  two  of  its  sides  pass 
through  two  fixed  points.  Prove  that  the  envelope  of  the  third  side 
is  a  circle. 

33.  Prove  that  the  envelope  of  the  circles  obtained  by  varying  the 
arbitrary  parameter  a  in  the  equation 

c^y  -  af  +  (ex  -  a2)2  =  (a2  +  c2)2 
consists  of  a  straight  line  and  a  circle. 


Digitized  by  LjOOQ IC 


312  CHAPTER  XL 

34.  Two  points  are  taken  on  an  ellipse  on  the  same  side  of  the 
major  axis  and  such  that  the  sum  of  their  abscissae  is  equal  to  the 
semi-major  axis.  Show  that  the  line  joining  them  envelopes  a  para- 
bola which  goes  through  the  extremities  of  the  minor  axis  and  whose 
latus  rectum  is  equal  to  that  of  the  ellipse. 

35.  Given  the  centre  and  directrices  of  an  ellipse,  show  that  the 
envelope  of  the  normals  at  the  ends  of  the  latera  recta  is 

273^±256ca:3  =  o. 

36.  Prove  that  the  envelope  of  a  circle  which  passes  through  a 
fixed  point  ^and  subtends  a  constant  angle  at  another  fixed  point  F* 
is  a  lima9on. 

37.  Find  the  envelope  of  a  parabola  of  which  the  directrix  and 
one  point  are  given. 

38.  Show  that  the  envelope  of  the  common  chords  of  the  ellipse 

a:2/a2  +  y2/52  =  l 

and  its  circles  of  curvature  is  the  curve 

\a     h)       \a     h)         '       [Math.  TRipas,  1884.] 

39.  Find  the  condition  between  a  and  b  that  the  envelope  of  the 

line  -+?=1 

a     b 

may  be  the  curve  x''y^  =  A;''+*. 

40.  iS  is  a  fixed  point,  and  with  any  point  P  of  a  curve  for  centre 
and  with  radius  PS +k&  circle  is  described.  Show  that  the  envelopes 
for  different  values  of  k  consist  of  two  sets  of  parallel  curves,  one  set 
being  circles ;  and  find  what  the  original  curve  must  be  that  both 
sets  may  be  circles. 

41.  Rays  emanate  from  a  luminous  point  0  and  are  reflected  at  a 
plane  curve.  0  F  is  the  perpendicular  from  0  on  the  tangent  at  any 
point  P,  and  OF  is  produced  to  a  point  Q,  such  that  YQ'^OY. 
Show  that  the  caustic  curve  is  the  evolute  of  the  locus  of  Q,  Show 
that  the  caustic  curve  may  also  be  regarded  as  the  evolute  of  the 
envelope  of  a  circle  whose  centre  is  P  and  radius  OP. 

[If  a  ray  of  light  in  the  plane  of  a  given  blight  curve  be  incident  upon  the 
curve,  the  reflected  ray  and  the  incident  ray  make  equal  angles  with  the  normal 
to  the  curve  at  the  point  of  incidence,  and  the  reflected  ray  lies  in  the  plane  of 
the  curve.  If  a  given  system  of  rays  be  incident  upon  the  curve,  the  envelope 
of  the  reflected  rays  is  called  the  caustic  by  reflection.] 
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42.  Parallel  rays  are  incident  on  a  bright  semicircular  wire  (radius 
a)  and  in  its  plane.     Show  that  the  caustic  curve  is  the  epicycloid 

formed  by  a  point  attached  to  a  circle  of  radius  -  rolling  upon  the 

circumference  of  a  circle  of  radius  ^• 

2 

43.  Eays  emanate  from  a  point  on  the  circumference  of  a  reflecting 
circular  arc.     Show  that  the  caustic  after  reflection  is  a  cardioide. 

44.  Show  that  if  rays  emanate  from  the  pole  of  an  equiangular 
spiral  and  are  reflected  by  the  curve  the  caustic  is  a  similar  equi- 
angular spiral. 

45.  Rays  of  light  parallel  to  the  y-axis  fall  upon  the  reflecting 
curve  y  =f(x).     Show  that  the  equation  of  the  reflected  ray  is 

(r-y)2;>  +  (l-;>%r-a:)  =  0 
where  p  =/'(x).     Also  that  the  length  of  the  reflected  ray  between 
the  point  of  reflection  and  the  caustic  is  one  quarter  of  the  chord  of 
curvature  parallel  to  the  ^-azis. 

46.  If  rays  of  light  emanating  from  the  pole  fall  upon  a  reflecting 
curve,  show  that  the  length  (Z)  of  the  reflected  ray  is  given  by 

47.  A  straight  line  meets  one  of  a  system  of  confocal  conies  in 
P,  Q,  and  BS  is  the  line  joining  the  feet  of  the  other  two  normals 
drawn  from  the  point  of  intersection  of  the  normals  at  P  and  Q, 
Prove  that  the  envelope  of  RS  is  a  parabola  touching  the  axes. 

[Math.  Tripos,  1884.] 

48.  Show  that  the  tangents  to  a  system  of  conies  inscribed  in  a 
given  quadrilateral,  at  the  points  where  a  fixed  straight  line  meets 
them,  envelope  a  curve  of  the  third  class  touching  the  given  line  and 
the  sides  of  the  given  quadrilateral.  [Math.  Tbipos,  1885.] 

49.  Show  that  the  vanishing  of  the  c-discriminant  of  the  eliminant 
of  7^  from  the  equations    xp^  -  2yp  +  a  =  0  ) 

and  cp^  -  xp^  +  o  =  ^  j 

gives  exactly  the  same  locus  as  the  vanishing  of  the  /^discriminant  of 
the  first  equation.  Show  that  this  is  not  a  true  envelope  but  a  cusp 
locus.  [Math.  Tripos,  1878.] 

50.  Find  the  condition  that  every  curve  of  the  family /(«,  y,  c)  =  0 
may  have  a  double  point,  i.e.  that  there  may  be  a  node  locus. 

[Prof.  M.  J.  M.  Hill.] 
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CURVE  TRACING. 

376.  Nature  of  the  Problem.      Cartesian  Equations. 

If  in  the  Cartesian  equation  of  any  algebraic  curve,  various 
values  of  x  be  assigned,  we  obtain  a  number  of  equations  whose 
roots  give  the  corresponding  values  of  the  ordinates.  The  real 
roots  of  these  equations  can  always  be  either  found  exactly  or 
approximated  closely  to  by  methods  explained  in  the  Theory 
of  Equations.  We  can  by  this  means,  laborious  though  it  will 
in  most  cases  be,  find  as  many  points  as  we  like  which  satisfy 
the  given  equation  of  the  curve  ;  and  by  joining  these  points 
by  a  curved  line  drawn  freely  through  them  we  can  form  a 
fairly  good  idea  as  to  its  shape.  The  experience,  however, 
which  we  have  gained  in  previous  chapters  will  in  general 
obviate  any  necessity  of  resort  to  the  usually  tedious  process 
of  approximating  to  the  roots  of  equations  of  high  degree ;  and 
we  propose  to  give  a  list  of  suggestions  for  guidance  in  curve 
tracing  which  in  most  cases  will  enable  us  to  form,  without 
much  difficulty,  a  suflSciently  exact  notion  of  the  character  of 
the  curve  represented  by  any  specified  equation. 

377.  Order  of  Procedure. 

1.  A  glance  will  suflice  to  detect  symmetry  in  a  curve. 

(a)  If  no  odd  powers  of  y  occur,  the  curve  is  symmetrical  with 

respect  to  the  axis  of  x.     Similarly  for  synmietry  about 
the  axis  of  y. 

(b)  If  all  the  powers  of  both  x  and  y  which  occur  be  even,  the 

curve  is  symmetrical  about  both  axes,  as,  for  instance. 


x^    v^ 
in  the  case  of  the  ellipse    2+^  =  ^- 

314 
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(c)  Again,  if  on  changing  the  signs  of  x  and  y  the  equation 
of  the  curve  remain  unchanged,  there  is  symmetry  in 
opposite  quadrants,  as  in  the  case  of  the  hyperbola 
xy=1^.  The  origin  is  then  said  to  be  a  centre  of  the 
curve. 

{d)  If  the  equation  remain  unchanged  when  x  and  y  are  inter- 
changed there  is  symmetry  about  the  line  y=x. 
If  the  curve  be  not  symmetrical  with  regard  to  either  axis, 

consider  whether  any  obvious  transformation  of  co-ordinates 

could  make  it  so. 

2.  Notice  whether  the  curve  passes  through  the  origin  ;  also 
the  points  where  it  crosses  the  co-ordinate  axes;  or,  in  fact, 
any  points  whose  co-ordinates  present  themselves  as  obviously 
satisfying  the  equation  to  the  curve. 

3.  What  linear  a^syniptotes  are  there  ?  First  find  those 
parallel  to  the  co-ordinate  axes ;  next,  the  oblique  ones  (Art. 
237).  These  results  point  out  in  what  directions  the  curve 
extends  to  infinity. 

Find  also  on  which  side  of  each  asymptote  the  curve  lies 
(Art.  260). 

If  there  be  a  parabolic  branch  it  is  useful  to  obtain  a  para- 
bolic asymptote  and  to  ascertain  on  which  side  of  this  parabola 
the  curve  lies  (Art.  2G3). 

4.  If  the  curve  pass  through  the  origin,  equate  to  zero  the 
terms  of  lowest  degree.  These  terms  will  give  the  tangent  or 
tangents  at  the  origin  (Art.  291),  and  thus  tell  the  direction  in 
which  the  curve  passes  through  the  origin.  A  more  complete 
method  of  finding  the  shape  of  the  curve  near  to  and  at  a  great 
distance  from  the  origin  is  to  follow  in  Art.  382. 

5.  If  there  be  a  nA)de,  cusp,  or  conjugate  point  at  the  origin, 
or  a  multiple  point  of  higher  order  than  the  second,  take  note 
of  the  fact.     If  there  be  a  cusp,  test  its  species  (Art.  295). 

6.  Find  what  other  multiple  points  the  curve  has  (Art.  294), 
and  ascertain  the  position  and  character  of  each. 

7.  FiTid     ,-;    and  for  what  points  it  vanishes  or  becorrtes 

infinite.     These  results  will  indicate  the  points  at  which  the 
tangent  is  parallel  or  perpendicular  to  the  axis  of  x.      The 
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direction  of  the  tangent  at  other  points  may  also  be  ascertained 
if  desirable. 

8.  Find,  if  convenient,  the  jxnnts  of  inflexion, 

9.  A  straight  line  will  cut  a  curve  of  the  n^  degree  in  n 
points  real  or  imaginary,  and  imaginary  intersections  occur  in 
pairs.  These  facts  are  often  useful  in  detecting  a  false  notion 
of  the  shape  of  a  curve. 

10.  If  we  can  solve  the  equation  for  one  of  the  variables,  say 
y,  in  terms  of  the  other,  x,  it  will  be  frequently  found  that 
radicals  occur  in  the  solution,  and  that  the  range  of  admissible 
values  of  x  which  give  real  values  for  y  is  thereby  limited. 
The  existence  of  loops  upon  a  curve  is  frequently  detected  thus. 

11.  It  sometimes  happens  that  the  equation  is  much  simpli- 
fied upon  reduction  to  the  polar  form.  This  is  especially  the 
case  when  the  origin  is  a  multiple  point  on  the  curve. 


J^ 


(a)    y=^x 
Straight  Line 


<L 


T 


(b)  >=x' 

Parabola 


A 


(e)   y=x3 
Cubical  Parabola 
InfUxion  at  O 


y 


(d)    y=x* 
UndulatioH  at  O 


T 


J, 


r 


^ 


(9)    >=^X^ 

Inflexion  eUO 


Parabola 


4 


(9)  y=^ 

Pair  of  St. Lines 


(h)    y=;r? 

SemicuSical  Parabola 
CutpatO 


(t)  y=^x' 

Two  Parabolas 


< 


0)  y=^ 

Cusp  ato 


(h)   r= 

Cubical  Parabola 
Inflexion  at  O 


(0 

Semicubical  Parabola 
Cusp  ato 


Fig.  72. 


378.  It  is  not  necessary  of  course  in  every  case  to  take  all 
the  steps  indicated  above,  or  to  keep  to  the  order  laid  down, 
but  the  student  is  advised  in  any  curve  he  may  attempt  to 
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trace  to  note  down  the  result  of  each  investigation  he  may- 
make.  For  instance,  he  should  remark,  the  absence  just  as 
much  as  the  existence  of  symmetry,  asymptotes,  or  singular 
points,  and  the  total  information  gained  will  generally  be 
suflScient  to  give  a  tolerably  good  diagram  of  the  curve. 

379.  It  will  be  useful  to  be  able  to  draw  at  once  a  graph  of 
any  of  the  cases  which  come  under  the  head 

Accordingly  the  student  should  carefully  consider  the  figures 
of  diagram  72  and  verify  the  drawing  in  each  case. 

380.  We  add  a  few  examples  to  illustrate  the  points  enum- 
erated. 


Fig.  73. 
I.  To  trace  the  curve      y=^{x-\){x-'2,y[^x-  3). 

(a)  This  curve  is  not  symmetrical  about  either  axis  ;  but  if  the  origin 
be  transferred  to  the  point  (2,  0)  the  equation  becomes 

showing  symmetry  in  opposite  quadrants  wlien  referred  to  the  new  axes, 
and  that  the  tangent  at  the  new  origin  is  inclined  at  an  angle  135"  to  the 
axis  of  X, 
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()8)  Recurring  to  the  original  equation, 
If  y  =  0,  x=l,  2,  or  3; 

If  ^=0,  y=-6; 

If  ^=00,  y=oo; 

If  ^=  — X,  y=-QO. 

When  X  is  >3  y  is  positive, 

x<S  but  >2  y  is  negative, 
x<2  but  >1  y  is  positive, 
x<l  y  is  negative, 

(y)  The  curve  does  not  go  through  the  origin,  and,  although  extending 
to  infinity,  it  has  no  rectilineal  asymptote. 
(8)  Since  y=.r3-6jF2  +  llx-6 


we  have 

which  vanishes  when 


dx 


3x2-12a:+ll, 

1 


a:=2±— . 
V3 


(c)  Also    ,  -^  =  6(^-2),  which  shows  that  there  is  a  point  of  inflexion  at 

the  point  where  x=% 

The  shape  of  the  curve  is  therefore  that  shown  in  Fig.  73. 


II.  To  trace  the  curve 


Fig.  74. 
.^{x-af'Jx^ 

'        —  n 

a' 
Case  1.  Suppose  a>h  (Fig.  74). 

(a)  The  curve  is  symmetrical  with  regard  to  the  axis  of  x. 

(fS)  While  x<by  y  is  imaginary, 

and  y  is  real  for  all  values  of  x  from  6  to  oo ,  and  the  curve  meets  the  axis 
of  X  when  x  =  a  and  when  x=b. 

(y)    ,-=0  when  x—a,  and  =x  when  x=b,  so  tliat  the  curve  touches 

the  axis  x  at  the  point  (rr,  0),  and  cuts  it  at  right  angles  at  (6,  0). 

(5)  There  is  no  asymptote  ;  but,  when  x=cc,  ^  and  -J^  are  both  x  in 
the  limit,  the  curve  ultimately  taking  the  shape  of 

6 

a' 
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Oasb  2.  Next  consider  a<b  (Fig.  75). 

(a')  There  is  in  this  case  also  symmetry  about  the  axis  of  x. 

{^)  The  equation  to  the  curve  is  satisfied  by  the  point  (a,  0),  but  by  no 
other  point  in  its  vicinity,  for  if  ^  be  <6,  y  is  imaginary  except  when 
x=a.    The  point  (a,  0)  is  therefore  a  conjugate  point 

(y')  Moreover  -^-  —  ^  when  x—h^  and  the  curve  cuts  the  axis  of  or.  at 

right  angles  at  this  point. 


Fig.  75. 


(8')  Also,  when  jr=oo,  -^=00;  so  the  curve  in  departing  from  (6,  0) 
(the  point  B  in  Fig.  75)  must  bend  towards  the  positive  direction  of  the 

axis  of  0?,  and,  finally,  -^  again  becomes  infinite,  showing  that  there  must 
dx 

be  a  point  of  inflexion  at  some  point  C  between  B  and  00.     Its  exact 

position  is  of  course  given  by  the  equation 

djP' 
The  shapes  of  the  curves  in  the  two  cases  are  given  in  Figs.  74  and  75 
respectively. 

Examples. 

1.  Trace  the  curve  y=x*(x-l), 

showing  that  its  tangent  is  parallel  to  the  axis  of  x  at  the  origin  and  at 
the  point  x  —  \, 

2.  Trace  the  curve  a%%f  -  6) + or^ = 0. 

3.  Trace  the  curve  (^  -  a)^  +  (y  -  6)' = 0. 

4.  Trace  the  curve       ay^ —{x-  a){x  -  bX^  -  c), 

where  a,  6,  c  are  in  descending  order  of  magnitude,  and  examine  the  cases 

(1)  a  =  6. 

(2)  6  =  c 

(3)  a=6=r. 
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III.  To  trace  the  curve 


y= 


a^'\-a3i^-\-a^ 


^-a2 
a  being  positive. 

(a)  There  is  no  symmetry  about  either  axis  and  the  curve  does  not  pass 
through  the  origin. 

()8)  The  curve  cuts  the  axis  of  y  at  the  point  (0,  -  a)  and  the  axis  of  x 
at  the  point  given  by  the  real  root  of 

^+ar«  +  a3=0. 
(It  is  clear  that  two  roots  of  this  equation  are  imaginary,  for  the  sum  of 
the  squares  of  the  reciprocals  of  its  roots  is  negative.)    Also,  the  real  root 
is  obviously  negative  and  numerically  greater  than  a. 
(y)  When         a:  is  >a,  y  is  positive. 

When         X  lies  between  a  and  —  a,  y  is  negative. 
When  ;r  is  <  -  a,  y  is  positive  until  x  passes  the  negative  root  above 
referred  to,  and  then  is  negative  afterwards. 


/\ 


Fig.  76. 

(6)  The  asymptotes  parallel  to  the  axes  are  ar=  ±a.     To  find  the  oblique 
asymptote  we  have 

.   «^   . 

or  y=^x+a-{-     +.... 

X 
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Hence  y=a;+a  is  the  oblique  asymptote,  and,  if  ar  be  positive,  the  ordinate 
of  the  curve  is  obviously  greater  than  that  of  the  asymptote,  and  the  curve 
lies  above  the  oblique  asymptote.     If  :r  be  negative,  the  curve  lies  below  it. 

^^^  dx''"  {^^a'f       ' 

which  gives  -,^=0,  when  jr=0  or  when  s^-^a^x-Aa^=0,  which  clearly 
ax 

has  a  positive  root  lying  between  x=2a  and  ^=3a,  and  which  can  be 

shown  to  have  only  this  one  real  root.     Also,  ^  =  qo  only  when  a?=  ±a. 

dx 

{0  A  point  of  inflexion  lies  between  x=— 5a  and  ^=-6a  (Ex.  13, 

p.  248). 

The  shape  is  therefore  that  given  in  Fig.  76. 

IV.  To  trace  the  curve        y2+2ar^+jc'^=0. 

(a)  The  curve  is  not  symmetrical  about  either  axis  and  there  are  no 
asymptotes. 

(P)  The  curve  passes  through  the  origin,  but  cuts  neither  axis  again, 
(y)  There  is  a  cusp  at  the  origin,  the  equation  of  the  tangent  being 

/=0. 


Fig.  77. 

Proceeding  according  to  Art.  296  the  quadratic  for  P  is 
P^+2Px^+xf^{\ 
an  equation  whose  roots  are  real  if  a^  be  very  small,  positive  or  negative  ; 
for  the  criterion  for  real  roots  is  that  ofi-o^  should  be  >0.    Tliis  condition 
is  fulfilled  until  xv&  >1,  when  Pory  becomes  imaginary. 

Moreover,  the  product  of  the  roots  ^a?  and  is  positive  or  negative 
according  as  ^  is  positive  or  negative.  There  is  therefore  a  double  cusp 
at  the  origin,  and  on  the  positive  side  of  the  axis  of  y  it  is  of  the  second 
species,  while  on  the  negative  side  it  is  of  the  first  species.  The  point  is 
therefore  a  point  of  oscul-inflexion  (Fig.  60). 


B.D.C. 
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(5)  y=  -a;3±a;3Vr^, 

so  that  ^=3  00  if  j?«=l.    Also,  one  value  of  -^  is  zero  when  4?=-^ 
dx  ^  dx  49 

The  shape  of  the  curve  is  now  readily  seen  to  be  that  shown  in  Fig.  77. 

381.  The  following  curve  illustrates  a  particular  artifice 
which  may  be  occasionally  employed,  namely  to  express  the 
ordinate  of  the  curve  as  the  sum  or  difference  of  the  ordinates 
of  two  known  or  easily  traceable  curves. 


Fig.  7b. 
V.  To  trace  {x^-\-f-2axy^Usi^2a-x), 

Here  y^=2aar-a?*±2VaW2aa?-^+cw? 

therefore  y  =  —  'v^Sao;  -a^±.  /JaXy 

or  y=±yi±y^ 

where  yi  and  ya  are  corresponding  ordinates  of  the  circle  x^+y^=2ax  and 

of  the  parabola  y*=cM7.     Hence  the  ordinate  of  the  curve  is  the  sum  or 

difference  of  the  corresponding  ordinates  of  these  curves.    The  circle  and 

the  parabola  are  shown  by  dotted  lines  in  the  accompanying  figure,  and 

the  resultant  curve  by  the  continuous  line. 

Examples. 

1.  Trace  the  curve  (or+y  + 1)*=(1  -  xf, 

showing  that  there  is  a  cusp  of  the  first  species  at  (1,  -2) ;  also  that  all 
chords  parallel  to  the  axis  of  y  are  bisected  by  the  line 

a:+yH-l  =  0. 

2.  Trace  the  curve  r=a  sec  ^±a  cos  6, 

the  radius  vector  being  the  sum  or  difference  of  the  radii  vectores  of  a 
straight  line  and  a  circle. 


Digitized  by  LjOOQ IC 


CURVE  TRACING. 


323 


382.  Newton's  Diagram  of  Squares. 

When  a  curve  whose  equation  is  algebraic  and  rational  passes 
through  the  origin,  it  is  frequently  desirable  to  ascertain  the 
shape  of  the  curve  in  the  immediate  neighbourhood  of  the 
origin  more  accurately  than  can  be  predicted  from  a  mere 
knowledge  of  the  direction  of  the  tangents,  and  also  to  form 
some  idea  of  the  limiting  form  of  the  curve  at  a  great  distance 
from  the  origin. 

The  following  is  a  graphical  method  of  determining  what 
terms  of  an  equation  are  to  be  retained  or  rejected  in  such 
cases : — 

Let  AitPy^y  Bx^y*  be  any  two  terms  of  the  equation  of  the 
curve ;  and  let  us  suppose  them  to  be  such  that  they  are  of  the 
same  order  of  magnitude.  Take  a  pair  of  co-ordinate  axes  and 
mark  down  the  positions  of  the  points  {p^  q)  (r,  s),  which  we 
shall  call  P  and  R  respectively.  Then,  since  x^y^  and  x^y*  are 
of  the  same  order  of  magnitude,  x^~^  and  y*"^  are  also  of  the 

same  order,  and  therefore  the  order  of  x  is  that  of  j/^"**. 

Now  — i  =tan  0,  where  Q  is  the  angle  which  the  line  PR 
r—p  ^ 

makes  with  OX.     So  that  the  order  of  x  is  that  of  y"**"^,  and 

therefore  the  order  of  the  term  Ax^y^  is  that  of  y^  -^  **"  ^.    Now 


Y 

M 

^ 

^ 

^ 

^ 

^ 

y 

B 

^ 

y 

^ 

^ 

R 

y^ 

^ 

A 

^ 

y 

& 

^ 

^ 

T                      O 

X 

Fig.  79. 

q—p  tan  0  =  the  intercept  OA  made  by  the  line  PR  upon  OY^ 
80  that  the  order  of  the  terms  Ax^y^  and  Bx^y*  is  that  of  y^^^ 
and  is  measured  by  the  intercept  OA. 
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Consider  next  any  other  term  Cx^^y^  in  the  equatioa  Let 
its  graphical  point  (m,  n)  be  denoted  by  M  in  the  figure.  Then 
the  order  of  this  term  is  that  of 


yn 


lUnB    ^^j.   yOB^ 


the  line  MB  being  drawn  parallel  to  RP,  cutting  oflF  the  inter- 
cept OB  on  the  axis  of  y.  OB  therefore  graphically  marks  the 
order  of  this  term,  which  may  therefore  be  rejected  in  tracing 
near  the  origin  in  comparLson  with  the  terms  denoted  by  the 
points  P  and  R  if  OB  be  greater  than  OA  ;  and  in  tracing  the 
curve  at  a  great  distance  from  the  origin  it  may  be  rejected  if 
OB  be  less  than  OA.  Thus  if  all  the  terms  of  the  equation  be 
represented  graphically  by  the  series  of  points  P,  Q,  ii,  /S ...  in 
the  manner  above  described,  and  if  when  any  two,  say  P  and 
i?,  are  chosen  all  the  other  points  lie  on  the  side  of  the  line 
PR  remote  from  the  origin,  they  may  all  be  rejected  in  tracing 
the  portion  of  the  curve  in  the  immediate  proximity  of  the 
origin ;  but  if  they  all  lie  on  the  origin  side  of  the  line  PR 
they  may  all  be  rejected  in  tracing  the  curve  at  an  infinite 
distance  from  the  origin. 

Ex.  If  the  equation  be 
the  points  Ay  B,  C,  D,  E  represent  the  1st,  2nd,  etc,  terms  respectively. 


Y 

E 

Al 

r> 

P 

c 

O 

X 

Fig.  80. 
and  a  glance  at  the  diagram  will  show  that  the 

second  and  thirch 
and  the  second  and  fifth  / 

are  paira  which  may  be  taken  together  in  tracing  near  the  origin,  whilst 
the  first  and  third  ^ 

and  the  first  and  fifth  J 

are  pairs  which  may  be  taken  together  in  approximating  to  the  form  of 
the  curve  at  an  infinite  distance  from  the  origin. 
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383.  The  above  method  is  a  modification  of  the  one  adopted 
in  such  cases  by  Newton,  and  is  known  as  Newton's  Parallelo- 
gram. A  further  slight  variation  on  the  same  method  is  due 
to  De  Gua,  and  is  known  as  De  Qua*s  Analytical  Triangle, 
[De  Gua's  Uaojge  de  V Analyse  de  Descartes,  Paris,  1740.] 

VI.  To  trace  3fi+^-ba^a^==0, 

(a)  Newton's  diagram  shows  at  ouce  that  near  the  origin  the  first  and 
third  of  these  terms,  or  the  second  and  third,  may  be  taken  together, 


Rg.  81. 
whilst  at  a  great  distance  from  the  origin  the  first  and  second  may  be 
taken  together.    This  indicates  that  at  the  origin  the  curve  assumes  the 
parabolic  forms  y*=»  itcuc^Jb, 

and  that  at  infinity  it  approximates  to  the  straight  line  x+y =0,  which  is 
obviously  the  only  asymptote. 

(/5)  Moreover,  the  equation  may  be  written 


when  in  the  limit 


y=  -a:=a  very  large  quantity. 
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Hence  again y=  -;r  is  an  asymptote,  but  we  gain  the  additional  informa- 
tion that  if  A'  be  negative  and  very  large  the  ordinate  of  the  curve  is 
greater  than  the  ordinate  of  the  asymptote. 

(y)  Since  when  the  signs  of  x  and  y  are  both  changed  the  equation 
remains  of  the  same  form  there  is  symmetry  in  opposite  quadrants. 

(5)  Since  f  =^^lZp, 

we  have  -?-=0 

dx 

at  the  points  where  the  curve  is  intersected  by  the  cubical  parabola 
2a^=:r5  (which  is  easily  traced),  and  by  the  axis  of  y  ;  and 

%". 

where  the  curve  is  cut  by  either  of  the  parabolas  y*=  ±ar.  The  form  of 
the  equation  is  therefore  that  shown  in  Fig.  81. 

Examples. 

1.  Trace  x^-\-y^=5aa^\ 

showing  that  at  the  origin  there  are  two  cusps  of  the  first  species,  an 
asymptote  x+y^a,  two  infinite  branches  below  the  asymptote,  and  a  loop 
in  the  first  quadrant. 

2.  Show  that  the  curve     y^  —  a^xh/^+afi=0 

consists  of  four  equal  loops,  one  in  each  of  the  four  quadrants  and  lying 
entirely  within  the  circle  r=a, 

384.  Polar  Equations.     Order  of  Procedure. 
In  tracing  a  curve  from  its  polar  equation  it  is  advisable  to 
follow  some  such  routine  as  the  following : — ' 

1.  If  possible /orm  a  table  of  corresponding  values  of  r  and 
6  which  satisfy  the  equation  of  the  curve.  Consider  both  pos- 
itive and  negative  values  of  6, 

2.  Examine  whether  there  be  symmetry.  If  a  change  of 
sign  of  0  leaves  the  equation  unaltered  the  curve  is  symmetri- 
cal about  the  initial  line.  If  only  even  powers  of  r  occur  the 
curve  is  symmetrical  about  the  origin  and  the  pole  is  a  "centre." 

3.  Obtain  the  value  of  tan  <f>,  Art.  202.  This  will  indicate 
the  direction  of  the  tangent  at  any  point.  The  length  of  the 
polar  subtangent  is  often  useful,  Art.  203. 

4.  Examine  whether  any  values  of  0  exist  which  give  an 
infinite  value  of  r.  If  so,  find  whether  the  curve  has  aaymp- 
totes  in  such  directions  (Art.  265)  and  find  their  equations. 
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5.  Examine  whether  there  be  an  asymptotic  circle  (Art  270). 

6.  Find  the  positions  of  the  points  of  inflexion  (Art,  283). 

7.  It  will  frequently  be  obvious  from  the  equation  of  the 
curve  that  the  values  of  r  or  0  are  confined  between  certain 
limits.    If  such  exist  they  should  be  ascertained. 

E.g,,  if  r=a8iandi  it  is  clear  that  r  must  lie  in  magnitude  between  the 
limits  0  and  a,  and  the  curve  lie  wholly  within  the  circle  r=a, 

8.  It  may  be  useful  to  know  too  whether  the  curve  is  convex 
or  concave  to  the  pole  at  certain  points.     This  can  be  tested  by 

Art.  282. 

• 

385.  Carves  of  the  Class  r=a8innd. 

These  curves  were  csdled  Rhodoneae  by  the  Abbd  Grandi 
from  a  fancied  resemblance  to  rose-petals  * 

VII.  To  trace  r=a  sin  6^. 

(a)  We  have  the  following  table  of  corresponding  values  of  r  and  6 : — 


Values  of  6 

0 

1  s 

10 

1^ 

27r 
10 

a  V 

3x 

10" 

I— 1 

Air 
10 

Corresponding 
Values  of  r 

0 

Pos. 
and 
Incr. 

a 

Pos. 
and 
Deer. 

0 

Neg. 

—  o 

Neg. 

0 

Pos. 

Values  of  6 

6ir 
10 

6w 
10 

Neg. 

7ir 
10 

8ir 
10 

etc. 

Corresponding 
Values  of  r 

a 

Pos. 

0 

-a 

Neg. 

0 

etc 

(P)  r  is  never  greater  than  a,  and  there  is  no  asymptote. 

(y)  tan<^=(tan5^,  and  therefore  vanishes  whenever  r  vanishes  and 
=  00  whenever  r=^a.  The  curve  therefore  consists  of  a  series  of  similar 
loops  as  shown  in  Fig.  82,  all  heing  arranged  symmetrically  about  the 
origin  and  lying  entirely  within  a  circle  whose  centre  is  at  the  pole  and 
radius  a. 

386.  Any  other  curve  of  the  class 
r=a  sin  710 
may  be  traced  in  a  similar  manner. 

*Flor€S  Oeometriei  and  PhU,  Trans,  for  1723,  referred  to  by  D.  F.  Gregory, 
Examples,  p.  185. 
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\  n 


Fig.  82. 

We  annex  a  figure  of  the  curve 

r  =  a  sin  60  (fig.  83). 
It  will  be  noticed  for  this  class  of  curves  that  if  n  be  odd  there 
are  n  loopSy  whilst  if  n  he  even  there  are  2n  loops.     This  wiU 


9  4 

Fig.  83. 

be  easily  seen  from  the  order  of  description  of  the  loops,  which 
we  have  denoted  by  the  numerals  1,  2,  3  ...,  in  the  figurea 
387.  Curves  of  the  class 

rH\nn6=-a 
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belong  to  a  group  of  curves  known  as  Cotes's  Spirals  and  are 
inverse  to  the  above  species.  Their  forms  are  therefore  obvious, 
going  to  (30  along  an  asymptote  whenever  the  radius  of  the 
companion  curve  r = a  sin  nd  vanishes,  and  touching  r = a  sin  tiO 


Fig.  84. 

at  the  extremity  of  each  loop.  Since  the  polar  subtangents 
corresponding  to  the  values  of  6  for  which  r  becomes  infinite 
(viz.  716==  ktt)  are  given  by 

cie  ^  a 

du        n  cos  KIT* 

the  asymptotes  are  not  radial  but  can  at  once  be  drawn.  We 
give  in  illustration  a  tracing  of  the  curves 

r=a  sin  4ft 
a  =  r  sin  40, 
with  the  asymptotes  of  the  latter  in  one  figure  (Fig.  84). 
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388.  Class  r**=a*cosnft 
The  class  of  curves  of  which 

is  the  type,  embraces,  as  has  been  previously  noticed,  several 
important  and  well  known  curves.  For  instance,  we  get 
Bernoulli's  lemniscate  ('^=2),  the  circle  (71=1),  the  cardioide 
(n  =  J),  the  parabola  {n=  —  i),  the  straight  line  (n=  —1),  the 
rectangular  hyperbola  {n=  —2). 

VIII.  To  trace  t^ =a^coa  20  (Bernoulli's  Z^emniscate). 

(a)  Negative  values  of  cos  20  give  imaginary  values  of  r.  Hence  the 
only  real  portions  of  the  curve  lie  in  the  two  quadrants  bounded  by 

0=  -^  and  ^=+^,  and  by  0=^  and  0=^- 
4  4  4  4 

(13)  r=0  when  0=  ±Z  or  ^  or  ^, 

4  4  4 

and  =  ±a  when  ^=0  or  tt. 


.  Fig.  85. 
(y)  Since  the  only  power  of  r  occurring  is  even,  the  curve  is  symmetrical 
about  the  origin.     Again,  since  the  equation  is  unaltered  by  writing  -  0 
for  Oy  the  curve  is  obviously  symmetrical  about  the  initial  line. 

Also,  r  increases  from  ^=  -  ^  to  0  and  decreases  again  from  ^=0  to  - 

4  4 

and  is  nowhere  infinite  or  in  fact  greater  than  a. 

The  curve  therefore  consists  of  two  similar  loops  as  shown  in  Fig.  86. 

Other  curves  of  this  species  may  be  treated  in  a  similar  manner.     It 

will  be  easily  seen  that  if  n  be  fractional  (=^\  the  curve  will  have  p 

portions  arranged  symmetrically  about  the  origin. 

4  8  Q 

For  example,  in  the  curve    r*  =  a*^ cos  -0 

5 

we  have  the  following  scheme  of  values  for  r  and  0 : — 


0 

0 

6 

IOtt 
6 

157r 
6 

20ir 
6 

257r 
6 

307r 
6 

etc. 

r 

a 

0 

-a 

0 

a 

0 

-a 

etc. 
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whence  we  obtain  a  figure  with  three  equal  loops,  the  whole  lying  within 
a  circle  whose  radius  is  a  and  centre  at  the  origin  (Fig.  86). 


Rg.  86. 
Examples. 

1 .  Trace  the  curves   r = a  cos  2^,       r  cos  2^ = a, 

r=a  cos  3^,  r=a  cos  4^. 

2.  Trace  f^=a^coa30y      r^cosZe=c^y 

r»  =  a»co8i^,     r'cosi^=a*, 
r*  =  a^cos  1^,     r*cos  id=a*. 

3.  Trace  the  curve  ^\x^+a^)=a/\a^-a^),  [I.  0.  S.,  1886.} 
Show  that  the  abscissa  corresponding  to  any  given  central  radius  vector  is 
equal  to  the  corresponding  radius  vector  in  Bernoulli's  Lemniscate,  and 
hence  that  the  curve  consists  of  two  loops  passing  through  the  origin  and 
resembling  those  of  the  Lemniscate. 

aO 


IX.  To  trace 


i+e 


(a)  By  giving  a  set  of  values  to  0  we  have  the  following  table  : — 


Values  of  ^  in 
Circular  Measure 

00 

4 

3 

2 

1 

1 
2 

1 

4 

0 

1 
4 

1 
2 

-a 

Values  of  r 

a 

4a 
5 

3a 

4 

2a 
3 

a 
2 

a 
3 

a 

0 

a 
3 

Values  of  0  in 
Circular  Measure 

3 

4 

-1 

6 

4 

4 
3 

3 

2 

-2 

-3 

-4 

-10 

-00 

Values  of  r 

-3a 

CO 

5a 

4a 

3a 

2a 

3a 
2 

4a 
3 

lOtt 

a 
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(13)  Since  we  may  write  the  equation 

when  0  becomes  very  large,  either  positively  or  negatively,  the  form  of 
the  curve  approximates  to  that  of  an  asymptotic  circle  r^Oy  which  it 
approaches  both  from  within  and  without. 

(y)  Art  265  shows  that    rsin(^+l)+a=0 
is  an  asymptote  to  the  curve.    This  line  touches  the  asymptotic  circle  and 
is  shown  by  the  dotted  straight  line  in  the  figure. 


Fig.  87. 

(8)  The  points  of  inflexion  (Art.  283)  are  given  by  the  equation 
^  +  ^  +  2=0, 
an  equation  which  has  one  real  root  which  lies  between   0^-1  and 
0=  -2,    The  curve  is  therefore  that  shown  in  Fig.  87. 

Examples. 

1.  Trace  r=^-J^, 

showing  that  it  lies  entirely  within  the  circle  r=a,  which  is  an  asymptotic 
circle  ;  also,  that  there  is  a  cusp  of  the  first  species  at  the  origin. 

2.  Trace  r=^^--. 

Show  that  there  are  two  linear  asymptotes  and  an  asymptotic  circle  ;  also 
a  cusp  of  the  first  species  at  the  origin  and  a  point  of  inflexion  when  ^=3. 

EXAMPLES. 

1.  Show  that  the  curve     y-  =  x-—t^ 

ci^  -  ar 

-consists  of  two  branches  each  passing  through  the  origin  and  extend- 
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ing  to  infinity,  and  that  the  whole  curve  is  contained  between  two 
asymptotes  parallel  to  the  axis  of  y, 

2.  Show  that  the  curve     y^^ar^f^^^ 

has  two  infinite  branches  passing  through  the  origin  and  lying 
between  the  asymptotes  a;=±a,  and  that  there  are  in  addition 
two  other  infinite  branches  resembling  those  of  the  hyperbola 

3.  Show  that  the  curve      x^  +  y^  =  a^ 

consists  of  one  infinite  branch  running  to  the  asjrmptote  a;  +  y  =  0  at 
each  end  and  cutting  the  axes  at  right  angles  at  the  points  (a,  0), 
(0,  a)  at  which  there  are  points  of  infiexion. 

4.  Show  that  the  curve    x^  +  y^  =  3aa:y 

consists  of  one  infinite  branch  running  to  the  asymptote  a;  +  y  +  a  =  0 
at  each  end  and  lying  on  the  upper  side  of  that  line.  Also,  that  the 
axes  of  co-ordinates  are  tangents  at  the  origin,  and  that  there  is 
a  loop  in  the  first  quadrant  This  curve  is  called  the  Folium  of 
Descarte& 

5.  Trace  the  curves 

(a)  a:^  +  y^=^a^x, 
iP)  x3  +  2/3^2aa^. 
(y)  ay^  =  x{a^  -  aP). 

6.  Show  that  the  curve 

ay^  =  Qc^  +  oc^ 
has  a  cusp  of  the  first  species  at  the  origin  and  an  asymptote  x  +  y  =  a 
cutting  the  curve  at  ( ?,  ^Y     Trace  the  curve. 

7.  Trace  the  curves 

(a)  ay2-2aa^  +  a:8  =  0, 

a  and  6  both  being  positive  quantities. 

8.  Trace  xy-  =  4a^(2a  -  x).     (The  Witch.) 

9.  Trace  the  curve  y^(2a  -  a?)  =  a:^.     (Cissoid  of  Diodes.) 


10.  Trace  (^'=^^, 

\x-{-a/      a;  +  lia 


and  show  that  the  oblique  asymptote  cuts  the  curve  at  an  angle 
tan-18 
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11.  Trace  2a;(jr2  +  y^)  =  a(2a;«  +  y^) 

and  find  by  polars  the  co-ordinates  of  the  points  of  inflexion. 

12.  Trace  y{a^ -i- a^)  =  a^x, 

showing  that  there  are  points  of  contrary  flexure  where  a;=0  or 
±a^3,  that  the  tangent  is  parallel  to  the  axis  of  x  where  x=±a, 
and  that  the  axis  of  a;  is  an  asymptote. 

13.  Trace  xY  =  a%^-y% 

showing  that  the  curve  lies  entirely  between  its  asymptotes  y  —  io^ 
and  that  its  tangents  at  the  origin  are  y=  ±x, 

14.  Trace  the  curve  {a^  -  a^)(y^  -  b^)  =  a^b^. 

15.  Trace  ai*  =  a%a^  -  y^), 

16.  Trace  {y^^a^f  =  a^{x^-2a^), 

17.  Trace  axy  =  a^-aK     (The  Trident.) 

18.  Trace  the  curve    a:*  -  2mx^y^  +  y*  =  a* 

when  m  is  respectively  greater  than,  equal  to,  and  less  than  unity, 
and  also  when  m  is  zero.  [London,  1880.] 

19.  Trace  y^^x^l^J", 

x-a 

20.  Trace  y^^^.'^^l 

2 1 .  Trace  x(x  +  yf  =  a(x  -  yf.  [l.  C.  S.,  1879. ] 

22.  Trace  a^^y{x-a)^  [Oxford,  1876.] 

23.  Trace  f  ^^V  =  ^1^ .  ^h.  C.  S.,  1881.] 

Vy-o/      y  +  a 

24.  Find  the  multiple  points  on  the  curve 

2{X*  +  y*)  +  5ic2y2  ^  4fl^4  =  6a2(a!2  +  y2) 

and  the  directions  of  the  tangents  at  those  points.        [H.  C.  S.,  1881.] 
Also  trace  the  curve. 

25.  Trace  the  curve      a:^  +  y^  +  3ca:y  =  a^, 

and  prove  that  as  c  diminishes  to  a  the  ultimate  form  of  the  loop  is 
that  of  an  ellipse  whose  eccentricity  =  ^|.  [Math,  Tripos.] 

26.  Trace  (a;  -  y)2(a;  +  y)(2a;  +  y)  =  aV-  [Camb.,  1879.] 

27.  Trace  the  curve         r  =  a(l  +  cos  0).     (Cardioide.) 


Digitized  by  LjOOQ IC 


CURVE  TRACING.  335 

28.  Trace  r=a  +  bcoBO    (The  Lima^on  of  Pascal.) 

29.  Trace  r  =  a(2co8^±l).     (The  Trisectrix.) 

30.  Trace  the  following  spirals : — 

(a)      r  =  aO,     (Spiral  of  Archimedes. ) 

(P)    r6  =  a.     (The  Hyperbolic  or  Reciprocal  Spiral.) 

(y)  7^0  =  a^     (The  Lituus. ) 

(6)      r  =  oe**^.     (The  Logarithmic  or  Equiangular  Spiral.) 
Show  that  in  each  case  there  is  an  infinite  number  of  convolutions 
round  the  pole,  and  that  r  sin  ^  =  a  is  an  asymptote  to  (P)  and  the 
initial  line  an  asymptote  to  (y). 

31.  Trace  the  curves 

r  =  aco8  5^,     r  cos  5^  =  a,     r  =  a  cos  |^. 

32.  Trace  the  curves 

r8  =  aScos§^,     rS  =  aSsec§^,     r*  =  a*cos|ft 
What  is  the  relation  between  them  1  [Camb.,  1876.] 

33.  Trace  the  curve  0=  -?5-, 

r-a 

showing  that  a  line  parallel  to  the  initial  line  at  a  distance  a  above 
it  is  an  asymptote.     Show  also  that  there  is  an  asymptotic  circle  r  =  a, 

o .    m_  ^  +  sin  ^ 

34.  Trace  r=ct~--—.—.. 

6 -sin  6 

Show  that  this  curve  has  an  asymptotic  circle ;  also  that  as  each 
branch  of  the  curve  comes  from  infinity  it  approaches  the  asymptotic 
circle  from  the  outside  on  one  side  of  the  initial  line  and  from  the 
inside  upon  the  other. 

35.  Trace  r=2a?i5!^    (The  Cissoid) 

cos  ^  ' 

from  the  polar  equation. 

36.  Trace  r  =  at:^. 

6  +  a 

37.  Trace         r^  =  tan^,  from  ^  =  0  to  ^  =  27r.      [Oxford,  1876.] 

38.  Trace  r^sin  3(^  -  a)  =  sin  ^  -  sin  a.  [Camb.,  1879.] 

39.  Trace  the  "  curve  of  sines  " 


y  =  6sinr. 
a 

40.  Trace 

y  =  6~^*  tan  /lub. 

41.  Trace 
for  positive  values  of  0, 

-w--^ 

[Trtk.  Coll.  Camb.,  1873.] 
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42.  Trace 

43.  Trace 

44.  Trace 

45.  Trace 

46.  Trace 

47.  Trace 

48.  Trace 
or 

49.  Trace 


CHAPTER  XIL 


1  -  sin  2^' 
(x  +  a)%  -  a)  +  (y  +  ay(x  -  a)  =  0. 

^         {a;-a)(aj-6)* 
a;  =  a(l-cos^)| 

(The  companion  to  the  Cycloid.) 

y^c cosh -.     (The  Catenary.) 

y^a^  +  cosh  a;. 
^y'  =  («  +  y)2(62-y2), 

r  =  a  cosec  ^  ±  6. 
(The  Conchoid  of  Nicomedes.) 
{y^  +  {a  +  xy}{if  +  (a-xY}=a^^ 


[Oxford.] 
[Oxford.] 


examining  the  cases 


(1)  a<b. 

(2)  a  =  6.     (Lemniscate  of  Bernoulli.) 

(3)  a>b,     (Cassini^s  Ovals.) 
y4  +  a%2  +  2y3.a^^0.  [Cramer.] 


50.  Trace 

51.  Trace 
r  =  a(cos  a  cos  ^-  J  cos  3a  cos  3^  +  ^  cos  5a  cos  56-  ,..), 

[Math.  Tripos,  1878.] 


52.  Trace 

53.  Trace  the  curves 


y  =  e-<     (The  Probability  Curve.) 


y^-axt/^  +  x*=:0. 
(p)  aY-2aba^y-x^  =  0. 
(y)       y^  +  «a:*  -  h^xy-  =  0. 

54.  Trace  t^ - as^y -\-hy^  =.{), 

55.  Trace  (a)  a^  ■\-y^=2a^xy, 

{/3)  x^  +  y^  =  xy(a^x  +  b'^yy 


[Cramer.] 
[DbGua.] 

[Frost.] 
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CHAPTER   XIII. 

ON    SOME    WELL-KNOWN    CURVES. 

389.  The  present  chapter  is  devoted  to  a  short  description  of 
some  special  curves  whose  properties  have  been  investigated 
and  which  have  acquired  historical  importance,  being  associated 
for  the  most  part  with  the  names  of  some  of  the  greatest  Geo- 
meters of  past  ages.  It  has  been  considered  advisable  to  intro- 
duce at  this  point  an  enumeration  of  their  principal  properties 
for  the  sake  of  reference,  though  unnecessarj'  to  give  in  all 
cases  full  proofs  of  the  results  stated  as  the  student  will  be 
readily  able  to  supply  them.  In  some  cases  several  of  these 
properties  will  be  found  to  have  been  already  proved  or  sug- 
gested for  proof  for  the  student  in  earlier  pages. 

The  Cycloid. 

390.  This  curve  appears  to  have  been  discovered  in  the 
fifteenth  century,  and  is  associated  with  the  names  of 
Galileo,  Descartes,  Wren,  Pascal,  Huyghens,  and  many 
others.  It  derives  its  principal  interest  from  its  importance 
in  Mechanics. 

391.  Def.  When  a  circle  rolls  in  a  plane  along  a  given 
straight  line,  the  locus  traced  out  by  any  point  on  the  circum- 
ference of  the  rolling  circle  is  called  a  cycloid. 

392.  Description  of  the  Curve. 

The  nature  of  the  motion  shows  that  there  is  an  infinite 
number  of  cusps  arranged  at  equal  distances  along  the  given 
straight  line.  It  is  usual  to  confine  the  name  cycloid  to  the 
portion  of  the  curve  lying  between  two  consecutive  cusps. 

B.D.C.  Y  337 
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Let  Af  B  he  two  consecutive  cusps,  ACB  the  arc  of  the 
cycloid  lying  between  them.  The  line  AB  along  which  the 
circle  rolls  is  called  the  base.  Let  GPT  be  the  rolling  circle,  G 
the  point  of  contact,  OT  the  diameter  through  G,  and  P  the 
point  attached  to  the  circumference,  which  by  its  motion  traces 
the  cycloid.  The  circle  GPT  is  called  the  generating  circle. 
Let  C  be  the  point  of  the  curve  at  greatest  distance  from  AB ; 
this  point  is  called  the  vertex.     Let  CX  be  the  tangent  at  C, 


and  GY  the  normal,  obviously  bisecting  the  base  AB  in  the 
point  D.  We  shall  take  these  lines  as  co-ordinate  axes.  It  is 
clear  that  the  curve  is  symmetrical  about  CY, 

393.  Tangent  and  Normal. 

Since  a  circle  may  be  considered  as  the  limit  of  an  inscribed 
regular  polygon  with  an  indefinitely  large  number  of  sides,  the 
circle  GPT  may  be  supposed  to  be  for  the  instant  turning 
about  an  angular  point  of  this  polygon  situated  at  G.  Hence 
the  motion  of  the  point  P  is  instantaneously  perpendicular  to 
the  line  PG,  which  is  therefore  the  direction  of  the  normal  at  P. 
Moreover,  since  this  motion  is  in  the  direction  of  PT,  PT  is  the 
tangent  at  P  to  the  locus  of  P. 

394.  Equations  of  the  Cycloid. 

Let  DQC  be  the  circle  described  upon  DC  for  diameter  and 
let  0  be  ita  centre.  Draw  PJ/,  PiV  perpendicular  to  CX  and 
6^ F  respectively,  the  latter  cutting  the  circle  DQC  in  Q,  Join 
DQ.OQ.CQ. 

Now,  since  the  circle  rolls  without  sliding  along  the  line  AB, 
every  point  of  the  circle  comes  successively  into  contact  with 
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the  straight  line,  so  that  the  length  of  AD  is  half  of  the  circum- 
ference of  the  circle,  and  the  portion 

GA=eLTcGP  =  arc  DQ, 
Hence  the  remainder  DG  =  »rc  CQ. 

Now,  PQGT,  PQDG  are  parallelograms  ;  whence,  if  a  be  the 
radius  of  the  generating  circle  and  6  the  angle  COQ, 

PQ  =  DG  =  SLrcGQ  =  ae, 
Hence,  if  a?,  y  be  co-ordinates  of  P, 

x  =  CM=NQ+QP=^a{6+8ine)] 
y  =  GN  =  CO -NO  =:a(l-cose)j 
From  these  equations  the  Cartesian  equation  may  be  at  once 
obtained  by  eliminating  6 ;  the  result  being 

x  =  ayer3'^~  +  \/2ay  —  y^, (b) 

but  from  the  form  of  the  result  the  equation  is  not  so  useful  as 
the  two  equations  marked  (a). 


!} « 


395.  Length  of  the  arc  CP. 
Since  ic  =  a(0+sin  0)1 

2/  =  a(l  — cos0)J 
we  obtain  dx  =  a(l  +  cos  6)d6\ 

dy  =  a  sin  ddO         J ' 
squaring  and  adding,  ds'^  =  dx^ + dy^  =  2a^(l  +  cos  0)dd^ 

=  4a2cos2^(i02^ 

Q 

or  ds  =  2a  cos  -cZ0, 

Q 

and  upon  integration    8  =  4asin~, (c) 

the  constant  of  integration  vanishing  if  8  be  measured  from  (7, 
so  that  8  and  6  vanish  together. 

Q 

Again,  since  chord  GQ=2a  sin  -, 

we  have  arcCP=2  chord  CQ (d) 

6 
Further,  since  y  =  2a  sin^-, 
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396.  Qeometrical  Proofs. 

These  results  may  be  established  by  geometry  as  follows : — 
Let  TPQ  be  any  position  of  the  generating  circle,  G  being 
the  point  of  contact,  GT  the  diameter  through  G,  and  P  the 
tracing  point.  Let  the  circle  roll  through  an  infinitesimal 
distance  till  the  point  of  contact  comes  to  G\  Let  the  circle  in 
rolling  turn  through  an  infinitesimal  angle  equal  to  POQy  OQ 
being  a  radius  of  the  circle,  and  let  P  come  to  P'.  Then  QP' 
is  parallel  and  equal  to  GG\  and  therefore  to  the  arc  QP.    PP' 


is  ultimately  the  tangent  at  P  and  therefore  ultimately  in  a 
straight  line  with  TP,  Draw  Qn  at  right  angles  to  PP';  then 
Tn  and  TQ  are  ultimately  equal,  and  Pn  is  therefore  the 
increase  in  the  chord  TP  in  rolling  from  G  to  G\  Moreover 
PP'  is  ultimately  the  increase  of  arc,  and  since  in  the  limit 
QP'  =  arc  QP  =  chord  QP,  and  Qn  is  drawn  perpendicularly  to 
PP\  n  is  the  middle  point  of  PP\  and  therefore  the  rate  of 
growth  of  the  arc  CP  is  double  that  of  the  chord  TP,  and  they 
begin  their  growth  together  at  C.     Hence  arc  CP  =  2  chord  TP. 

397.  Intrinsic  Equation. 

Q 

If  in  Fig.  88  PTX  =  \[r,  we  have  y}r  =  -:\  whence  the  intrinsic 
equation  of  the  cycloid  is  s  =  4a  sin  ^. 

398.  Badins  of  Gnrvatnre. 
The  formula  of  Art.  322  gives 

P^-Tj  =  4a  cos  ^/r  =  4a  cos  -  =  2PG, 

i.e.,  radius  of  curvature  =  2  .  normal. 
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399.  Evolute. 

By  Art.  347  the  intrinsic  equation  of  the  evolute  of  the 
curve  «=/(^)  is  8=f(\lr). 

Applying  this,  we  have  for  the  evolute  of  the  above  cycloid 

«  =  4acos>/r, 
which  cleariy  represents  an  equal  cycloid  (see  Art.  349). 

400.  Geometrical  Proofs. 

These  results  may  also  be  established  geometrically  as 
follows : — 

Let  AD  be  half  the  base  and  CD  the  axis  of  a  given  cycloid 
APC.  Produce  CD  to  F,  making  DF  equal  to  CD,  and  through 
F  draw  FF  parallel  to  DA.  Through  any  point  Q  on  the  base 
draw  TGO'  parallel  to  CD  and  cutting  the  tangent  at  C  in 


J 

I 

^ 

D 

y 

C  T  X 

Fig.  90. 

T  and  the  line  FE  in  (?'.  On  GT  and  GV  as  diameters 
describe  circles,  the  former  cutting  the  cycloid  in  the  tracing 
point  P.  Join  FT,  PG  and  produce  PG  to  meet  the  circle 
GFG'  in  F  and  join  FG\  Then  obviously  the  arc  GF'  = 
arc  PT=DG  =  FG\  and  therefore  the  point  P'  lies  on  a  cycloid, 
equal  to  the  original  cycloid,  with  cusp  at  Pand  vertex  at  A. 
Moreover  FG  is  a  tangent  to  this  cycloid  and  FG'  a  normal 
The  cycloid  FA  is  therefore  the  envelope  of  the  normals  of  the 
cycloid  -4C'and  therefore  its  evolute;  and  F  is  the  centre  of 
curvature  corresponding  to  the  point  P  on  the  original  cycloid. 
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If,  therefore,  a  string  of  length  equal  to  the  arc  FRA  have 
one  extremity  attached  to  a  fixed  point  at  F  the  other  end, 
when  the  string  is  unwound  from  the  curve  FP'A,  will  trace 
out  the  cycloidal  arc  APG.  Thus  a  heavy  particle  may  be 
made  to  oscillate  along  a  cycloidal  arc,  by  allowing  the  sus- 
pending string  to  wrap  alternately  upon  two  rigid  cycloidal 
cheeks  such  as  FA,  FB. 

Moreover,  since  PP"  is  obviously  by  its  construction  bisected 
at  0,  the  radius  of  curvature  at  any  point  of  a  cycloid  is  double 
the  length  of  the  norvial, 

401.  Area  bounded  by  the  Cycloid  and  its  Base. 

Let  PGP\  QG'Q  be  two  contiguous  normala  Then  (?,  G' 
are  their  middle  points,  and  therefore  ultimately  the  element- 
ary area  GPQG'  is  treble  the  elementary  area  RGG'Qf,  Hence, 
summing  all  such  elements,  the  area  APOD  is  treble  the  area 


c  X 

Fig.  9L 

ADFP']  i.e.,  the  area  of  the  cycloid  is  three-fourths  of  the 
circumscribing  rectangle,  for  the  area  of  ADFP'  is  equal  to  the 
area  CXAP, 

Now  the  length  of  J.  i)  =  half  the  circumference  of  the  circle 

=  7ra. 
Hence  the         rectangle  AX  CD  =  ira .  2a  =  27ra^ 
and  therefore  the 

semicycloidal  area  APCD=  J  .  27ra^  =  f7ra^ 
and  the  area  bounded  by  the  whole  cycloid  and  its  base  ^S^ra^, 
and  is  therefore  three  times  the  area  of  the  generating  circle. 
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The  Trochoids. 

402.  If  the  point  P  (in  Ari  392)  be  attached  to  the  rolling 
circle  at  a  point  not  upon  the  circumference,  but  at  a  distance 
h  from  the  centre,  the  curve  traced  is  called  a  curtate  or  a  pro- 
late cycloid  according  as  6  is  greater  or  less  than  the  radius  a. 
These  curves  as  a  class  are  called  Trochoids. 
It  will  be  obvious  from  the  mode  of  description  that  if  h>a 
the  series  of  cusps  which  characterize  the  ordinary  cycloid  are 
replaced  by  a  series  of  nodes  and  loops. 

.  403.  The  equations  of  a  trochoid  referred  to  the  same  axes  as 
the  cycloid  in  Art.  394  will  obviously  be 
x  =  aO+hBm  &\ 
y=:a  —  b  cos  6  f 

Epi-  and  Hypo-cycloids  and  Epi-  and  Hypo-Trochoids. 

404.  When  a  circle  rolls  without  sliding  upon  the  circum- 
ference of  a  fixed  circle,  the  path  of  a  point  attached  to  the 
circumference  of  the  rolling  circle  is  called  an  epi-  or  a  hypo- 
cycloid  according  as  the  moving  circle  rolls  upon  the  exterior 
or  the  interior  of  the  other. 

The  path  of  any  other  carried  point  is  called  an  epi-  or  a 
hypo-trochoid. 


Fig.  92. 

405.  The  figure  (92)  represents  the  three-cusped  epi-  and 
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hypo-cycloids  formed  when  the  ratio  of  the  radius  of  the 
rolling  circle  to  that  of  the  fixed  one  is  1 : 3. 

406.  Let  the  radii  be  respectively  6  and  a.  In  the  figure 
the  rolling  circle  with  its  carried  point  P  is  represented  as 
tracing  the  epi-cycloid.  Let  0  be  the  fixed  centre,  Q  the  point 
of  contact,  A  the  point  with  which  P  is  originally  in  contact, 
C  the  centre  of  the  moving  circle.  Join  OC^  cutting  the  rolling 
circle  in  D.  Join  QP,  CP,  and  DP,  the  latter  cutting  the 
initial  radius  OA,  which  we  choose  for  a;-axis,  in  T, 

Then,  as  in  Art.  393,  PQ  is  the  normal  and  PT  the  tangent 
to  the  path  of  P. 


Let 

QOA  =  e  and  QCP=<t> 

Then,  since 

arc  QP  =  arc  Q^, 

we  have 

b<l>  =  ae. 

Hence 

oBP.|.|f 

and  ^=P^x=e+ty^^d. 

407.  Again,  CP  makes  with  the  a;-axis  the  angle 

Hence  the  equations  of  the  curve  are 

a;=(a+6)cos0  — 6cos  —r-O 

y=.(a  +  6)sin  0  —  6  sin  —r—O 

408.  If  the  carried  point  P  be  not  upon  the  circumference 
but  at  a  distance  mb  from  C  it  is  plain  that  the  corresponding 
equations  for  the  epitrochoid  will  be 


.(A) 


•(B) 


x  =  (a+ 6)cos  0  —  mb  cos  — , — 0 ' 

y  =  (a  +  b)sin  O  —  mb  sin — r  -0 

409.  The  path  of  the  carried  point  when  the  moving  circle 
rolls  upon  the  interior  of  the  circumference  is  obtained  from 
equations  (a)  or  (b)  respectively  by  changing  the  sign  of  6. 
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410.  If  p  be  the  perpendicular  from  0  upon  the  tangent  PT 
to  the  epicycloid  (Fig.  92)  we  have 

p=OD8in|  =  (a+26)sin^'j;^-^. 

This  furnishes  us  with  the  tangential-polar  equation. 

411.  From  the  tiiangle  OOP  (or  otherwise) 

r*=(a+6)24-6*-2(a+6)&cos0 

=  {a+hf+J^-1((x-\-V)b{\  -2sin«|) 

the  pedal  equation. 

412.  Differentiating  equations  (a) 

^J=  -(a  +  6)8ine+(a+6)8in -J^e, 

^^=     (a+fc)co8  0-(a+6)cos-J^0. 
Hence,  squaring,  adding,  and  extracting  the  root, 
J^=±2(a+6)sini^. 

Hence  s  = ^  cos  ^0, 

a  zb 

s  being  measured  from  the  vertex,  where  6=Trb/a, 

Thus  8  =  — ^ ^cos     — ttV^ 

is  the  intrinsic  equation  to  the  curve. 
This  may  also  be  obtained  quickly  by  applying  the  formula 

These  results  will  (as  in  Art.  409)  all  remain  true  for  the 
hypocycloid  when  the  sign  of  b  is  changed ;  or  they  may  be 
obtained  independently. 

413.  Thus  any  epi-  or  hypo-cycloid  may  be  represented  by 
any  of  the  equations,  p  =  il  sin  Byf^,  or  A  cos  jBi/r, 

8  =  A  sin  Bxfr,  or  A  cos  B\Jr, 
r^=A  +  Bp\ 
the  constants  A  and  B  being  readily  determinable  in  any  par- 
ticular case  by.  aid  of  the  preceding  Articles. 
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414.  Any  of  these  formulae  give  the  radius  of  curvature. 
For  example,  taking  /)  =  A  sin  Byjr,  we  have 

i.e.,  the  radius  of  curvature  varies  as  the  central  perpendicular. 

415.  The  e volute  of  any  epi-  or  hypo-cycloid  is  a  similar 
epi-  or  hypo-cycloid.     (See  Art.  349.) 

416.  The  equations  of  the  tangent  and  normal  at  any  point 
on  the  curve  where  6  =  a  may  be  written 

.    a+2b  a+26       ,     ,  o7\  •     ^   ^ 

a;  sin  —or— a  —  V  cos  ^x— «  =  («  +  26)sm  -,  a 

a  +  2b    ,       .    a  +  2b  a 

xcos-rj — a +  2/ sin-   ^^^^  a  =  acos  ^.a 

417.  The  polar  equations  of  the  tangent  and  normal  with  O 
for  pole  and  OA  for  initial  line  are  therefore 

r  sinf    ,  +  a  —  0j  =  (a + 26)sin  -^a 

r  cost    ,  +  a  —  9 )  =  a  cos-^^i  a 

If  the  initial  line  were  chosen  to  bisect  the  arc  joining 
two  consecutive  cusps  A,  B,  we  should  have  to  change  a  to 

a-{ and  6  to  6'+   ~.     If  this  change  be  made,  the  equation 

of  the  normal  becomes 

/da   ,     ,      /v\  •     ^ 


r  sinl  ^,  +  a  —  a  )  =  a  sm    ,  a , 


which  shows  by  comparison  with  the  tangent  that  the  normal 
touches  another  epicycloid  formed  by  the  rolling  of  a  circle  of 
radius  B  upon  another  of  radius  A  where 

a  +  2o  a+2b 

This  also  follows  from  Art.  241  and  verifies  the  result  of  Art. 
349. 
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418.  Doable  method  of  generating  Hypocycloids. 
Changing  the  sign  of  b  in  Equations  (a)  the  equations  of  the 
hypocycloid  are 

x  =  {a —  1)009  0  +  1  cos     ,    6 


2/=(a  — 6)sin0— 6sin  —r—d 


(c) 


a+c 
"2" 


Writing  ^^"^  for  b  and  ^~^—0'  for  6,  we  have 


c 


x  =  — r-  cos- — 6  -I — zr-cos ff 

z  c  z  c 

a  —  c  .    a+c^     a+c  .    a  —  c^ 

and  it  is  evident  that  a  change  in  the  sign  of  c  does  not  alter 
these  equations.  It  follows  therefore  that  the  same  hypocycloid 
can  be  generated  by  the  rolling  of  either  of  the  circles  whose 

radii  are  —^  upon  a  circle  of  radius  a. 

And  if  we  write  a  +  c  for  6  and  make  the  same  change  for  0 
as  above,  the  equations  of  the  hypocycloid  become 

x  =  (a+ c)cos  ff—c  cos ff, 

c 

y  =  (a  +  c)sin0'  — csin ff, 

c 

These  are  the  equations  of  an  epicycloid.  It  appears  then 
that  the  hypocycloid  formed  when  the  radius  of  the  rolling 
circle  is  greater  than  that  of  the  fixed  circle  may  be  regarded 
as  an  epicycloid  generated  by  the  rolling  of  a  circle  whose 
radius  is  the  difference  of  the  original  radii.*  This  can  also  be 
shown  geometrically. 

419.  If  the  ratio  of  a:6  be  commensurable,  there  will  be  a 

finite  number  of  cusps,  the  curve  returning  into  itself. 

The  equations 

d J)  > 

a;=(a— 6)cos0+6cos— ^ — 0 

y  =  (a— 6)sin  d—  6  sin  —, — 0 

♦  Peacock,  Examplet.    Citing  Euler,  Acta  Petrop.,  1784. 
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of  the  hypocy cloid  become,  when  b  =  |a, 

x  =  a  cos  01 

y  =  0  /' 

indicating  that  the  curve  degenerates  into  a  diameter  of  the 
fixed  circle.     This  admits  of  easy  geometrical  proof. 
If  6  =  la,  we  have 

X  =  ^(3  cos  6 + cos  30)  =  a  cos^O 

y  =  ^(3  sin  0  -  sin  30)  =  a  sin^O 

giving  x^  +  y^  =  a^ 

the  four-cusped  hypocycloid. 

When  a  =  6  the  equations  of  the  epicycloid  reduce  to 
X  =  a(2  cos  Q — cos  20), 
2/  =  a(2sin0  — sin20), 
and  after  elimination  of  0  we  obtain 

(x^+y^-a'f  =  A^a?{{X''af'^y^), 
If  now  the  -origin  be  transferred  to  the  point  (a,  0)  and  the 
resulting  equation  transformed  to  polars,  it  will  be  apparent 
that  the  epicycloid  becomes  a  cardioide  (Art  424). 

The  trochoidal  curves  corresponding  to  this  case  become 
limafons. 

It  follows  from  Art.  415  that  the  e volute  of  a  cardioide  is 
also  a  cardioide. 

420.  The  portion  of  the  tangent  to  a;^  +  2/^  =  a*  intei-cepted 
between  the  co-ordinate  axes  is  of  constant  length. 

The  portion  of  the  tangent  of  the  three-cusped  hypocycloid 
intercepted  by  the  curve  itself  is  of  constant  length. 

421.  It  may  be  observed  that  the  envelope  of  any  line  whose 
equation  can  be  thrown  into  the  form  • 

X  cos  a  +  y  si n  a  =  c  sin  Tia ( =  p), 
being  obtained  by  the  elimination  of  a  between  this  equation 
and  —  aj  sin  0+2/^08  0  =  ^^1(3  cos -Tia, 

has  for  its  pedal  equation 

r^  =  c^sin^a + n  Vcos^ia 

or  i^=^{\''n^)f+'n?c\ 

and  is  therefore  an  epi-  or  hypo-cycloid. 
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422.  The  equation  of  the  pedal  of  this  curve  is  obviously 

r=c  sinnO, 
and  therefore  the  polar  reciprocal,  which  is  the  inverse  of  the 
pedal,  is  the  Cotes*s  spiral 

r  sin  710  =  constant  (Art  454). 

423.  The  student  is  referred  to  Dr.  Heath's  Optics,  Arts.  100 
to  103,  where  epicycloids  are  shown  to  occur  in  certain  cases 
as  caustics  by  reflection  from  a  bright  circular  arc. 


The  Lima(?on  of  Pascal,  the  Cardioide,  and 

THE   TrISECTRTX. 

424.  Take  a  circle  OQD  of  which  OD  (  =  6)  is  the  diameter 
and  E  the  centre.  Let  a  straight  rod  PP"  of  any  length  (2a) 
move  in  such  a  manner  that  its  mid-point  Q  describes  the 
given  circle  whilst  the  rod  is  constrained  to  pass  through  a 
fixed  point  0  on  the  circumference.  Its  ends  trace  out  the 
Lima9on. 


Fig.  93. 


Obviously  this  rod  can  be  constrained  to  move  as  described 
above  by  a  simple  mechanical  contrivance. 
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Taking  OD  for  initial  line  let  r,  d  be  the  polar  co-ordinates 
of  P,  then  evidently 

r  =  QP+0Q=a+6  cos  0 (1) 

Similarly  OP  =  r'  =  a  -  6  cos  a 

This  however  is  obtained  at  once  from  equation  (1)  by 
increasing  Q  by  tt.  Hence  P  and  P'  describe  the  same  curve. 
Evidently  also  any  "  focal  chord  "  PP'  is  of  constant  length. 

When  a  =  6,  the  lima9on  is  called  a  cardioide  from  its  heart- 
like shape.  The  curve  then  has  a  cusp  at  0.  Other  limaqons 
are  of  two  classes  according  as  a  is  >  or  <  6.  The  outer  curve 
in  the  figure  typifies  the  class  for  which  a  is  >  fc.  The  dark 
curve  on  OB  for  diameter  is  the  cardioide.  The  inner  curve  is 
a  lima9on  for  which  a  is  <  6.  There  is  on  this  class  a  node  at 
0.  The  dotted  curve  is  the  circular  locus  of  Q.  The  point  P 
is  shown  in  the  figure  as  tracing  the  cardioide.  The  equations 
of  the  particular  curves  drawn  in  the  figure  are 

r=2cosd,  r=H-2cose,  r=2-t-2cosd,  r  =  3-|-2cosft 

425.  Considering  the  motion  of  the  rod  the  following  facts 
will  be  clear ; — 

(a)  Since  Q  is  moving  along  the  tangent  to  the  circle  the 

instantaneous  centre  for  the  motion  of  the  rod  must 
lie  somewhere  in  the  normal  QEK 

(b)  The  motion  of  the  point  of  the  rod  which  is  just  passing 

through  0  can  only  be  in  the  direction  of.the  rod  itself. 
Therefore  the  instantaneous  centre  must  lie  somewhere 
in  a  line  OE  drawn  at  right  angles  to  the  rod. 

(c)  The  instantaneous  centre  must  therefore  be  at  R,  the  point 

on  Q*s  circular  locus  which  is  diametrically  opposite  to  Q. 

(d)  The  motion  of  P  and  of  P'  is  therefore  at  right  angles 

to  RP  and  jBP'  respectively.  These  lines  are  therefore 
the  normals  at  P  and  P'. 

(e)  Thus  in  any  lima9on  the  noi*mals  at  the  extremities  of  any 

focal  chord  intersect  on  a  fixed  circle. 
(/)  In  the  case  of  the  cardioide  QP  =  QR  =  QP'  and  the  normals 

at  P  and  P'  intersect  at  right  angles. 
(g)  The  tangents  at  the  ends  of  the  focal  chord  PR  (of  the 

cardioide)   also    intersect  at  right   angles,   the    figure 

TPRP'  forming  a  rectangle. 
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{h)  Also  in  this  case,  since  BQ  if  produced  passes  through  T 
and  ET=SER  =  constant,  the  locus  of  intersection  of 
ortho-tomic  tangents  (or  "  orth-optic  "  points)  is  a  circle 
whose  centre  is  E  and  radius  three  times  that  of  the 
Q-circle. 

426.  The  cardioide  and  the  lima9on  may  also  be  generated 
as  an  epic3'cloid  or  an  epitrochoid  by  the  rolling  of  one  circle 
upon  another  of  equal  radius.     (Art.  419.) 

427.  These  curves  are  also  the  first  positive  pedals  of  a  circle 
with  regard  to  an  arbitrary  point. 

Take  a  circle,  centre  C  and  radius  a.  Let  OP  be  a  perpen- 
dicular from  the  pole  upon  the  tangent  at  any  point  Q.  Let 
00  =  6,  OP--r,  POC=e.     Draw  OR  at  right  angles  to  OP. 


Then  r=0JJ  +  i2P  =  a  + 6  cos  d. 

When  0  lies  upon  the  circumference  of  the  circle  we  have  a  =  6 

and  the  pedal  becomes  a  cardioide. 

428.  The  equation  r=a+fc  cos  0  shows  that  a  lima(;on  is 
the  inverse  of  a  central  conic  with  regard  to  the  focus,  and  that 
a  cardioide  is  the  inverse  of  a  parabola. 

429.  For  some  purposes  it  is  a  little  more  convenient  to  call 
the  angle  POil'=0  (Fig.  93),  and  the  equation  of  the  cardioide 
then  becomes  r = a(l  —  cos  Q). 

We  have  at  once 

,    ^    d0  i-cosd  ,    e 

tan  d>  =  r-.-  = — ; — ^r— =  tan  s» 
^       dr       sm0  2 

0 
^  =  -, 

i.e.,  OPT=\PbA\ 

430.  This  property  shows  that  the  curves 

r=a(l  — COS0), 
r=6(l+cos0), 


Digitized  by  LjOOQ IC 


352 


CHAPTER  Xni. 


whose  axes  are  turned  in  opposite  directions  cut  at  right  angles 
for  all  values  of  a  and  6. 

Thus  the  "  Orthogonal  Trajectories  "  {ix.^  curves  which  cut 
at  right  angles)  of  the  system  of  cardioides  obtained  by  giving 
a  different  values  in  the  first  equation  is  the  system  of  cardi- 
oides obtained  by  giving  h  different  values  in  the  second.  This 
result  may  be  obtained  by  inversion  of  the  corresponding 
property  for  parabolas. 

431.  The  particular  lima9on  shown  with  a  node  in  Fig.  93, 
and  whose  equation  is     r  =  1  +  2  cos  0, 

is  called  the  Trisectrix. 

With  centre  at  0  (Fig.  93)  and  radius  OE  describe  a  circle. 
Lay  off*  from  OE  any  angle  EOS  less  than  four  right  angles,  and 
let  the  bounding  radius  cut  the  circle  (centre  0)  at  8y  and 
the  chord  ES  cut  the  lima9on  at  J.  Then  it  is  easy  to  show 
that  OJ  trisects  E^S* 

The  Curve  of  Sines,  Harmonic  Curve,  Companion  to  the 

Cycloid. 

432.  Figure  95  is  a  graph  of  the  equation 

y  =  sin  X, 
y 


Fig.  95. 

There  are  points  of  inflexion  whenever  the  curve  cuts  the 
oj-axis;  also  the  curve  lies  entirely  between  the  lines  y=  ±1. 

433.  The  curve  y  =  7nsina;  (sometimes  referred  to  as  the 
Harmonic  Curve)  only  differs  from  the  above  in  that  its 
ordinates  are  each  m  times  the  corresponding  ordinates  of  the 
Curve  of  Sines. 

434.  The  companion  to  the  cycloid 

x  —  aQ, 

2/  =  a(l  — COS0), 

♦  Azemar  and  Garnier,  Trisedion  de  VAnglc^  Paris,  1809.     Cited  by  Peacock, 
Examples,  p.  173. 
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diflfers  from   the  cycloid  in  that,  instead  of  producing  the 
abscissa  NQ  to  P  (Fig.  88)  to  make  the  produced  part 

QP= arc  (7Q, 
we  make  NP  =  arc  GQ. 

The  equation  may  be  written 

and  therefore  the  locus  is  the  harmonic  curve. 


Examples. 
Trace  the  curves 
y  =  co8ar,  y—tsxix,  y—cotx^ 

y  =  8ecA*,  y=8in^+C08a:,        y  =  8in3ar, 

y = sin(7r  sin  x)y        y = sin  (tt  cos  x\        y = co8(7r  sin  x). 

The  Cissoid  of  Diocles. 


y=co8ecar, 
y=^inar, 
y=co8(7rcosa?). 


435.  Let  APB  be  a  semicircle  whose  diameter  is  ABy  BT 
the  tangent  at  5,  APT  a  straight  line  through  A  cutting  the 


Fig.  96. 


semicircle  and  the  tangent  in  P  and  T,     Take  Q  upon  AT 
such  that  AQ  =  PT     The  locus  of  Q  is  the  cissoid. 

E.D.C.  Z 
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436.  The  Cartesian  equation  with  A  for  origin  and  AB  for 
oj-axis  is  y^2a — a;)  =  a^. 

The  polar  equation  is 

r=2asin20/co8a 

437.  The  curve  is  theirs*  positive  pedal  with  regard  to  the 
vertex,  of  the  parabola     y^ + 46a;  =  0,    where  b = 2a. 

It  is  also  the  inverse  with  regard  to  the  vertex  of  the  para- 
bola y^  =  ^bx,  the  constant  of  inversion  being  the  semi-latus 
rectum. 

438.  The  curve  was  invented  by  Diodes  in  the  sixth  century 
for  the  construction  of  two  mean  proportionals  between  two 
given  lines.  Take  BC,  one  extreme,  as  the  radius  and  con- 
struct the  cissoid.  Erect  a  perpendicular  CR  to  CB  through 
the  centre  C  equal  to  the  other  extreme.  Join  BR  cutting  the 
cissoid  at  Q;  and  let  AQ  produced  if  necessary  cut  CR  at  S. 
Then  CS  is  the  first  of  the  mean  proportionals. 


Fig.  97. 


439.  The  curve  can  be  mechanically  constructed  by  an  in- 
strument invented  by  Newton. 


Digitized  by  LjOOQ IC 


ON  SOME  WELL-KNOWN  CURVES. 


355 


Take  a  rod  LMN  bent  at  right  angles  at  M,  and  such  that 
MN=AB  (Fig.  96).  Let  the  leg  LM  always  pass  through  a 
fixed  point  0  on  CA  produced  so  that  AO^CA.  and  let  N 
travel  along  the  perpendicular  to  -45  through  G.  Then  Q  the 
mid-point  of  MN  traces  out  the  cissoid. 

The  Witch  of  Agnesl 

440.  Let  AQB  be  a  semicircle  whose  diameter  is  AB.  Pro- 
duce MQ  the  ordinate  of  Q  so  that 

MQ:MP=AM:AB, 
the  locus  of  P  is  the  Witch.  •  (Fig.  97.) 

If  A  be  the  origin  and  AB  the  fic-axis  the  equation  is 

This  curve  was  discussed  by  Maria  Gaetana  Agnesi,  Professor 
of  Mathematics  at  Bologna,  1748. 

The  Folium  of  Descartes. 

441.  The  Cartesian  equation  is 

There  is  symmetry  about  the  line  y==x.     The  axes  of  co- 
ordinates are  tangents  at  the  origin  and  there  is  a  loop  in 


Fig.  98. 

the  first  quadrant.  The  curve  consists  of  an  infinite  branch 
running  to  the  asymptote  a;+y+cfc  =  0  at  each  end  and  lying 
on  the  upper  side  of  that  line. 
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ITie  cui*ve  being  a  cubic  with  one  node  has  its  deficiency 
zero  and  is  therefore  unicursal. 


Let 
Then 


y=zmx. 

Sam 
x=- 


2/=i 


Sam^ 


Hence  by  assigning  various  arbitrary  values  to  m  any  number 
of  points  can  be  discovered  lying  upon  the  curve,  and  the 
curve  might  be  completely  traced  in  this  manner. 

The  Logarithmic  Curve  and  jhe  Curve  of  Frequency. 

442.  The  equation  of  the  logarithmic  curve  is 
x  =  logy  or  2/  =  e*. 


Fig.  99. 

When  X  is  negative  and  very  large  the  ordinate  diminishes 
without  limit  and  the  a;-axis  towards  —  oo  becomes  asymptotic. 
Travelling  from  left  to  right,  equidistant  ordinates  form  a 
geometrical  progression  and  on  the  right-hand  side  of  the  y- 
axis  rapidly  increase  as  x  increases. 

The  subtangent  —  =  1,  and  is  therefore  of  constant  length. 

443.  The  curve  y  =  e'^  is  known  as  the  Curve  of  Frequency 
of  Error  or  the  Probability  Curve.*  All  ordinates  are  positive ; 
it  cuts  the  3/-axis  perpendicularly  at  unit  distance  from  the 
origin.  The  curve  is  symmetrical  about  the  y-axis  running 
asymptotically  to  the  a^axis  on  its  upper  side  at  both  extremi- 
ties.    There  are  points  of  inflexion  where  aj=  ±- 


V2 


*  Airy,  Theory  of  Ei'rors  of  Ohiervation, 
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The  Chainette  or  Catenary,  and  its  Involute 

THE  TrACTORY  or  TrACTRIX. 

444.  The  chainette  is  the  curve  in  which  a  uniform  heavy 
string  will  hang  under  the  action  of  gravity. 

Its  Cartesian  equation  is  proved  in  books   on   Analytical 


Statics  to  be 


y  =  c  cosh 


X, 


Its  form  is  that  represented  by  the  curve  FCP'  in  Fig.  100. 
It  is  symmetrical  about  a  vertical  axis  Oy  through  its  lowest 
point  C.     The  ordinate  of  G  is  c. 


Fig.  100. 

445.  Let  F^  be  an  ordinate,  FT  the  tangent,  NQ,  a  perpen- 
dicular from  N  upon  the  tangent  PT,  the  normal  cutting  the 
ar-axis  in  (?.     The  rc-axis  is  called  the  directrix. 


tan^=  ,   =sinh-  or  ^  =  gd-. 
c  c 


'  dx 


(1)  Then 

(2)  Also         -^0  =  sec\lr  =  ^jl+smh^  =  cosh~=^. 


c  c     c 

Hence  NQ  =  c, 

(3)  Again  ^  =  >Jl+sinh2?  =  co8h-, 

/*• 
whence  8=c  sinh  -  if  a  be  measured  from  the  vertex  G 
c 

to  P  so  that  8  and  x  vanish  together. 

•Dr.  Routh,  Analytical  Staiici,  vol.  I,  Art.  44.^ 
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(4)  Also  PQ  =  QiV^  tan  V^ = c  sinh  -  =  s. 

c 

(5)  Hence  the  path  of  Q  is  an  involute  of  the  chainette.     This 

curve  is  called  the  Tractoiy,  and  possesses  as  shown  in 
(2)  the  geometrical  property  that  the  tangent  to  the 
path  is  of  constant  length. 

(6)  If  a  person  travelling  along  Ox  drags  a  stone  along  the  ground 

(supposed  perfectly  rough)  from  the  initial  position  C  by 
means  of  a  string  of  length  c,  the  path  of  the  stone  is 
the  tractory. 

(7)  From  the  right-angled  triangle  PQN  we  have  at  once 

2/2  =  ^2  +  82 

(8)  Since  8  =  csinh  -  and  sinh  -=tan  \/r,  the  intrinsic  equation 

of  the  chainette  is     8  =  c  tan  yfr, 

(9)  Hence  the  radius  of  curvature  =  csec2^. 

But  PO  =^y  secxfr^c  sec^^. 

Hence  the  radius  of  curvature  is  equal  to  the  normal. 

(10)  Kx^j/he  the  point  Q  of  the  tractory  and  ^'=  Q^x  and  a' 

the  arc  OQ,  we  have 

-^=— sin^'=  — ^» 
da  ^  c 

giving  log  y'  =  constant • 

c 

But  y=c  when  8'=0. 

Hence  the  constant = log  c. 

Thus  8'=-clog-/ 

(11)  The  Cartesian  equation  of  the  tractory  is 

(12)  If  a  point  X  be  taken  on  the  tangent  QN  to  the  tractrix 

so  that  NX  is  of  constant  length,  the  path  of  X  has 
been  called  by  Riccati  the  Syntractory.* 

*  Peacock,  p.  175. 


Digitized  by  LjOOQ IC 


ON  SOME  WELL-KNOWN  CURVES. 


359 


The  Conchoid  of  Nicomedes. 

446.  AB  is  a  straight  line  and  0  a  fixed  point ;  V  any  point 
on  the  given  line,  and  on  OF  and  OV  produced,  points  P',  P 
are  taken  so  that 

Vr=VP=:SL  constant  length. 

The  locus  of  P  or  P'  is  called  the  Conchoid. 

Let  the  perpendicular  Olf  upon  AB  be  a  and  let  VP  =  b. 
Then,  taking  0  for  pole  and  the  initial  line  Ox  parallel  to  AB, 
the  polar  equation  is      r=a  cosec  6±b, 


Fig.  101. 

the  +  referring  to  the  branch  more  remote  from  A  and  the  — 
to  the  branch  nearer  to  A.  These  are  respectively  called  the 
superior  and  the  inferior  branches.  Both  branches  belong  to 
the  same  curve  and  are  included  in  the  Cartesian  equation 

the  origin  in  this  case  being  taken  at  iV  and  NA  for  aj-axis. 

447.  There  are  three  classes,  according  as  a  is  <,  =,  or  >b. 
If  a  be  <  6,  there  will  be  a  node  at  0  and  a  loop  below  the 

initial  line. 
If  a  =  6,  there  will  be  a  cusp  at  0. 
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If  a  >  6,  the  curve  will  be  as  shown  by  the  dotted  lines  3,  3  in 
the  figure.  As  defined  by  the  Cartesian  equation,  there 
would  also  be  in  this  case  a  conjugate  point  at  0. 

448.  'The  curve  was  used  for  the  trisection  of  an  angle,  and 
the  insertion  of  two  mean  proportionals  between  two  given 
straight  lines.  It  admits,  as  shown  by  Nicomedes,  of  a  simple 
mechanical  construction.*  For  it  is  easy  to  make  a  mechani- 
cal contrivance  which  will  constrain  the  motion  of  a  given  rod 
so  as  to  pa.ss  always  through  a  fixed  point,  whilst  a  given  point 
of  the  rod  performs  a  rectilineal  path.  By  what  precedes,  any 
other  point  of  the  rod  describes  a  conchoid. 

THE  SPIRALS. 
The  Equiangular  or  Logarithmic  Spiral. 

449.  This  curve  possesses  the  characteristic  property  that 
the  tangent  makes  a  constant  angle  with  the  radius  vector. 


\  \ 

T 
Fig.  102. 

Let  0  be  the  pole,  FT  the  tangent  at  P,  OF  the  pei-pen- 
dicular,  OT  the  polar  subtangent  cutting  the  normal  in  G,  Let 
OPT^a. 

We  have  the  following  properties : — 

(1)  p  =  OF=r  sin  a, 

(2)  P^''*W  =^  cosec  a  =  CP. 
Hence  G  is  the  centre  of  curvature. 

*Montucla,  Histoire  des  Math,,  torn.  I.,  p.  236,  referred  to  by  Peacock ;  and  Newton, 
App,  to  Arith,  Univ. 
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{3)  -y-  =  cosa, 

as 

Hence  if  the  arc  be  measured  from  the  pole,  where  r=0, 
we  have  r  =  s  cos  a. 

But  r=PT  cos  a. 

Therefore  PT=8. 

(4)  If  YY'  be  the  tangent  to  the  first  positive  pedal  curve 

Y'YO==YPO  =  a. 
Hence  the  first  positive  pedal  is  an  equal  equiangular 
spiral.    Hence  also  all  other  pedals  are  equal  spirals. 

(5)  Since  PC  is  a  tangent  at  (7  to  the  evolute,  and  OCP  =  a,  the 

first,  and  all  other  evolutes  are  equal  spirals. 

(6)  From   similar  considerations  the  inverse,  and  the   polar 

reciprocal  with  regard  to  the  pole  are  equal  spirals. 

(7)  Since   -^— =tana  we  have  —  =  cota.cZO,  and  the  polar 

equation  is  of  the  form 

(8)  If  the  spiral  roll  along  a  fixed  line,  the  locus  of  the  pole, 

and  also  of  the  centre  of  curvature  of  the  point  of  con- 
tact is  a  straight  line. 

450.  Of  the  system  of  **  Parabolic  Spirals  "  r=aO^  the  most 
remarkable  are  those  for  which 

71  =  1  (the  Archimedean  Spiral). 

n=  —  1  (the  Hyperbolic  or  Reciprocal  Spiral). 

71=  —^  (the  Lituus). 

The  Spiral  of  Archimedes. 

451.  The  equation  of  the  curve  is  r  =  aft 

This  curve  is  due  to  Conon,  who  however  died  before  he  had 
completed  his  investigations  of  its  properties.     These  inves- 
tigations were  continued  and  completed  by  Archimedes  who 
published  them  in  a  tract  on  spirals  still  extant. 
(1)  If  a  circle  of  radius  a  be  drawn  with  centre  at  the  pole 
any  radius  vector  of  the  curve  is  equal  to  the  arc  of  this 
circle  measured  from  the  initial  line  to  the  point  in 
which  the  radius  vector  cuts  the  circle. 


Digitized  by  LjOOQ IC 


362  CHAPTER  XUI. 

(2)  We  have  for  this  curve 

p=    ,-— =^;     tan0  =  -=0:     8ubtaDi?ent= — 

(3)  The  locus  of  the  extremity  of  the  polar  subtangent  is 


Fi«.  103. 

For  this  curve  the  corresponding  locus  is 


r,=a(e,+^)^'2:; 


and  so  on.    The  n^  locus  thus  formed  is 


These  loci  thus  form  a  series  of  "  Parabolic  Spirals  "  of 
ascending  order.* 
(4)  The  area  bounded  by  any  portion  and  its  extreme  radii 
vectores  can  easily  be  found  by  the  Integral  Calculus. 

The  Reciprocal  or  Htperbouc  Spiral 

4oi  The  polar  equation  is  rO  =  a, 

This  curve  is  the  inverse  of  the  Archimedean  spiraL  The 
name  Hyperbolic  is  derived  from  the  analogy  between  the 
form  of  its  equation  and  that  in  Cartesians  for  a  hyperbola 
referred  to  its  asymptotes. 

*  P«*oock,  Exampin,  pL  ia\ 
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(1)  If  a  circle  be  drawn  with  any  radius  and  centre  at  the 
origin,  the  arc  of  this  circle  intercepted  between  the 
points  where  it  is  cut  by  the  curve  and  by  the  initial 
line  is  of  constant  length. 


(2)  We  have         tan  0=r^=r(- j) d. 


do 

(3)  Subtangent  =7^^-^-= —a  =  constant. 

The  asymptote  is  at  a  distance  a  from  the  initial  line 
and  above  it 

(4)  The  pedal  equation  is 

p^ "  r^     a?- 

The  LiTUua 
453.  The  equation  to  the  curve  is 

The  initial  line  is  an  asymptote. 


Fig.  105. 
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If  any  radius  vector  OP  be  taken  and  a  circular  sector  OP  A 
described  bounded  by  the  radius  vector  and  the  initial  line,  its 

area  is  ^r^0=  r^t 

and  is  therefore  constant. 

CoTEs's  Spirals. 
454.  The  group  of  curves  included  in  the  formula 

are  called  Cotes's  Spirals.     They  occur  as  the  path  of  a  particle 
projected  in  any  manner  under  the  action  of  a  central  force 
varying  as  the  inverse  cube  of  the  distance. 
There  are  five  varieties. 

(1)  If  5  =  0,  -  is  constant,  whence  0  is  constant  and  the  curve 

is  an  equiangular  spiral. 

(2)  If  -4  =  1,  we  have 

giving  u=^s/BOy  6  being  supposed  measured  from  an 
initial  line  drawn  parallel  to  the  asymptote.     This  is 
the  reciprocal  spiral. 
More  generally 


or 


0'.u-iy.'^B. 


The  right-hand  side  may  be  put  into  one  of  the  forms 

according  to  the  signs  of  ^4  —  1  and  B ;  a  and  n  being 
constants. 

(3)  If  (^)'=7^2(uHa*). 

we  have       —7= =  ndO 

and  u  =  asinh7ift 
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(4)  If  (^^'=n\u^-a% 

we  have  similarly  tx  =  a  cosh  nd, 

(5)  If  (J^y  =  ^2(^2_^2), 

u  =  a  sin  nd,    (Art.  387.) 
Cases  (3)  and  (4)  present  no  diflBcuIty  in  tracing. 

Involute  of  a  Circle. 

455.  If  a  thread  be  unwound  from  a  circle,  any  point  of  the 
unwinding  thread  traces  out  an  involute  of  a  circle.  Let  PQ 
be  any  position  of  the  thread,  P  the  tracing  point.  Then  PQ 
is  a  tangent  to  the  circle  and  a  normal  to  the  involute.    Let 


Fig.  106. 

0  be  the  centre  of  the  circle  and  a  its  radius.     Then  clearly 

the  pedal  equation  is     r^=p^+aK 

Also  p  =  PQ=siYcAQ=a\lr, 

giving  ^"^    2  ' 

8  being  measured  from  the  point  A  at  which  the  involute  meets 
the  circle,  and  OA  being  the  initial  line. 

If  OF  be  the  perpendicular  from  0  upon  the  tangent  at  P 

we  have  OF=aV^  =  a(FOZ+^)- 
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Hence  the  first  positive  pedal  is  the  Archimedean  spiral. 
The  polar  equation  is  at  once  obtainable.     For 


T 


or 


a  a  a  ' 


0= cos^-- 

a  r 


The  Evolute  of  a  Parabola 
456.  The  evolute  of  y^^^ax  may  be  shown  to  be  the  semi- 
cubical  parabola  tTay^ = 4(a; — 2a)^ 


Fig.  107. 


The  cusp  is  at  the  point  (2a,  0),  and  the  curve  cuts  the 
parabola  again  at  a  point  whose  abscissa  is  Sa,  The  tangent 
to  the  evolute  at  this  point  cuts  the  parabola  again  upon  the 
ordinate  through  the  cusp. 

From  points  on  the  right-hand  side  of  the  evolute  three  real 
normals  can  be  drawn  to  the  parabola.  From  points  on  the 
left  side  only  one  real  normal  can  be  drawn. 

The  Evolute  of  an  Ellipse. 
457.  The  equation  of  the  evolute  o{  x^/a^  +  y^/b^  =  l  has  been 
shown  to  be  (ax)* + (by)*  =  (a^  -  b^)i. 
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There  is  a  cusp  at  each  point  where  the  curve  meets  the 
co-ordinate  axes. 

From  points  within  the  evolute  four  real  normals  can  be 
drawn  to  the  conic.  From  points  outside  two  normals  can  be 
drawn. 


Fig.  108. 

Normals  from  the  portion  of  the  ellipse  marked  (1)  touch 
the  portion  of  the  evolute  marked  (1),  and  the  correspondence 
is  similarly  denoted  by  numerals  for  the  other  quadrants. 

The  radii  of  curvature  at  A  and  B  are  respectively  -  and  -j-- 

Thus  AQ=-  and  BR^-X 

^     a  b 

The  length  of  the  evolute  is  4(  , )• 

Cassini's  Ovals. 

458.  Let  r  and  /  be  the  distances  of  a  moveable  point  P 
from  two  fixed  points  S  and  S\  The  locus  traced  out  by  P 
when  rr' = constant  (  =  6*  say ) 

is  called  an  Oval  of  Cassini. 

Let  /S/S'= 2a  and  take  SS'  for  cc-axis  and  its  mid-point  0  for 
origin.     The  Cartesian  equation  is  then 

[{x^a)^+y^][{x+ay+y^]=^b\ (1) 

or  i  n  Polars  (r* + a^Y — 4a Vcos^O = ¥, 

reducing  to  r*-ha*— 2r^a^cos  26  =  b\ 
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If  6  =  a  =  c/^2  this  further  reduces  to 

r2  =  c2cos20 (2) 

This  species  of  Cassini's  oval  is  called  the  Lemniscate  of  Ber- 
noulli.    This  is  shown  by  the  thick  line  in  the  figure. 

It  is  the  first  positive  pedal  of  a  rectangular  hyperbola  with 
regard  to  the  centre,  and  possesses  the  property  that 

y 


Fig.  109. 

In  equation  (1)  when  6  is  <  a  the  curve  consists  of  two 
ovals  within  the  loops  of  the  lemniscate. 

When  6  is  >  a  the  cui*ve  consists  of  one  oval  lying  outside 
the  lemniscate. 

The  curve  {x^  +  y'^f^^a^x^  +  h^y^  which  is  the  pedal  of  a 
central  conic  with  regard  to  the  centre,  ha«  a  similar  shape,  and 
becomes  a  Bernoulli's  lemniscate  when  the  conic  is  a  rectangular 
hyperbola. 

Cartesian  Ovals. 

459.  If  r  and  r'  be  as  defined  in  Art.  458,  the  loci  indicated 
by  the  equation  Ir + m'/ = n, 

are  called  Cartesian  Ovals. 

This  equation  in  general  gives  rise  to  a  quartic  Cartesian 
equation. 

The  following  cases  will  be  recognized : — 

If   Z  =  m      we  have  r + r' = constant ;  an  el  1  ipse. 
If    i=  —  m  we  have  r—7''= constant ;  a  hyperbola. 
If  ^  =  0       we  have  r :  /•'  =  constant ;  a  circle. 
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CM*        dv  • 

Also  since  Ij — hw.  j-  =  0  it  will  be  evident  that  in  all  cases  the 
as        as 

normal  divides  the  angle  between  r  and  r'  in  such  manner 

that  the  sines  of  the  portions  are  in  the  ratio  m :  I.     The 

student  is  referred  for  further  information  to  a  chapter  on 

Cartesians  in  Professor  Williamson's  Differential  Calculus* 

where  several  interesting  properties  are  investigated. 

The  Quadratrices  of  Dinostratus  and  Tschirnhausen. 

460.  Let  AFAj^  be  a  semicircle  of  which  AA^  is  a  diameter 
and  0  the  centre.  Let  QN  be  an  ordinate  of  a  point  Q  on  the 
circle  and  P  another  point  so  related  to  Q  that  the  ordinate 
QN  travels  at  uniform  rate  from  -4  to  0  in  the  same  time  that 
OP  rotates  uniformly  from  OA  through  a  right  angle.  Let 
OP  and  JVQ  intersect  in  R,  then  the  locus  of  R  is  the  Quadratrix 
of  Hippias  or  Dinostratus. 


Fig.  110. 

Let  NOP=d  and  OA==a,  then  arc  AP=ad. 
AN    auctle  AOP 


Also 


AO     right  angle' 


Hence  AN^—  or  ©=-  — ^,  (0  being  the  origin). 


But 


^=tanA 

X 


E.D.a 


'  Sixth  editioiL 
2a 
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Hence  the  Cartesian  equation  of  the  locus  is 

.ttx 

The  form  of  the  equation  shows  that  there  is  symmetry 
about  the  y-axis,  and  the  curve  may  be  seen  to  be  as  shown  in 
the  accompanying  figure. 

461.  This  curve  if  accurately  traced  could  be  used  for  the 
tnsection  of  an  angle.  Lay  off  any  angle  AOP  by  a  line  OP 
cutting  the  quadratrix  in  R.  Draw  the  perpendicular  RN  to 
OA.  Trisect  AN  at  Z,  M  and  erect  perpendiculars  to  AN 
cutting  the  curve  in  X,  Y.     Then  since 

the  angle  AOX  =  ^ 

Similarly  AOT^^^, 

and  the  angle  is  trisected. 

462.  Again,  since  the  intercept  OE  made  on  the  ^-axis  is 

y  -  .  xar     r^        T^      -^      2a     2a 

I<x=or  cot  2^=£«  cos^- — ^- ■ -=^ 

we  could  (if  the  curve  could  be  accurately  drawn)  measure  OE 
and  hence  deduce  the  value  of  x.  Hence  the  area  of  a  circle 
could  be  found.  It  is  from  this  property  that  the  curve  derives 
its  name. 

463.  If  a  parallel  to  the  x-axis  be  drawn  through  P  cutting 
MQ  in  S,  the  locus  of  S  is 


or 


y= 

=  a  sin 

6  = 

a  sin 

X 

2 

a  — 
a 

X 

y= 

=  a  cos 

TTX 

This  curve  is  called  the  Quadratrix  of  Tschimhansen. 
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UNDETERMINED    FORMS. 

464.  In  Chap,  L  it  was  explained  that  a  function  may 
iDVolve  an  independent  variable  in  such  a  manner  that  its 
value  for  a  certain  assigned  value  of  the  variable  cannot  be 
found  by  a  direct  substitution  of  tbat  value.  And  in  such 
ca^es  the  function  is  said  to  assumG  a  *' Siiiffidar,'*  '*  Undstm*- 
mined/'  '' Illusory ^'  or  '*  liuUtBrminaW  form, 

465,  It  is  proposed  in  the  present  chapter  to  consider  more 

fully  the  method  of  evaluation  of  the  true  limiting  values  of 
Buch  quantities  when  the  independent  variable  is  made  to 
approach  indefinitely  near  its  assigned  value. 

46C.  List  of  Forms  occurring. 

Several  cases  are  to  he  considered,  viz,,  when  upon  substitu- 
tion of  the  assi^ed  value  of  the  independent  variable,  the 
function  reduces  to  one  of  the  forms 

^,     0x00,     -,     ^-x,     0^,     oD^     or  r. 

It  is  frequently  easy  to  treat  the^e  cases  by  algebraical  or 
trigonometrical  methods  without  having  recourse  to  the  Differ- 
ential Calculus,  though  the  latter  is  required  for  a  general 
discussion  of  such  forms. 

By  far  the  moat  important  case  to  consider  is  that  in  which 

the  function  takes  the  form  ^ ;  for,  in  the  first  place,  it  is  the 

one  which  most  frequently  occurs ;  and,  secondly,  any  of  the 
other  forms  may  be  made  to  depend  upon  this  one  by  some 
special  artifice. 
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467.  Algebraical  Treatment. 

Suppose  the  function  to  take  the  form  ^  when  the  inde- 
pendent variable  x  ultimately  coincides  with  its  assigned  value 
a.  Put  x=a+h  and  expand  both  numerator  and  denomin- 
ator of  the  function.  It  will  now  become  apparent  that  the 
reason  why  both  numerator  and  denominator  vanish  is  that 
some  power  of  ^  is  a  common  factor  of  each.  This  should  now 
be  divided  out  Finally,  put  A=0  so  that  x  becomes  =a,  and 
the  true  limiting  value  of  the  function  will  be  apparent. 

In  the  particular  case  in  which  a;  is  to  become  zero  the 
expansion  of  numerator  and  denominator  in  powers  of  x  should 
be  at  once  proceeded  with  without  any  preliminary  substitution 
for  X. 

In  the  case  in  which  a;  is  to  become  infinite,  put  «  =  --,  so 

that  when  x  becomes  =  oo ,  t/  becomes  =0. 

The  method  thus  explained  will  be  better  understood  by 
examining  the  mode  of  solution  of  the  following  examples. 

Ex.  1.  Find  LU^^^IZ^ 

X 

Here  numerator  and  denominator  both  vanish  if  ;r  be  put  equal  to  0.    We 
therefore  expand  a*  and  6*  by  the  exponential  theorem.    Hence 

X 

{l+^logea  +  |*aog^)2+...}-{l+:rlog^+J(lbg^)»+...} 


=Z<xM){log/»-log^+^,(log^»-i3i:6l»)+...} 


Ex.  2.  Find  I'^-C'^Xl- 

This  is  of  the  form  -  if  we  put  x=l.    Therefore  we  put  ^=1+A  and 
expand.    We  thus  obtain 

Li     ^z2^_+l  =  /z     (1+Ay-2(1+A)^+1 

^r,     (l+7A+2lAH...)-2(l^-6A  +  10A»+...)+l 
•"^^       (l+3A+3A2+...)-3(l+2A+A*)+2 


Digitized  by  VjOOQIC 


UNDETERMINED  FORMS.  376 

J.      -3+A  +  ... 


-3+... 


=;!=■■ 


It  will  Vte  seen  frcim  thm^t  examples  that  in  the  proceaa  of  expansion  it 
is  only  necessary  iu  gaiieml  to  reim'ji  a  few  of  the  lowest  paw^rs  of  A. 


Ex.3.  Ftnd  Lt^^^y^ 


Since 
we  have 


Hence  the  form  assamed  by  (—  -^  h  1*  when  wa  put  d?=0. 
Expand  ain  ^  and  cos  .r  in  po^^era  of  s;.    Thi»  givea 


—  Lt^^l  +  7  +  higher  powers  of  jA^ 

where  I  is  a  seriea  in  aaeenditig  powers  of  jr  whose  first  term  (and  there- 
fore whnsQ  limit  when  j:^=0)  is  uiiity.     Hence 

X«..,(^)^=i«...{(l+f)'^}''  =  AbyArt.80. 

J 

Ex.  4.  Firhd  Xl^,j^-*. 

This  expression  is  of  the  fomi  1"", 
Put  1-^^y, 

and  therefore,  if  x—  1,         y=0  J 
theref  o  re         Urn  it  rec|uired  =  L(^  1  ^  y)* = *"^  ( ^  ^ »  20). 


Ex.5. 

Z^.. 

,„*(«!*- 

I). 

This  ia  of  the*  form  ^ 

xO. 

Pnt 

s- 

t 

theref orcj  il  ;p=  « , 

J'  = 

=0. 

and                  Limit  reqi 

dred 

=x«. 

a»-l 

-• — r~ 

=1< 
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Examples. 
Find  the  values  of  the  following  limits  : — 

1.  Lt,^^-^  14.   Z^,=Oj;^j^ 

2.  z^,=,£LiL.  16.  u^jy^-^^'^'"'^'^ 


3.  Lu^f-Jl±,  16.  Z^^r-o- 


X  cosPx-  log(l  +x)-  sin~* — 


.1  ,-    J.     28in,r+tanh-'x-3x 

4.  Lt^Jl+^tll.  ^^-  ^*'-' Ifi 

X 

to    T*      e'ainx—x-ar 

5.  Z^..i_^--2_---^.  a;='+a;log(l-^) 

6    Z^    ^^-2;r3-4r2  +  9.r-4  .t^Se^- sin^o:* 

/.  x^r«=o on    7*     /tan;r\« 


ft    Tf     ^+e-'-2 

o.    Ltlx=^ -^ • 

Q    .       a:cos^-log(l+jr) 


10.  Z<,^^-1^8(1±£). 
T,     r.     ^-sinrcos^T 

11.  J^lx=>0 i • 


20.  i<x=c(^--')' 

21.  i«,^(*^)^. 

22.  X«x^(?^/- 

23.  Z^?iM)^. 

24  i:<.-o(?^)^ 


12.  Luj^y-^''. 

,  25.  Zf,-o(covers  ;r)*. 

,  o     7  #     coan  X  -  cos  j? 
1^.  i^t^^o — —^— —  26.  Z^.«|(cosec^)*«^^ 

Application  of  the  Differential  Calculus. 

468.  John  Bernoulli*  was  the  first  to  make  use  of  the  pro- 
cesses of  the  Differential  Calculus  in  the  determination  of  the 
true  values  of  functions  assuming  singular  forms.  We  propose 
now  to  discuss  each  singularity  in  order. 

469.  I.  Form  t 

Consider  a  curve  passing  through  the  origin  and  defined  by 
the  equations  aj  =  ^(0>\ 

*  Acta  Eruditorum,  1704. 
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Let  x,y  he  the  co-ordinates  of  a  point  P  on  the  curve  very 
near  the  origin,  and  suppose  a  to  be  the  value  of  t  correspond- 


Z^  N  X 

Fig.  UL 

ing  to  the  origin,  so  that  0(a)  =  0  and  ^a)  =  0. 
Then  ultimately  we  have 


Lty^=Lt  tan  POi\r=Zf,=o^^=X^,=,-f4^. 
X  ax  yjr{t) 


Hence 


J^U^crrr^\  ^  -^^t^a. 


xo 


0 


and  if  7—  be  not  of  the  form  '^  when  t  takes  its  assigned 
value  o,  we  therefore  obtain 


i>Xt) 


But,  if  yy^t  be  also  of  undetermined  form,  we  may  repeat 


the  process;  thus        Ltt= 


<i>n-Lt    ^>-etc 

V(0"      V(0" 

proceeding  in  this  manner  until  we  arrive  at  a  fraction  such 
that  when  the  value  a  is  substituted  for  t  its  numerator  and 
denominator  do  Twt  both  vanishy  and  thus  obtaining  an  intellig- 
ible result — zero,  finite,  or  infinite. 

470.  Another  Proof  of  the  Method. 

We  may  arrive  at  the  same  result  in  another  way,  thus  : — 

Let  |~{  take  the  form  ^  when  x  approaches  and  ultimately 

coincides  with  the  value  a.     Let  x  =  a+h.     Then  by  Taylor's 

Thpnrpm     ^C'^)  _  <f>(aH  h<f>Xa + Oh)  __  <f>Xci+eh) 
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for  ^a)=0  and  \[f{a)=0  by  supposition.      Hence  in  the  limit 
when  a;=a  (and  therefore  A=0),  we  have 


Lt,.. 


If  it  should  happen  that  <f>X<^)  ^^^  V^'(^)  ^-re  both  zero,  we  can, 
as  before,  repeat  the  process  of  differentiating  the  numerator 
and  denominator  before  substitution  for  x. 


Ex.  1.  Lt, 


sin  0-0 


=  ^, 


^-0        ^ 

Here  <^^)=8iii  0-0,  and    ^^  = 

which  both  vanish  when  0  vanishes. 

<^'(^)  =  cos^-l,  and    ^'(^=3^, 
and  both  of  these  expressions  vanish  with  0. 
Differentiating  again 

<f>"(0)^ -sin  0,    and   V^(^)=6^, 
and  still  both  expressions  vanish  with  0.    We  must  therefore  differentiate 
again  <f>"XO)= -cos  0,    and  V^'"(^)=6, 

whence  *"(0)=  - 1,  and  ^'"(0)=6 ; 

^-0      ^       ""     6* 
6^-^-^+ 2  sin  ^-4^ 


therefore 


Ex.2.  Lt 


'e^~ 


0" 
=-Lt 


e^  +  e^  +  2coQ0-i 


0=0 


^Lt 


e^-e-^ 


-  2  sin  ^ 


=Lt 


e^+e-^-2cos^ 
'^-0  60^ 


=Z/ 


=Lt 


e^-e-^-\-2ain0 
0=0  1200 

e^+e-^-^2coa0 


Form 


Form 


Form 


Form 


Form 


-a 

oJ 
oJ 


«-o 


120 


30' 


471.  The  proposition  of  Art.  469  may  also  be  treated  as 
follows. 

Let  ^(a)=0  and  \fr{a)=0,  and  let  the  j9*  differential  co- 
efficient of  ^x)  and  the  q^  of  VK*)  ^®  ^^  ^^^  which  do  not 
vanish  when  x  is  pot  equal  to  a.  Then  by  Taylor's  Theorem, 
putting  a; =a+ A, 
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Similarly  i/r(ic) = —ylr'iia + dji). 

Hence  X*.=-#^  =  ^i^4=o^-'-t?^\ 

Now,  if  P><1>    Ltk^of^^'9  =  0. 

If  P<i>    Lth^JiP'9  =00. 

so  that  the  limit  is  0,  ^^    ^  or  00 ,  according  as  jp  is  > ,  = , 
or  <  q, 

472.  II.  Form  0  x  x  . 

Let  0(a)  =  0  and  \f/{a)=oo ,  so  that  <f>(x)\l/{x)  takes  the  form 
0  X  X  when  a?  approaches  and  ultimately  coincides  with  the 
value  a. 

Then  Lt,^a4>{x)yl4x)  =  Lt,^J^> 

and  since  -:  .-.  =  —  =  0, 

the  limit  may  be  supposed  to  take  the  form  ^,  and  may  be 
treated  like  Form  I. 

Ex.  1.  Lt^Jcote=Lt^_^^^^Lt^_^^^=V 

.a  .a 

am  -  8in  - 

Ex.  2.  Ltx^^xem-^Lt^^^'-T--'=Lu    a =  0. 

X  }_  f^     a 

X  X 

473.  III.  Form  — . 

Let  0(a)  =  oc,  r(/^(a)  =  '3o,  so  that  -2—-   takes  the  form  — 
^^  ^  ^(^)  00 

when  a:  approaches  indefinitely  near  the  value  a. 

The  artitice  adopted  in  this  ca&e  is  to  write 

1 


Digitized  by  LjOOQ IC 


380  CHAPTER  XIV. 

Then  since    , ,  .  = — =0,  and  -77-^= — =0,  we  may  consider 
^(a)    00       '  ^a)    00       '  •' 

this  as  taking  the  form  -r,  and  therefore  we  may  apply  the 

rule  of  Art.  469 

-Lt     riM1V(a:) 
Therefore  Lt      '^'^'''^ -V  Lt      'K^^^lrt     "^'^^^ 

Hence,  unless  J^^x^^JjtA  he  zero  or  infinite,  we  have 


-{--m'^'-m' 


or  -»^=»  .  .^-x>.x=a, 


If,  however,  Lf^^^ajr-^  be  zero,  then 

and  therefore,  by  the  former  case  (the  limit  being  neither  zero 
nor  infinite),  =  x<,=„^MHbp). 

Hence,  subtracting  unity  from  each  side, 

Finally,  in  the  case  in  which 

VKa;)  ^z) 

and  therefore  by  the  last  case 


=  Lt,=, 


,p'{xj' 


therefore  ^«-«#x=^«-«tM- 

This  result  is  therefore  proved  true  in  all  cases. 
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474.  If  any  function  become  infinite  for  any  finite  value 
of  the  indejiendent  variable^  then  all  its  differential  coefficienta 
xoill  also  become  infinite  for  the  same  value.  An  algebraical 
function  only  becomes  infinite  by  the  vanishing  of  some  factor 
in  the  denominator.  Now,  the  process  of  differentiating  never 
removes  such  a  factor,  but  raises  it  to  a  higher  power  in  the 
denominator.  Hence  all  differential  coeflBcients  of  the  given 
function  will  contain  that  vanishing  factor  in  the  denominator, 
and  will  therefore  become  infinite  when  such  a  value  is  given 
to  the  independent  variable  as  will  make  that  factor  vanish. 

It  is  obvious  too  that  the  circular  functions  which  admit  of 
infinite  values,  viz.,  tancc,  cot  a?,  sec  a;,  coseccc,  are  really  frac- 
tional forms,  and  become  infinite  by  the  vanishing  of  a  sine  or 
cosine  in  the  denominator,  and  therefore  these  follow  the  same 
rule  as  the  above. 

The  rule  is  also  true  for  the  logarithmic  function  log(ic— a) 

1 

when  a;  =  a,  or  for  the  exponential  function  6*"*  when  x  =  a,b 
being  supposed  greater  than  unity.* 

475.  From  the  above  remarks  it  will  appear  that  if  ^(a) 
and  xjria)  become  infinite  so  also  in  general  will  <f/{a)  and 
yj/{a).    Hence  at  first  sight  it  would  appear  that  the  formula 

Ltx=arrf/-\  is  110  better  than  the  original  form  Ltx^a^rA-     But 

it  generally  happens  that  the  limit  of  the  expression  ^;  ^ 
when  x  =  ay  can  be  more  e&sily  evaluated.  ^  ^  ^ 

Ex.  1.   Find  Lta  w  a — which  is  of  the  form  —  • 

^-f     tan  e  -^       -^         00 

Following  the  rule  of  differentiating  numerator  for  new  numerator,  and 

denominator  for  new  denominator,  we  may  write  the  above  limit 

1 

which  is  still  of  the  form  — .    But  it  can  be  written 

=Lt.  T^'^  (which  is  of  the  form  ^\ 

J,       -Scoe^sind    „ 
=-"#.| i ^- 

*For  farther  disciuaion  of  thii  point  the  stndeut  is  referred  to  ProfeMor  De 
Morgan's  Diff,  and  Int,  Calcultu, 
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Ex. 

2. 

Evaluate  Ltg^^-^  which  \ 
Lt^J^^Lt. 

i$  of  the  form 

00 
00* 

It  is  obvious  that  the  same  result  is  true  when  n  is  fractional 
Ex.  3.  Evaluate  Ltx.~o^{log  a*)**,  m  and  n  being  positive. 
This  is  of  the  form  0  x  oo ,  but  may  be  written 


M'S}" 


[Fo-  i] 

and  by  putting  x^=e~^  this  expression  is  reduced  to 


Z.^.{^}  =0 


as  in  Ex.  2. 


476.  IV.  Form  oo  -  oo  . 

Next,  suppose  <f>(a)  =  oo  and  ^a)  =  oo,  so  that  <f>{x)^\l/{x) 
takes  the  form  oo  —  oo ,  when  x  approaches  and  ultimately 
coincides  with  the  value  a. 

Let  «  =  ^(x)-V<^)  =  V<«'){^^^)-l}- 

From  this  method  of  writing  the  expression  it  is  obvious  that 
unless  Ltx^a^-  {  =  ^  the  limit  of  u  becomes  \l/{a)  x  (a  quantity 
which  does  not  vanish) ;  and  therefore  the  limit  sought  is  oo  . 

But  if  X<j.=a  ,7  (  =  1,  the  problem  is  reduced  to  the  evaluation 

of  an  expression  which  takes  the  form  oo  x  0,  ja  form  which 
has  been  already  discussed  (IL). 

Ex.  LtxmJ  '  -  cot:r  J  =Ltx^o  (1  -  ^  cot  .r) 

^^,^_  mnx-^cos^  (which  k  of  the  form  ?) 
jc  am  jc       \  0/ 

_j.     ^sin .V       /which  is  of  the  sameX 

'^^ainx'+xcoaa:  \  form  still  / 

7^,       8in.r+.rco8ar      - 
=  -L0lx=O^ . —  =  0. 

2  cos  x  —  x  sin  X 

477.  V.  Forms  0^  oo«,  r. 

Let  y  =  u^,  u  and  v  being  functions  of  ic  ;  then 

l0gey  =  vl0geU. 

Now  logtfl  =  0,  logcoo  =  00 ,  logeO  =  —  X  ;  and  therefore  when  the 
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expression  u^  takes  one  of  the  forms  0^  oo*^,  1*,  logy  takes 
the  undetermined  form  0  x  oo .  The  rule  is  therefore  to  take 
the  logarithm  and  proceed  as  in  Art,  4i72. 

Ex.  1.  Find  Lixm/^y  which  takes  the  undetermined  form  0^. 

j, 

whence  Lt,^^=^=\. 

Ex.  2.  Find  Lt^jwi^u  x)^*.     This  takes  the  form  1". 

and  Lt    Ttana?log8in^=Z^    tt   ^ =Lt    c — 

*=!£■  '^'i    cot  a;  *^^  —  coaecrx 

==Lt    ir{-8in;rcO8x)=0, 

whence  required  limit = c*^  =  1 . 

A  slightly  different  arrangement  of  the  work  is  exemplified  here. 

478.  The  following  example  is  worthy  of  notice,  viz., 

Lt,^a{l+<t<x))^-\ 

given  that    0(a)  =  0,    ^a) = oo ,    Ltx=.a<t>{^)^x) = m. 
We  can  write  the  above  in  the  form 

which  is  clearly  e"»  by  Art.  20,  Chap.  I. 

It  will  be  observed  that  many  examples  take  this  form,  such, 

(tan  iZ/\** 
)    on  p.  375,  and  Exa  20  to  26  on 

p.  376. 

479.  -T^  of  donbtftil  value  at  a  Multiple  Point 

Since  :^  =  0  and  -    =0  at  any  multiple  point  on  the  curve 

u=0,  it  will  be  apparent  that  at  such  a  point  the  value  of  -t^ 

ax 
as  derived  from  the  formula 

?^ 
dy_^?>x 

will  be  of  the  undetermined  form  ^ 
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The  rule  of  Art.  469  may  be  applied  to  find  the  true  limiting 
values  of  ^  for  such  cases,  but  it  is  generally  better  to  proceed 

otherwise. 

If  the  multiple  point  be  at  the  origin,  the  equations  of  the 
tangents  at  that  point  can  be  at  once  written  down  by  inspec- 
tion and  the  required  values  of  -~  thus  found. 

If  the  multiple  point  be  not  at  the  origin,  the  equation  of  the 
curve  should  be  transformed  to  paraUel  axes  through  the  mul- 
tiple point  and  the  problem  is  then  solved  as  before. 

Ex.  Consider  the  value  of  -^  at  the  origin  for  the  curve 
ax 

The  tangents  at  the  origin  are  obviously 

^=0,    y=0,    ax+b2/=0f 
making  with  the  axis  of  x  angles  whose  tangents  are  respectively 

CO,     0.     --. 

which  are  therefore  the  required  values  of  ^. 

ax 

EXAMPLES. 
Investigate  the  following  limiting  forms : — 

1    Lt     Iog(^-'^).  A    T,     1  +  cos  Tic 

^-  ^''-»  log  cos*  *•  -^''-i^S^- 


log  cos  X 


^<.-i:5— : 


3iB»-5iB8+2 


5.  Z<^log(2  -  |)cot(a!  -  a). 


3.  Lt^_.-}-^^.  6.  Lt   „l£&!»i!2£L* 

--1-V2sinx  nog^.cosf 

Q 

cot  0  tan~^(m  tan  6)--m  cos^- 

7.  Lt 1 

sm^- 
2 

10.  Lt^J,\ogxy^-'\ 

^^-  ^^"--^^bi-^  +  cx--^^..,  ^^^"^ga8ni8>,  =,or<m. 
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12.  Lt^^fir^,  m  being  positive.     14.  Z<,^(i±?2?^^ 


13. 


'aj3ii-\'  1\* 


Lt     (^f^\ 


15-  X«^Jcot(45* -«)}«*'. 


1        1        1 


16.  r^^j<+<+<+-+^>.y 

17.  Z^,.o ^ • 

18.  Z^^.^/Sz^S'- 

19.  Z<     a«sin^-         f  (i.)  If  a  be  >1. 

—         a*         \(ii.)  Ifabe<l. 


20.  Z^ 


21.  Lt 


cosec  a;  -  cot  rr 


Ja^  +  ax  +  ici-aJl+^ 


log  cos  - 
a 

/-;Wi?:z5+iog?-Vi-«y 

22.  z<    <*  g    2V     g/ 

23.  i^e_cot?). 

24.  Z<     V^^  +  gg  +  a^-Va^-ax'  +  ag'^ 


/^a  +  a;  -  ^a  -  a; 

25.  Lt  „  Ml+^  +  a^)  +  log(l-a;  +  a:2) 

'"  sec  X  -  cos  a; 

26.  X<^o^°<"°j -""'".  27.  i<,^(l±-izi. 


28.  Z( 


^*-o 


— ^ 


E.D.a  2  B 
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30    i^        (a;  -  y)a*'  +  (y  -  a)af*  +  (a  -  x)y^ 

-•'"*       (a? -2/)(y -«)(«-«) 

[Put  a;  =  a  +  A,  y  =  a  +  A:,  and  expand  in  powers  of  h  and  it,  and 
finally,  after  reduction,  put  A  =  0,  k  =  0.] 

31.  Z^^  J-^S-^+Ms^.  • 

32.  Show  that  generally,  if  a  function  of  two  independent  variables 
take  one  of  the  singular  forms  ^,  etc.,  for  certain  values  of  the  vari- 
ables, its  value  is  truly  indeterminate. 

33.  Given  oc^  +  y^-k-a^^  Zaxt/y 

find  the  values  of  -  ^  when  x  =  y==^a, 
ax 

34.  Find  the  values  of  -^  at  the  origin  for  the  curve 

ax 

35.  For  the  curve      xY  =  (a^  -  y^){b  +  yf 

find  the  values  of  J^  at  the  point  (0,  -  b). 
ax 

36.  For  the  curve  oti^  +  aa^  =  ay^ 

find  the  values  of  -  ^  when  a;  =  0. 
ax 

37.  Prove  Z<.^o-ii- — ( r  )  ^lojl^^S^- 

'  "a:"8in  x\  cos  x  -  cos  bx  J      \3/ 

38.  Prove  Lt^^^^^^  =  n^-m\ 

where  u  =  ^^L*'*^^  and  a;  =  sin  y, 
cosy 

39.  Find  Lt^  ^^^,  where  y  =  ^--  and  ^=cos-i(l  -a;). 

p.  C.  S.,  1884.] 

40.  lfy  =  (8in"ia;)2,  prove  that 

Lt,  n-- =  71^. 

(ia^ 

41.  Prove  that  Lt„.^J^  is  zero  or  infinite  according  as  n  is 
greater  or  less  than  m,  a  and  b  being  both  greater  than  unity. 
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42.  Prove  Lt^(2  -  ^)*"  "^  =  ^. 

43.  Prove  U^cr^^cot[l.(^''\J- 

\2ya  +  x} 


/(I)  lfa;  =  0. 
1(2)  If  a  =  6. 


4a 

TT 

44.  Find  Z<,^(co8  aa;)~-~**«. 

45.  FindZ/?!^-^-^!?^^"^> 

tan  6a;  -  tan  ax 

46.  FindZi.  i^lni+i^zi)!. 

\«2_l)»_a:+l 

47.  FindZ<^^-^  +  ^^-^. 

48.  Find  i<,.o(co8  «)~'* 

49.  Prove  tbat  if,  when  x  is  infinite,  <^(a;)  =  qo  ,  then  will 

X 

and  also  that     Z<„{<^(aj)}'  =  Z/*^?±li 

4>(x) 

[TODHUNTER*S  DiFF.  CaLC.] 

50.  Prove  that  Lt^i^-\'^e, 
61.  Prove        Lt,^ 


[ToDHUNTBR*8  DiFF.  CaLC'.] 

l"'+2"'+3"*+ ...+n"'        1 


n«+>  w+1 

m  being  positive. 


52.  Prove  Ltj^Ji{ar  +  a -{■  K^ -\' a -\'  2AP+  ...  +a  +  (n  -  1)A)"'} 

= — > 

w+  1 

where  A=  JIL?,  and  a,  6  are  any  given  quantities, 

n 
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CHAPTER   XV. 

MAXIMA    AND    MINIMA— ONE    INDEPENDENT 
VARIABLE. 

480.  Elementary  Methods. 

Examples  frequently  occur  in  algebra  and  geometry  in  \vhich 
it  is  required  to  find  whether  any  limitations  exist  to  the 
admissible  values  of  certain  functions  for  real  values  of  the 
variable  or  variables  upon  which  they  depend.  These  investi- 
gations can  sometimes  be  conducted  in  an  elementary  manner. 
A  few  examples  follow  in  illustration  of  this. 

Ex.  1.  The  function  x^-^x+d  may  be  written  in  the  form 

(or -2)2+ 6, 

from  which  it  is  at  once  apparent  that  the  least  admissible  value  of  the 
expression  is  5,  the  value  which  it  assumes  when  or =2.  For  the  square 
of  a  re^l  quantity  is  essentially  positive,  and  therefore  any  value  of  x  other 
than  2  will  give  a  greater  value  than  5  to  the  expression  considered. 

Ex.  2.  Investigate  whether  any  limitation  exists  to  the  values  of  the 

expression  ^^^—^ 

for  real  values  of  x. 

we  have  ar-(l-^)-^(l+y)  +  l-y=0, 

an  equation  whose  roots  are  real  only  when 

(l+y)2>4(l-y)«, 

i,e.y  when  (3y  - 1)(3  -y)  is  positive  ; 

!>.,  when  y  lies  between  the  values  3  and  J.  It  appears  therefore  that  the 
given  expression  always  lies  in  value  between  3  and  ^.  Its  maximum  value 
is  therefore  3  and  its  minimum  \, 


388 
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Ex.  3.  If  a,  6,  c,  x^y^z  be  all  real  quantities  such  that  a^+ft^+c^  and 
.r^+y^^-^s  are  both  given,  then  ax+hy-\-cz  will  have  its  maximum  value 

when  f=f=?. 

a    0    c 

For  the  identity 

(a«  +  62+c2X^+y24.22)=(aa;  +  jy  +  c2)2+(62-cy)2  +  (aa'-as)2+(a^-6x)2 

shows  that  {ax -{-hy  •\- czf  will  have  its  maximum  value  when  the  remaining 
three  squares  on  the  right-hand  side  have  their  minimum  values.  And 
being  squares  of  real  quantities  they  cannot  be  negative.  Their  minimum 
is  therefore  wlien  each  separately  vanishes,  which  gives  the  result  stated. 

Ex.  4.  To  determine  geometrically  the  greatest  triangle  inscribed  in  a  given 
ellipse. 

It  is  obvious  from  elementary  considerations  that  if  the  ellipse  be  pro- 
jected orthogonally  into  a  circle  a  triangle  of  maximum  area  inscribed  in 
the  given  ellipse  must  project  into  a  triangle  of  maximum  area  inscribed 
in  a  circle  ;  and  such  a  triangle  is  equilateral  and  the  tangent  to  the  circle 
at  each  angular  point  of  the  triangle  is  parallel  to  the  opposite  side.  This 
property  of  parallelism  is  a  projective  property,  and  therefore  holds  for  a 
maximum  triangle  inscribed  in  the  given  ellipse. 

^  Area  of  a  maximum  triangle  inscribed  in  the  ellipse 

Area  of  ellipse 

_  Area  of  equilateral  triangle  inscribed  in  a  circle 
""  Area  of  the  circle 

^3^'3 
47r' 

Hence  the  area  of  the  greatest  triangle  inscribed  in  an  ellipse  whose  semi- 
axes  are  a,  6  is  -  j-ab, 

4 

Ex.  5.  If  J,  -B,  C.  be  a  number  of  fixed  points  and  P  any  other  point, 
and  if  6^  be  the  centroid  of  masses  A  at  J,  y^i  at  By  etc.,  then  it  is  a  geo- 
metrical proposition  that 

(IkPA^)=(2kOA^)  +(2X) .  pen. 
Hence,  since  ^\0A^  is  a  fixed  quantity  for  all  positions  of  P,  2X/14*  has 
its  minimum  value  when  P  is  at  G. 

Ex.  6.  In  any  triangle  the  maximum  value  of  cos  A  cos  B  cos  C  is  J. 

For  2  cos  A  cos  B  cos  (7= cos  -4(cos  B  —  C-  cos  A\ 

and  therefore  as  long  as  B  and  C  are  unequal  we  may  increase  the  expres- 
sion by  making  them  more  nearly  equal  and  keeping  their  sum  constant. 
Thus  cos  A  cos  B  cos  C  does  not  attain  its  maximum  value  until 

3 

and  then  its  value  =(iy. 
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Examples. 

1.  Show  algebraically  that  the  expression  x-\ —  cannot  lie  between  2 
and  -  2  for  real  values  of  x.  Illustrate  this  geometrically  by  tracing  the 
hyperbola  jn/^-s^^l. 

x^  —  4.T + 9 

2.  Prove  that,  if  .r  be  real,  -- — ^  — ^-   must  lie  between  5  and  J. 

3.  Show  that,  if  .r  be  real,  — — .  cannot  lie  between  the  values 

x-a    x—b 


-(im  -^  -g;:^^')" 


4.  Show  that  the  triangle  of  greatest  area  with  given  base  and  vertical 
angle  is  isosceles. 

5.  If  ^,  ^  be  two  given  points  on  the  same  side  of  a  given  straight  line 
and  P  be  a  point  in  the  line,  then  AP+BP  will  be  least  when  ^Pand  BP 
are  equally  inclined  to  the  straight  line. 

6.  Show  that  the  triangle  of  least  perimeter  inscribable  in  a  given 
triangle  is  the  pedal  triangle. 

7.  Show  that  the  greatest  chord  passhig  through  a  point  of  intersection 
of  two  given  circles  is  that  which  is  drawn  parallel  to  the  line  joining  the 
centres. 

8.  Determine  the  maximum  triangle  of  given  species  whose  sides  pass 
through  given  points. 

9.  Find  the  least  isosceles  triangle  which  can  be  described  about  an 
ellipse  with  its  base  parallel  to  one  of  the  axes,  and  show  that  it  has  its 
sides  parallel  to  those  of  the  greatest  isosceles  triangle  which  can  be 
inscribed  in  the  same  ellipse  with  its  vertex  at  one  extremity  of  the  other 
axis.  [I.  C.  S.,  1884.] 

10.  The  diagonals  of  a  maximum  parallelogram  inscribed  in  an  ellipse 
are  conjugate  diameters  of  the  ellipse. 

11.  If  the  sum  of  two  varying  positive  quantities  be  constant,  show  that 
their  product  is  greatest  when  the  quantities  are  equal.  Extend  this  to 
the  case  of  any  number  of  positive  quantities. 

12.  If  a^x^  +  bh/^=(i*f  find  the  maximum  value  of  x^.  [I.  C.  S.,  1889.] 

13.  If  Ay  By  O  he  the  angular  points  of  a  triangle  and  Pany  other  point, 
then  AP+BP-^-CP  will  be  a  minimum  when  each  of  the  angles  at  P  is 
120^    [AP  is  a  normal  to  the  ellipse  with  foci  By  C  and  passing  through  PJ] 

14.  Find  a  point  P  within  a  triangle  ABC  such  that  AP^+BP^-^CP^ 
has  a  minimum  value. 

16.  Prove  from  statical  considerations,  or  otherwise,  that  if  P  be  a  point 
within  a  triangle,  then 

APhaii  A+BPHan  B+ CPHau  C 
has  its  minimum  value  when  P  is  the  orthocentre. 
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16.  If  a  triangle  be  inscribed  in  a  circle  of  given  radius  i?,  show  that 
the  maximum  value  of  the  sum  of  the  squares  of  the  sides  is  9i^. 

17.  If  ^+<^= const,  the  maximum  value  of  sin  ^  sin  <^  is  attained  when 

18.  Show  trigonometrically  that  the  greatest  and  least  values  of  the 
expression  aainx+b  cos  x 

are  iJa^+h^  and    -Va*  +  6*. 

19.  Show  by  trigonometry  that  the  greatest  and  least  values  of  the 
function  a  cos^O + 2A  sin  ^  cos  ^ + 6  sin'^ 

are  respectively  ^±^±A,JJ^EE\\hK 

20.  Find  the  rectangle  of  maximum  area  whose  sides  pass  through  the 
angular  points  of  a  given  rectangle. 

21.  FSP',  QSQ^  are  focal  chords  of  a  conic  intersecting  at  right  angles. 
Find  the  positions  of  the  chords  when  FF'  +  QQ  has  a  maximum  or  mini- 
mum value. 

The  General  Problem. 

481.  Suppose  X  to  be  any  independent  variable  capable  of 
assuming  any  real  value  whatever,  and  let  <f)(x)  he  any  given 
function  of  x.  Let  the  curve  y  =  (f>{x)  be  represented  in  the 
adjoining  figure,  and  let  A,  B,C,  D,...  be  those  points  on  the 
curve  at  which  the  tangent  is  parallel  to  one  of  the  co-ordinate 
axes. 


Fig.  112. 

Suppose  an  ordinate  to  travel  from  left  to  right  along  the  axis 
of  X.    Then  it  will  be  seen  that  as  the  ordinate  passes  such 
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points  as  A,  (7,  or  E  it  ceases  to  increase  and  begins  to  decrease  ; 
whilst  when  it  passes  through  B,  D,  or  F  it  ceases  to  decrease 
and  begins  to  increase.  At  each  of  the  former  set  of  points 
the  ordinate  is  said  to  have  a  maximam  value,  whilst  at  the 
latter  it  is  said  to  have  a  minimum  value. 

482.  Points  of  Inflexion. 

On  inspection  of  Fig.  113  it  will  be  at  once  obvious  that  at 
such  points  of  inflexion  as  G  or  i/,  where  the  tangent  is  par- 
allel to  one  of  the  co-ordinate  ajces,  there  is  neither  a  maximum 


Fig.  113. 

nor  a  minimum  ordinate.  Near  0,  for  instance,  the  ordinate 
increases  up  to  a  certain  value  NO,  and  then  as  it  passes 
through  0  it  continues  to  increase  without  any  prior  sensible 
decrease. 

This  point  may  however  be  considered  as  a  combination  of 
two  such  points  as  A  and  B  in  Fig.  112,  the  ordinate  increasing 


N,     ^^ 


Fig.  114. 

up  to  a  certain  value  N^G^y  then  decreasing  through  an  inde- 
finitely small  and  negligible  interval  to  Nfi^  and  then  increas- 
ing again  as  shown  in  the  magnified  figure  (Fig.  114),  the 
points  Q^y  0^  being  ultimately  coincident. 
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483.  We  are  thus  led  to  the  following  definition : — 

Def.  //,  while  the  independent  variable  x  increases  contin- 
uously,  a  function  dependent  iijyon  it,  say  ^(x\  increase 
through  any  finite  interval  however  small  until  x  =  a  and 
then  decrease,  <f>(a)  is  said  to  be  a  MAXIMUM  value  of  ^(x). 
And  if  (l>(x)  decrease  to  <l>(a)  and  then  increase,  both  decrease 
and  increase  being  through  a  finite  interval,  then  <f>{a)  is  said 
to  be  a  MINIMUM  value  of  ^(x). 

484.  Criteria  for  the  discriimnation  of  Maxima  and  Minima 
Values. 

The    criteria   may  be   deduced   at   once   from   the  aspect 

of  -j^  as  a  rate-measv/rer.     For  J^  is  positive  or  negative 

according  as  ^  is  an  increasing  or  a  decreasing  function.  Now, 
if  y  have  a  maximum  value  it  is  ceasing  to  increase  and 

beginning  to  decrease,  and  therefore  -j -  must  be  changing  from 

positive  to  negative;  and  if  y  have  a  minimum  value  it  is 
ceasing  to  decrease  and  beginning  to  increase,  and  therefore 

,^  must  be  changing  from  negative  to  positive.    Moreover, 

since  a  change  from  positive  to  negative,  or  vice  versa,  can 
only  occur  by  passing  through  one  of  the  values  zero  or  in- 
finity, we  must  search  for  the  maximum  and  minimum  values 
among  those  corresponding  to  the  values  of  x  given  by  ^'{x)  =  0 

or  by  <l/(x)  =  oo . 

(jtif 

485.  Further,  since  -,*^  must  be  increasing  when  it  changes 

^"^  d^V 
from  negative  to  positive,  -r-^  if  not  zero  must  then  be  positive  ; 

dv  d^v 

and  similarly,  when  J'  changes  from  positive  to  negative  -j^ 

must  be  negative,  so  we  arrive  at  another  foim  of  the  criterion 
for  maxima  and  minima  values,  viz.,  that  there  will  be  a  maxi- 
mum or  minimum  according  as  the  value  of  x  which  makes  -, - 
zero  or  infinite,  gives  -^  ^  a  negative  or  a  positive  sign, 

486.  Properties  of  Maxima  and  Minima  Values.  Criteria 
obtained  Oeometrically. 

The  following  statements  will  be  obvious  from  the  figures 
112  and  113:— 
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(a)  According  to  the  definition  given  in  Ai*t.  483,  the  term 
maximum  value  does  not  mean  the  absolutely  greatest  nor 
minimum  the.  absolutely  least  value  of  the  function  discussed. 
Moreover  there  may  be  several  maod'tna  values  and  several 
minima  values  of  the  same  function,  some  greater  and  some 
less  than  others,  as  in  the  case  of  the  ordinates  at  ^1,  £,  C, ... 
(Fig.  112). 

(13)  Between  two  equal  values  of  a  function  at  least  one 
maximum  or  one  minimum  must  lie ;  for  whether  the  func- 
tion be  increasing  or  decreasing  as  it  passes  the  value  [M^P^  in 
Fig,  112]  it  must,  if  continuous,  respectively  decrease  or  increase 
again  at  least  once  before  it  attains  its  original  value,  and 
therefore  must  pass  through  at  least  one  maximum  or  mini- 
mum value  in  the  interval. 

(y)  For  a  similar  reason  it  is  clear  that  between  two  maxima 
at  least  one  minimum  must  lie  ;  and  between  two  minima  at 
least  one  maximum  must  lie.  In  other  words,  maxima  and 
minima  values  must  occur  alternately.  Thus  we  have  a  maxi- 
mum at  A,  a  minimum  at  jB,  a  maximum  at  (7,  etc. 

(o)  In  the  immediate  neighbourhood  of  a  maximum  or  mini- 
mum ordinate  two  contiguous  ordinates  are  equal,  one  on  each 
side  of  the  maximum  or  minimum  ordinate ;  and  these  may 
be  considered  as  ultimately  coincident  with  the  maximum  or 
minimum  ordinate.  Moreover  as  the  ordinate  is  ceasing  to 
increase  and  beginning  to  decrease,  its  rate  of  variation  is  itself 
in  general  an  infinitesimal.  This  is  expressed  by  saying  that 
at  a  maximum  or  minimum  the  function  discussed  has  a 
stationary  value.  This  principle  is  of  much  use  in  the  geo- 
metrical treatment  of  maxima  and  minima  problema 

(e)  At  all  points,  such  as  Ay  B,  (7,  D,  JP, ...,  at  which  maxima 
and  minima  ordinates  occur  the  tangent  is  parallel  to  one  or 
other  of  the  co-ordinate  axes.     At  points  like  A,  B,  C,  D  the 

value  of  -^-    vanishes,  whilst  at  the  cuspidal  points  E,  F,  -^ 

becomes  infinite.     The  positions  of  maxima  and  minima  ordin- 
ates are  therefore  given  by  the  roots  of  the  equations 
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(f)  That  ^  =  0,  or  -7^  =  00 ,  are  not  in  themselves  sufficient 

conditions  for  the  existence  of  a  maximum  or  minimum  value 
is  clear  from  observing  the  points  G,  H  of  Fig.  113,  at  which 
the  tangent  is  parallel  to  one  of  the  co-ordinate  axes,  but  at 


which  the  ordinate  has  not  a  maximum  or  minimum  value. 
But  in  passing  a  maximum  value  of  the  ordinate  the  angle  \fr 
which  the  tangent  makes  with   OX  changes  from  acute  to 

obtuse  (Fig.  115),  and  therefore  tan  yl^,  or  ->' -,  changes  from 

positive  to  negative ;  while  in  passing  a  minimum  value  sfr 

changes   from  obtuse  to  acute  (Fig.   116),  and  therefore   -/ 

changes  from  negative  to  positive. 


Fig.  iia 

487.  Working  Rule. 

We  can  therefore  make  the  following  rule  for  the  detection 

and  dlBcrimination  of  maxima  and  minima  values.     First  find 

dij 

-.^  and  by  equating  it  to  zero  find  for  what  values  of  x  it 

vanishes ;  also  observe  if  any  values  of  x  will  make  it  become 

infinite.     Then  test  for  each  of  these  values  whether  the  sign 

dv 
of   .-  changes  from  +  to  —  or  from  —  ^0  +  as  a;  increases 
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through  that  value.  If  the  former  be  the  case  y  has  a  maximnm 
value  for  that  value  of  x  ;  but  if  the  latter,  a  minimum.  If  no 
change  of  sign  take  place  the  point  is  a  point  of  inflexion  at 
which  the  tangent  is  parallel  to  one  of  the  co-ordinate  axes; 
or,  in  some  cases  it  may  be  more  convenient  to  discriminate  by 

dhj 
applying  the  test  of  Art.  485.     Find  the  sign  of  -^^  corre- 
sponding to  the  value  of  x  under  discussion.     A  positive  sign 
indicates  a  minimum  value  for  y ;  a  negative  sign,  a  maximum. 

When  ,4  =  0  this  test  fails  and  there  is  need  of  further  inves- 
tigation  (Art  488). 

Examples. 

1.  Find  the  maximum  and  minimum  values  of  y  where 

y=(x-l)(a'-2)«. 

Here  5^  =  (j?-2)«+2(x-l)(a'-2) 

=(a:-2)(3.r-4). 
Putting  this  expression  =0  we  obtain  for  the  values  of  x  which  give 
possible  maxima  or  minima  values 

.r  =  2  and  x=  • 
3 
To  test  these  :  we  have 

if  ;r  be  a  little  less  than  2,  -^ =(  - )( +  )= negative, 

if  0?  be  a  little  greater  than  2,    ^=( +)(  +  )  =  positive. 

Hence  there  is  a  change  of  sign,  viz.,  from  negative  to  positive  as  x  passes 
through  the  value  2,  and  therefore  a: =2  gives  y  a  minimum  value. 

A  gain,     if  :r  be  a  little  less  than  -  ,         -r^ =(-)(  —  ) = positive, 

3  cLv 

and  if  x  be  a  little  greater  than    ,     j^  =  (-)(+) = negative, 

3     ax 

showing  that  there  is  a  change  of  sign  in  J^,  viz.,  from  positive  to  negative, 

4    .  . 

and  therefore  x  =  -  gives  a  maximum  value  for  y. 
3 

Otherwise  :  ^^  =  (x  -  2X3j:  -  4), 

so  that  when  /  is  put  =0  we  obtain  a;=2  or    • 
dx  3 

so  that,  when  x = 2,  -^ = 2, 
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a  positive  quantity,  showing  that,  when  07=2,  y  assumes  a  minimum  value, 

whilst,  when   .r=  ,  ^=-2, 

which  is  negative,  showing  that,  for  this  value  of  x^  y  assumes  a  maximum 
value. 

2.  If  ^=(:r-ar(:F-6)*'+S 

where  n  and  o  are  positive  integers,  show  that  x^a  gives  neither  maximum 
nor  minimum  values  of  y,  but  that  x^h  gives  a  minimum. 

It  mil  he  clear  from  this  example  that  neither  maxima  jior  minima  values 
can  arise  from  the  vanishing  of  siu:h  factors  of  -^  as  have  even  indices, 

3.  Show  that  -^  has  a  maximum  value  when  x=A  and  a  mini- 

07-10 

mum  when  07=  16. 

4.  If  g=;K*-ly(:^-3)^ 

show  that  07=0  gives  a  maximum  value  to  y 

and  07=3  gives  a  minimum. 

5.  Find  the  maximum  and  minimum  values  of 

2.r3-16o7«+ 3607+6. 

6.  Show  that  the  expression 

(o'-2)(o7-3)2 

has  a  maximum  value  when  x=^,  and  a  minimum  value  when  07 =3. 

7.  Show  that  the  expression 

07^-3072  +  607  +  3 

has  neither  a  maximum  nor  a  minimum  value. 

8.  Investigate  the  maximum  and  minimum  values  of  the  expression 

3j:*-25o7»+60o7. 

9.  For  a  certain  curve 

^'^=(07-l)(o7-2y(07-3)3(o7-4)* ; 
ao7 

discuss  the  character  of  the  curve  at  the  points  07= 1,  07= 2,  07= 3,  07=4. 

10.  Find  the  positions  of  the  maximum  and  minimum  ordinates  of  the 

curve  for  which        ^ = (-^  -  2)'(2.r  -  3)*(3o7  -  4)^4o7  -  bf. 

11.  To  show  that  a  triangle  of  maximum  area  inscribed  in  any  oval  curve 
is  such  that  the  tangent  at  each  angular  point  is  parallel  to  the  opposite  side. 

If  PQR  be  a  maximum  triangle  inscribed  in  the  oval,  its  vertex  P  lies 
between  the  vertices  Z,  M  of  two  equal  triangles  LQRy  MQR  inscribed  in 


Fig.  117. 
the  ovaL    Now,  the  chord  LM  is  parallel  to  QR  and  the  tangent  at  P  is 
the  limiting  position  of  the  chord  LM^  which  proves  the  proposition. 
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It  follows  that,  if  the  oval  be  an  ellipse,  the  medians  of  the  triangle  are 
diameters  of  the  curve,  and  therefore  the  centre  of  gravity  of  the  triangle 
is  at  the  centre  of  the  ellipse. 

12.  Show  that  the  sides  of  a  triangle  of  minimum  area  circum^scrihing  any 
oval  curve  are  bisected  cU  the  points  of  contact ;  aiid  hence  thaty  if  the  oval  be 
an  ellipse,  the  centre  of  gravity  of  such  a  triangle  coincides  mth  the  centre  of 
the  ellipse. 

Let  ABC  be  a  triangle  of  minimum  area  circumscribing  the  ovaL  Sup- 
pose P  the  point  of  contact  of  BC,    Let  ABid,  AB^Ci  be  two  equal 


Fig.  118. 

circumscribing  triangles  such  that  B^Ci,  BJJ^  touch  the  oval  at  Pi,  /\  on 
opposite  sides  of  P  and  intersect  in  71     Then 

triangle  rBii5a= triangle  TC1C2 
or  i  TBi .  TB^in  Bi  TB^ = i  Td .  TC^hi  Ci  TC^ 

If  we  bring  Pi  and  P^  nearer  and  nearer  to  P  so  as  to  entrap  the  minimum 
triangle,  the  above  equation  ultimately  becomes 

and  T  being  ultimately  the  point  of  contact  P,  the  side  BC  is  bisected  at 
its  point  of  contact.     The  remainder  follows  as  in  Ex.  11. 

13.  To  show  that  a  triangle  of  m/iximum  perimeter  inscribed  in  any  oval 
is  such  that  the  tangent  at  any  angular  point  mxxJces  eqtuil  angles  with  the 
sides  which  meet  at  that  point. 

For,  with  Fig.  117,  let  PQR  be  a  triangle  of  maximum  perimeter  in- 
scribed in  the  oval ;  its  vertex  P  lies  between  the  vertices  X,  M  of  two 
inscribed  triangles  LQR,  MQR  of  equal  perimeter.     Now  since 

QL+LR=QM+M[l, 
L  and  M  lie  upon  an  ellipse  whose  foci  are  Q  and  R.    When  we  proceed  to 
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the  limit  where  L  and  M  approach  indefinitely  near  P  the  curve  and  the 
ellipse  have  the  same  tangent  at  P.  Hence  the  result.  Also  if  the  oval 
be  an  ellipse  it  is  clear  that  the  sides  will  touch  a  confocal. 

14.  jy  a  triangle  of  minimum  perimeter  circumscribe  an  ovaly  the  points 
of  contact  of  the  sides  are  also  the  points  where  they  are  touched  by  the  e-circles 
of  the  triangle. 

Let  ABC  he  a  triangle  of  minimum  perimeter  circumscribing  an  oval. 
Suppose  P  the  point  of  contact  of  BC,    Let  AByCif  A  B'iC^  bo  two  circum- 
scribing triangles  of  equal  perimeter  such  that  BiCjf  B^Cj  touch  the  curve 
at  Pi,  Pa  on  opposite  sides  of  P  and  intersect  in  T.    Then 
B^i+BiCi  =jBs(7a+  C2O1. 


A 

Pig.  119. 

Let  perpendiculars  Bim(=^y)  and  Cin{=^z)  be  drawn  upon  B^C^,  and  let 

BiTBi^O  an  infinitesimal  of  the  first  order;  y  and  z  are  therefore  also 

first  order  infinitesimals.     The  above  equation  then  becomes 

ycoQecB2+(y+z)coaec  O^y  co\('jr  -  B^  +  itf  +  z)cot  ^+«cot  Ca+2cosec  (^2 

or  {y  Cot  I*  -  «  cot  ^s^sin  ^+ (y +^)(1  -  cos  ^)=0. 

Now  1  -  cos  ^  is  a  second  order  infinitesimal,  and  rejecting  third  and 
higher  orders  we  obtain 

^  ,     B 

tan  — 

tan- 

Thus  the  side  BC  is  divided  at  the  point  of  contact  in  the  ratio 

tanf  :tan^. 
2  2 

These  points  are  the  points  of  contact  also  with  the  escribed  circles  of  the 

triangle. 

15.  To  find  the  paih  of  a  ray  of  light  from  a  point  A  in  one  medium  to  a 

point  B  in  another  medium,  supposing  the  path  to  be  such  that  the  least 

possible  time  is  occupied  in  passing  from  A  to  B,  and  that  the  velocity  of 

propagation  of  light  changes  from  v  to  t^  on  passing  the  boundary  sefxirating 

the  media.  [Fermat's  Problsm.] 
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"We  shall,  for  simplicity,  consider  A  and  B  to  lie  in  the  plane  of  the 
paper,  and  the  separating  surface  of  the  media  to  be  cylindrical  with  its 
generators  perpendicular  to  the  plane  of  the  paper. 

Let  OPP'  be  the  section  of  the  separating  sorface  by  the  plane  of  the 
paper,  and  let  APB^  AP'B  be  two  contiguous  paths  from  ^  to  ^.    Then, 


if  the  times  in  these  two  paths  be  equal,  the  quickest  path  lies  between 
them.  Let  fall  perpendiculars  P'n,  P'n'  from  P'  upon  AP  and  BP^  and 
draw  the  normal  ZPZ'  at  the  point  P. 

Then,  since  the  time  in  -4P5=time  in  AP'B, 

AP    PBAF  ^BP'^ 

V  V  V  v' 

or  in  the  limit  — =    ,-> 

V  V 

,  rMnnPZ'     T.Pn     v  , 

whence  Lt - — ,  ,r^,=^W.  # = ->  > 

8111  n  PZ         Pn     V 

and  therefore,  if  in  the  limit  the  incident  ray  /I  i'and  the  refracted  ray  PB 
make  angles  2,  H  respectively  with  the  normal  at  P,  we  obtain 

sin  i ^v 
sin  i'    v' 

thus  proving  Snell's  well  known  law  of  refraction. 

16.  Another  example  of  the  power  of  thid  geometrical  method  is  to  be 
found  in  the  following  dynamical  problem. 

To  find  the  nature  of  the  curve  along  which  a  particle  can  dide  from  one 
given  point  to  a  second  nx)t  in  the  same  vertical  line  under  the  action  of  gravity 
in  the  shortest  time,* 

It  may  be  taken  as  obvious  that  the  path  between  any  two  points  lies 
entirely  in  the  vertical  plane  joining  them. 

Let  A  and  B  be  two  points  of  the  path  very  near  to  each  other.  Let 
APB,  APB  be  two  contiguous  broken  rectilineal  paths,  which  may  be 
regarded  as  so  short  that  the  velocity  through  AP  and  AP  may  be 
regarded  as  constant  and  equal  to  that  at  A  {v  say),  and  that  the  veloci- 
ties in  PB  and  FB  are  constant  and  equal  to  that  at  B  (t/).    And  suppose 

♦Woodhouse,  Isoperimetrical  Problems,  referred  to  by  Tait  »nd  Steel,  Dynamics  of  a 

Particle*    App.  C. 
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that  the  points  P,  F  are  in  a  horizontal  line  {Px\  and  that  the  times  down 
these  paths  are  equal.     If  Q  be  another  point  in  Px  such  that  the  time 
down  AQy  QB  ia  a  minimum,  Q  lies  between  P  and  P'. 
Constructing  as  in  Ex.  15  we  have  in  the  same  way 

voccos-^,  where  ylr=AQx, 

Now  it  is  known  from  elementary 
dynamics  that  tr*  oc  vertical  distance 
fallen  through.  Hence  the  cui*ve  is 
such  that  the  vertical  distance  of 
the  particle  at  any  instant  from 
the  horizontal  through  the  starting- 
point  «cos*^.  Thus  the  path  is 
identified  with  the  cycloid,  Arts. 
394  and  397. 

This  curve  has  therefore  been 
called  a  Brachistochrone  for  parti- 
cles sliding  down  it  under  the  action 
of  gravity. 

17.  Extend  the  results  of  Exam- 
ples 11,  12,  13,  14  to  polygons  in- 
scribed in  or  circumscribing  an  oval. 

18.  Show  that  the  chord  of  a  given  curve  which  passes  through  a  given 
point  and  cuts  off  a  maximum  or  minimum  area  is  bisected  at  the  point. 

19.  Find  the  area  of  the  greatest  triangle  which  can  be  inscribed  in  a 
given  parabolic  segment  having  for  its  base  the  bounding  chord  of  the 
segment. 

20.  In  any  oval  curve  the  maximum  or  minimum  chord  which  is  normal 
at  one  end  is  either  a  radius  of  curvature  at  that  end,  or  normal  at  both  ends. 

21.  In  the  axis  of  a  given  parabola  and  within  the  curve  are  taken  two 
fixed  points  P,  Q ;  find  the  pomt  on  the  curve  at  which  the  line  PQ  subtends 
the  greatest  angle,  and  show  that,  if  the  semi-latus  rectum  is  an  Arithmetic 
mean  between  the  distances  of  P,  Q  from  the  vertex,  the  abscissa  of  the  point 
is  to  the  geometric  mean  between  the  distances  as  1 :  »J3.     [Oxford,  1889.] 

488.  Analytical  Investigation. 

We  now  proceed  to  investigate  the  conditions  for  the  exist- 
ence of  maxima  and  minima  values  from  a  purely  analytical 
point  of  view. 

It  appeai^s  from  the  definition  given  of  maxima  and  minima 
values  that  as  x  increases  or  decreases  from  the  value  a  through 
any  small  but  finite  interval  h,  if  <f>(x)  be  always  less  than  <f>(a), 
then  <f>(a)  is  a  maximum  value  of  <f>(x) ;  and  that  if  <f)(x)  be 
always  greater  than  ^a),  then  ^a)  is  a  minimum  value  of  ^(x). 

E.D.C.  2  c 
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We  shall  assume  in  the  present  article  that  none  of  the 
derived  functions  we  find  it  necessary  to  employ  become  in- 
finite or  discontinuous  for  the  particular  values  discussed  of  the 
independent  variable.  We  then  have  by  Lagrange's  modifica- 
tion of  Taylor's  Theorem 


.(A) 


and  <f>(x  -  A)  -  <f>(x)  =  -  k</>Xx)  +  ,y,<f>"(x  -  ffh) 

And  when  h  is  made  suflSciently  small  the  sign  of  the  right- 
hand  side  of  each  equation,  and  therefore  also  of  the  left-hand 
side,  is  ultimately  dependent  upon  that  of  h<f>{x),  that  being 
the  term  of  lowest  degree  in  h. 

Hence  0(a? + A)  —  (pix^X 

and  <t>(x^h)  —  <f>(x)j 

have  in  general  opposite  signs. 

For  a  maximum  or  minimum  value,  however,  it  has  been 
explained  above  that  these  expressions  must,  when  h  is  taken 
small  enough,  have  the  same  sign.  It  is  therefore  necessary 
that  <l>{x)  should  vanish,  so  that  the  lowest  terms  of  the  right- 
hand  sides  of  the  equations  (a)  should  depend  upon  an  even 
power  of  h,  <f>\x)  =  0  is  therefore  an  essential  condition  for 
the  occurrence  of  a  mi^pcimum  or  minimum  value.  Let  the  roots 
of  this  equation  be  a,  fc,  c, .... 

Consider  the  root  x=^a. 

We  may  now  replace  equations  (a)  by  the  two  equations 


-(B) 


It  is  obvious  now  as  before  that  the  term  ^^</>'(a),  being  that 

of  lowest  degree,  governs  the  sign  of  the  right  and  therefore 
also  of  the  left  side  of  each  of  equations  (b)  ;  i.e.,  in  general  the 

signs  of  '  0(a+^)  — ^(rt)\ 

and  0(a— /i)  — ^(a)/ 

are  the  same  as  that  of  <p^Xa).     Hence  if  0''(a)  be  negative 

<fi(a+h)  and  (f>(a--h)  are  both  <  <p{a),  and  therefore  0(a)  is  a 
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maximum  value  of  <fi{x);  while  if  </>"(a)  be  positive  both 
<f)(a+h)  and  ^(a  — /t)  are  >  <f>(a\  and  therefore  0(a)  is  a 
minim^um,  value  of  ^(aj). 

But  if  it  should  happen  that  </>^(a)  vanishes,  equations  (b)  are 
replaced  by 

,i(a+A)-^a)=|V"(a)+|;^'"'(a+e^) 

0(a-A)-^(a)=-|V»+^V(a-e'^) 
and  therefore  when  k  is  sufficiently  small 

0(a— A)  — 0(a)/ 
are  of  opposite  signs,  and  therefore  there  cannot  be  a  maximum 
or  minimum  value  of  <f>(x)  when  x'=a  unless  0"X^)  ^^^  vanish, 
in  which  case  the  sign  of  the  right  side  of  each  equation  depends 
upon  that  of  0""(^)-  -^^^^  ^  before,  if  this  be  negative  we 
have  a  maximum  value  and  if  positive  a  minimum. 

Similarly,  if  several  successive  differential  coefficients  vanish 
when  x  is  put  equal  to  a,  it  appears  that  for  a  maximum  or 
minimum  value  it  is  essential  that  the  first  not  vanishing 
should  be  of  an  even  order,  and  that  if  that  differential  co- 
efficient be  negative  when  ic=a  a  maximum  value  of  0(a;) 
is  indicated,  but  if  2)08itive  a  minimum. 

Examples. 

1.  Determine  for  what  values  of  a:  the  function 

</<a:)=  12j;*  -  45x*+ 40x3+ 6 
acquires  maximum  or  minimum  values. 

Here  <^'(-^) = 60(  j?*  -  ar^ + 2a:*). 

Putting  this  =0  we  obtain  a:=0,  a:=l,  x=2. 

Again  (^"(o:)  =  60(4j:3  _  90^2+4^). 

If  x=l,  <l>"(x)ia  negative  and  therefore  we  have  a  maximum  value;  if 
X  =  2,  <l>\x)  is  positive  and  therefore  this  vahie  of  x  gives  a  minimum  vahie 
for  <^ar).     If  ar=0,  4>\x)  vanishes,  so  we  must  proceed  further. 

Now  <t>'"{x)=:eO(l2j^-lSx-\-4),     . 

which  does  not  vanish  when  jp=0,  so  .r=0  gives  neither  a  maximum  nor 
a  minimum. 

2.  Show  that  x=0  gives  a  maximum  value,  and  a:=l  a  minimum,  for 
the  function  .-  -  -^• 
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3.  Show  that  ;r=0  gives  a  maximum  and  ^=1  a  minimum  for 

4.  Show  that  the  expression  sin^^  cos  $  attains  a  maximum  value  when 

^  =  60". 
6.  Illustrate  geometrically  the  statement  of  Art.  488  that  in  general 
<^;r + A)  —  (f^x)  and  <^^  -  A)  -  <f>(x)  are  of  opposite  sign. 

6.  Show  that  the  maximum  value  of 

^        .        4 

7.  If  u=af\a  —  xYy  the  critical  values  are 

Examine  the  several  cases  arising  as  m  and  n  are  odd  or  even. 

8.  If  w=^/log^,  prove  that  x=e  gives  a  minimum. 

9.  If  u  =  ^  ^      ^^       fA  prove  that  the  maximum  and  minimum   are 

(Compare  Ex.  3,  p.  390.) 

10.  Discuss  the  maxima  and  minima  values  of 

cos  nuv  cos*"(a  +  :r). 

11.  ABCDEFahcdef  is  a  right  prism  upon  a  regular  hexagonal  base. 
The  comers  B^  i),  /'are  cut  oflf  by  planes  through  the  lines  AC,  CE^  EA 
meeting  in  a  point  T^on  the  axis  FiVof  the  prism,  and  intersecting  Bhy 
Dd,  Ff  respectively  at  A",  Y^  Z.  It  is  plain  that  the  volume  of  the  figure 
thus  formed  is  the  same  as  that  of  the  original  prism  with  hexagonal  ends. 
For  if  the  axis  cut  the  hexagon  ABCDEF  in  N,  the  volumes  VNACj 
XBAC  are  clearly  equal.  It  is  required  to  determine  the  inclination  of 
the  faces  forming  the  trihedral  solid  angle  at  V  to  the  axis  so  that  the 
surface  of  the  figure  may  be  a  minimum.* 

Let  NVX  =  0,    side  of  hexagon = a,    Aa=^h, 

Then  A  C=  2a  cos  30° = a^3 

and  FJr=  a/sin  6, 

Hence  area  of  rhombus  =  VAXC=a^»j3l2Bin  B, 

*  Gregory  {ExampltSf  page  106)  makes  the  following  interesting  remark  :— 
*'  Thia  is  the  celebrated  problem  of  the  form  of  the  cells  of  bees.  Maraldi  waa  the 
first  who  measured  the  angles  of  the  faces  of  the  terminating  solid  angle,  and  he  found 
them  to  be  109°  28'  and  70"  32^  respectively.  It  occurred  to  Rdaumur  that  this  might 
be  the  form,  which,  for  the  solid  content,  gives  the  minimum  of  siuface,  and  he 
requested  Koeiiig  to  examine  the  question  mathematically.  That  geometer  confirmed 
the  conjecture ;  the  result  of  his  calculations  agreeing  with  Maraldi*a  measurements 
within  2^.  Mnclaurin  and  L'Huillier,  by  different  methods,  verified  the  preceding 
result,  excepting  that  they  showed  that  the  difference  of  2'  was  due  to  an  error  in  the 
calculations  of  Koenig — not  to  a  mistake  on  the  part  of  the  bees." 
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Again 


area  of  AabX='{2h-iVXco8  0) 


Hence  the  total  area=hexagon  abedef+ia(ih-%itff)+Ziz'JZIism6. 


Differentiating, 

rf(Area)_3aY    1     _  v/3  co8j9\    ^ 
dO     ^  2  \8in«^       sin-^    /      * 


Fig.  123. 


Hence  co8^=-— • 

The  change  of  sign  is  evidently  from 
negative  to  positive  as  6  increases  through 

cos"^-    ;  hence  this  angle  gives  the  mini- 

mum  surface. 

12.  A  person  being  in  a  boat  a  miles 
from  the  nearest  point  of  the  beach  wishes 
to  reach  as  quickly  as  possible  a  point 
b  miles  from  that  point  along  the  shore. 
The  ratio  of  his  rate  of  walking  to  his  rate 
of  rowing  is  sec  a.  Prove  that  he  should 
land  at  a  distance  6 -a  cot  a  from  the 
place  to  be  reached. 

1 3.  Find  the  greatest  cone  that  can  be 
inscribed  in  a  given  sphere. 

14.  Find  the  cone  of  least  surface  which  can  be  circumscribed  about  a 
given  sphere,  and  show  that  it  is  also  the  circumscribing  cone  of  minimum 
volume. 

Implicit  Functions. 

489.  In  the  case  in  which  the  quantity  y,  whose  maximum 
and  minimum  values  are  the  subject  of  investigation,  appears 
as  an  implicit  function  of  x,  and  cannot  readily  be  expressed 
explicitly,  we  may  proceed  as  follows : — 

Let  the  connecting  relation  between  x  and  y  be 

^(^,2/)  =  0, (1) 

^-Ti-'- (^) 

Now  in  searching  for  maxima  and  minima  values  of  y  those 
values  of  x  are  critical  which  make  ,  zero  or  infinite.  Thus 
we  should  exfiunine  the  cases  for  which  ^,  or  -^  change  sign. 
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Taking,  for  instance,  the  case  of  maxima  or  minima  deduced 
from  the  equations  <p{x,  y)=iO\ 

?^=or ^^^ 

-dx      J 

we  can  proceed  to  their  discrimination  as  follows  : — 
Differentiating  equation  (2)  we  have 

dx^'^dxdy'dx^Kdxdy^dy^  dxJdx'^'dy  da?      '""^  ' 
and,  remembering  that  -r  =0,  this  reduces  to 

d^y^_d£^ (5) 

dx^         d</> 

Substituting  the  values  of  x  and  y  derived  from  equations  (3) 

d^V 
we  can  test  the  sign  of  -7-^,  and  thus  discriminate  between  the 

maxima  and  minima  values. 

The  case  in  which  this  test  fails,  viz.,  when  ^r^  =  0  for  the 

ox^ 

values  of  x  and  y  deduced  by  equations  (3),  is  complicated 
owing   to   the  complex  nature  of  the  general   formulae  for 

Ex.  Fiiid  the  maximum  and  minimum  ordinates  of  the  curve 

Here  {^-ay)+(f-axfji=0, .(1) 

and    ,^ = 0  gives  a? — ay, 

ax 

Combining  this  with  the  equation  to  the  curve  we  obtain 

2^^2axy\ 
ue.f  y  —  OoT  y-  =  2ax, 

y  =  0  gives  ^=0, 

whilst  y^=2aari      .,_  ^4     ,  , 

and      x-  —  ay  J 
which  presents  the  additional  solution 

y  =  ai/4, 

^  =  ai/2. 
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Hence  the  points  at  which  maxima  or  minima  ordiuates  may  exist  have 
for  their  co-ordinates  (0,  0)  and  (a  J/2,  a  1/4), 

Now  ?*^=6^  and  M=30r-aar), 

and  therefore  at  the  point  x=a  1/2, 

d'<f> 


and  is  negative,  and  therefore  at  this  point  y  has  a  maximum  value. 

At  the  point  ;r=0,  y=0,  the  formulae  for  -^  and  -^K  both  become 

indeterminate,  and  we  have  to  investigate  their  true  values. 
Diflferentiating  equation  (1)  we  have 

And  when  x  and  y  both  vanish  these  give 

g=0a„dg=2 
ax  cur    3a 

showing  that  the  ordinate  y  has  for  this  point  a  minimum  value. 

Several  Dependent  Variables. 

490.  Suppose  the  quantity  u,  whose  maxima  and  minima 
values  are  the  subject  of  investigation,  to  be  a  function  of 
n  variables  x,  y,  z,  etc.,  but  that  by  virtue  of  n— 1  relations 
between  them  there  is  but  one  variable  independent,  say  x. 
We  may  now,  from  the  oi  — 1  equations,  theoretically  find  the 
71  —  1  dependent  variables  y,  z,,,.  in  terms  of  cc,  and  suppose 
that  by  substitution  u  is  expressed  as  a  function  of  the  one 
independent  variable  a?.  The  methods  of  the  preceding  articles 
can  now  be  applied.  It  is  often,  however,  inconvenient,  even 
if  possible,  actually  to  eliminate  the  oi  — 1  dependent  variables 
y,  z,  etc.,  and  it  is  not  necessary  that  this  should  be  immediately 
done. 

Suppose,  for  instance,        u^<f){x,  y,  z) 
a  function  such  as  the  one  discussed,  x  the  independent  variable, 
y  and  z  dependent  variables  connected  with  x  by  the  relations 

^i(aJ,y,  2^)  =  0, 
F^{x,y,z)  =  0. 
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du 


Then  putting  -y-  =  0  for  a  maximum  or  minimum,  we  have 

^^30     30  dy    d(f>   dz^r.  ... 

dx     dx^dy'dx'^dz'dx       ' ^  ^ 


-^.-dF.dydF.d^^^ 

dx      dy    dx     dz    dx 

dx      dy    dx      dz    dx       ' 


•(2) 
(3) 


=0, 


■W 


and  eliminating  -^  and  -,-, 

d(f> 

dz 

dj\ 

dz 

dF, 

dz 

an  equation  in  x,  y,  z  which,  with  'it  =  0(:c,  y,  z\  jF\  =  0  and 

^2  =  0,  will  serve  to  find  x,  y,  z  and  u. 

Again,  by  differentiating  equations  (1),  (2),  (3),  and  elim- 

.     ^.       dy  dz  d^y  d^z  ,   ,        ^,         ,         «  dhu        , 

mating  -^,  -p,  -— ,  -r^g  ^^  ^^7  deduce  the  value  ot  -,3  and 

test  its  sign  for  the  values  of  x,  y,  z  found. 


dx' 

3/ 

dx' 

3^, 
dy' 

dx' 

dF^ 
dy' 

Ex.  A  Norman  window  consists  of  a  rectangle  surmounted  by  a  semi- 
circle. Given  the  perimeter,  show  that,  when  the  quantity  of  light 
admitted  is  a  maximum,  the  radius  of  the  semicircle  must  equal  the 
height  of  the  rectangle.  [Todhunter's  Difp.  Calc,  p.  214,  Ex.  30.] 

Let  y  be  the  height  and  2x  the  breadth  of  the  rectangle,  then  the  area 
of  the  window  is  given  by  A  =  ^a^  +  2xi/j 
and  this  is  to  be  a  maximum. 

For  the  perimeter  we  have 

P=  2y+2x  +  7rx= constant. 

Choose  a?  to  be  the  independent  variable.     Then  we  have,  since  ^  is  a 


maximum, 


and  since  P  is  constant 


dx  ax 

ax  ax 
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Eliminating  -J^  we  have 

7ra;+2y=j<7r+2), 
or  J7=y= -> 

and  therefore  the  radius  of  the  semicircle  is  equal  to  the  height  of  the 
rectangle. 
To  test  whether  this  result  gives  a  maximum  value  to  -^1  we  have 

da^  dx        dor 

therefore  ^=^+2(-2-^)= -^-4, 

and  is  therefore  negative. 

Hence  the  relation  found,  viz.,  x=y^  indicates  a  maximum  value  of  the 
area. 

491.  In  the  solution  of  such  questions  as  the  foregoing  it  is 
frequently  unnecessary  to  employ  any  test  for  the  discrimina- 
tion between  the  maxima  and  minima,  since  it  is  often  suf- 
ficiently obvious  from  geometrical  or  other  considerations  which 
results  give  the  maxima  values  and  which  give  the  minima. 

492.  Fnnction  of  a  FunctioiL 

Suppose  z=f{x),  where  x  is  capable  of  assuming  all  possible 
values,  and  let  y  =  F{z) ;  then  it  appears  that  since 

the  vanishing  of  either  of  the  factors  f{x)  or  F'{z)  will  give 

dv 

-^=0,  and  therefore  y  may  have  maxima  or  minima  either  for 

solutions  of  F\z)  =  0  or  for  such  values  of  a;  as  make  f(x)  =  0, 
and  which  therefore  make  z  a  maximum  or  minimum.  More- 
over, ifz  be  not  capable  of  assuming  all  possible  values,  it  may 
happen  that  some  of  the  roots  of  FXz)=0  are  excluded  by 
reason  of  their  not  lying  within  the  limits  to  which  z  is  re- 
stricted. Several  such  problems  have  been  discussed  at  length 
in  the  Cambridge  Mathematical  Journal,  vol.  III.,  p.  237. 

Ex.  1.  To  find  the  maxima  and  minima  values  of  the  perpendicular  from 
the  centre  of  an  ellipse  upon  a  tangent. 
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K  r  and  r'  be  conjugate  semi-diameters,  a  and  b  the  semi-axes,  and  p  the 
perpendicular  from  the  centre  on  the  tangent  at  the  point  whose  radius 
vector  is  r,  we  have  r^+r'^=:  a^ + 6*, 

pr'=abf 

giving  ^  =  a2 + 6*  -  r*, 

Differentiating  with  respect  to  r, 

p^    dr     ^' 

and  putting  -^=0, 

ar 

we  obtain  r=0, 

a  result  which  is  inadmissible,  since  r  is  restricted  to  lie  between  the  limits. 

tt  and  6.     It  appears  therefore  at  first  sight  as  if  the  ordinary  criteria  had 

failed  to  determine  the  true  maxima  and  minima  values  of  r.    We  should 

remember,  however,  that  since  r  is  restricted  to  lie  between  certain  values 

it  will  not  do  for  an  independent  variable,  and  we  should  therefore  have 

substituted  the  value  of  r  from  the  equation  of  the  curve  in  terms  of  ^, 

which  is  susceptible  of  all  values  and  therefore  suitable  for  an  independent 

variable.     We  should  thus  have 

a^b^  dp  _    dr 

p^'dd'^dS^ 

and  the  vanishing  of     .  indicates  that  the  maximum  and  minimum  values 

du 

of  p  are  to  be  sought  at  the  same  values  of  6  for  which  the  maximum  and 
minimum  values  of  r  occur ;  i.e.,  obviously  when  r=a  and  when  r=6. 
This  result  was  of  course  apparent  ah  initio  from  the  form  of  the  relation 
between  p  and  r. 

Ex.  2.  The  orbits  of  the  earth  and  Venus  being  assumed  circular  and 
co-planar,  to  investigate  in  what  position  Venus  appears  brightest. 

The  brightness  of  a  planet  varies  directly  as  the  area  of  its  phase,  and 
inversely  as  the  square  of  the  distance  of  the  planet  from  the  earth. 


Fig.  124. 

Let  E  and  S  be  the  earth  and  the  sun  and  V  the  centre  of  Venus,  the 
plane  of  the  paper  being  the  plane  of  motion. 

Let  PVP\  Q  VQ^  be  diametral  planes  of  the  planet,  perpendicular  to  the 
lines  EVsLudSVf  and  let  ZVZ'  be  the  diameter  perpendicular  to  the  plane 
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of  motion.  Draw  QJt^&t  right  angles  to  PP\  Let  c  be  the  plauet'a  mdiiia 
and  X,  a,  r  tlie  kiigthfl of  E\\  ES^  ami  8 \ " respectively.  The  heiuiapherical 
portion  QPi/  is  illuminated  by  the  eitn^s  rays,  whilst  PQP*  is  the  portion 
exposed  ti  view  from  the  earth,  ThtJ  iUundnated  portion  viaible  is  there- 
fore botmded  by  the  line  ZQZ'PZ,  whose  pr*ojection  upon  the  plane  PZP'Z* 
is  a  crescent -sliaped  area  bounded  by  a  sejuiciri'le  and  ft  isemi-ii^llipse^  the 
greatest  breadth  being  PA\    llie  area  of  this  cre*ceut  ia 

^^r  -  h-Jfc .  c  cos  X  VQj 
and  therefore  «  1  -co^NVQ, 

The  brightnejis  therefore 

gr  *     or  ^ • 

EV^  EV^ 

Now  cos^T^'^'*'^'^'^^^'' 


^jrr 


u          I'll.             ^(Jt?+r)*-a=  ^^  1  .  2^,  r'- 
whence  bnghtnes-^     a:  — -X or     +     +. — 


This  expreagion  has  its  maxinium  and  luinimum  values, 
(1)  when  ^  ia  a  maximnin  or  a  Tuimmunti  «>., 
when  ^=a±r ; 

This  second  rektion  give& 

or  j:=V3ti'*  +  y*-2r', 

the  negative  root  being  iJiadmiasiLble. 

We  hixre  now  to  iJiquire  whether  thia  value  of  x  liea  batwdeu  the 
greatest  iind  least  of  the  atlmisaible  values  uf  jv  viz.,  a±r, 

if  r<€i, 

and  s':idi-  +  r^  -  2r<a  +  ?■ 

if  r>^. 

For  the  inferior  planets,  Venua  and  Mercury,  whose  mean  tlistaneca 
from  the  5un  ate  reapectivuly  '7<i  and  '3&a  roughly,  r  obviously  liea  within 
the  presorihed  limits.  To  distuiguisli  between  the  maxima  and  miuituji, 
we  obsurve  that  when  tlie  earth  and  planet  are  in  conjunction,  i.e,,  wlum 
x=a-r^  the  brightness *=0^  and  is  obviously  a  minimum.     Hence 

gives  a  maxitnum  and  .r^a  +  r  a  minimum.     It  i»  eaay  to  deduce  heiieci 
that,  for  tiif  position  of  maximum  brightneaa, 

£tan^-^tiini^ 
2 

an  equation  due  to  Hailey,  and 

3a  c<^*E + 4r  cob  £  -  4a  =  0, 
which  df-terminea  the  angle  E,     [See  Codfbat'»  AsTBoyoiCT,  3nd  Id.,  p.  *i$70 
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493.  Other  Maxima  and  Hinima;  Singularities. 

The  accompanying  figure  (Fig.  125)  is  intended  to  illustrate 
some  points  with  regard  to  maxima  and  minima  which  we 
have  not  at  present  considered. 


Fig.  125. 

At  S  there  is  an  asymptote  parallel  to  the  y-axis.     The 
curve  y  =  (pix)  approaches  the  asymptote  at  each  side  towards 

the  same  extremity.     Here  y  =  x  and  -^  =  oo ,  but  -j-  changes 

sign  in  crossing  the  asymptote,  and  there  is  an  infinite  maxi- 
raum  ordinate  at  S. 

At  T  there  is  another  asymptote  parallel  to  the  j/-axis,  but 
in  crossing  the  asymptote  the  curve  reappears  at  the  opposite 

extremity  and  -,^  does  not  change  sign  ;    there  is  therefore 

neither  a  maximum  nor  a  minimum  at  T. 

At  M  there  is  a  "point  aaillant  "  giving  a  discontinuity  in 
dy 
dx 

or  a  minimum.     In  the  case  in  the  figure  we  have  a  maximum 
ordinate. 

At  R  the  curve  has  a  *' point  d'arr^''  and  a  maximum 

ordinate,  though  -,^  does  not  vanish  or  become  infinite. 

At  JV  there  is  a  cusp,  but  -j     is  neither  zero  nor  infinite. 

Yet  the  ordinate  at  N  is  the  smallest  in  its  immediate  neigh- 
bourhood, and  therefore  a  minimum.      It  is  to  be  noticed. 


the  value  of  "/.     The  ordinate  at  such  a  point  is  a  maximum 


Digitized  by  LjOOQ IC 


MAXIMA  AND  MINIMA.  413 

however,  that  in  travelling  along  the  branch  MN  the  value  of 
X  does  not  pass  through  OW,  and  therefore  the  ordinary  theory 
does  not  apply. 

At  such  points  as  Q,  I  '^'^   ^^^  changes  sign,  and  yet 

obviously  the  value  of  y  is  not  a  maximum  or  minimum.  As 
in  the  last  case,  it  should  be  observed  that  in  travelling  along 
the  branch  TSQR  the  value  of  x  does  not  yass  through  the  value 
OV,  but  recedes  to  it  from  TV  to  F  and  then  increases  again. 

We  notice,  however,  that  this  result  may  be  written  as  j   =0^ 

dx 
and  that  -r-  changes  sign  at  Q,  indicating  a  maocvmum  or 

minimuTu  value  of  the  abscissa  x. 

For  further  information  upon  this  subject  the  student  is 
referred  to  Professor  de  Morgan's  Diff,  and  Int  Calculus, 

EXAMPLES. 

1.  Show  algebraically  that  the  greatest  value  of 

x{a  -  x) 
is   -f  and  illustrate  the  result  geometrically. 

2.  Find  algebraically  the  limits  between  which  the  expression 

ax-h  - 

X 

must  or  must  not  lie  for  real  values  of  x.  Illustrate  your  result  by 
a  sketch  of  the  curve  y  =  oa;  +  ~. 

3.  Investigate  algebraically  the  maximum  and  minimum  values  of 

the  expression  

2a: -7 

for  real  values  of  x.     Illustrate  your  answer  geometrically. 

4.  Find  for  what  values  of  x  the  expression 

(a:-l)4(a;  +  3)5 
has  maximum  or  minimum  values. 

5.  Investigate  the  maximum  and  minimum  values  of  the  expression 

2a:3»21ar^  + 60^  +  30. 

6.  Find  the  minimum  ordinate  and  the  point  of  inflexion  on  the 
curve  7^  -  axy  +  6^  =  0. 
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7.  Find  the  maximum  and  minimum  ordinates  of  the  curve 

(y-c)2  =  (a:-a)«(aj-6). 

8.  Show  that  the  curve  y-x^ 
has  a  minimum  ordinate  where  a;  =  -  1 . 

9.  Show  that  the  values  of  x  for  which  c"*"*  has  maximum  or 
minimum  values  may  be  determined  graphically  as  the  abscissae  of 
the  points  of  intersection  of  the  straight  line 

y=  -«, 
with  the  curve  of  tangents       y  =  tan  x, 

10.  Show  that  the  expression 

has  a  minimum  value  when  x^h, 

11.  Find  the  minimum  value  of 

sm-a:     cos-^a; 

12.  Show  that  sin'^cos'^ 
attains  a  maximum  value  when 

13.  Show  that  ^/e  is  a  maximum  value  of  ( -j . 

14.  Show  that  the  function 

a;  sin  05  +  cos  x  +  cos^a; 
continually  diminishes  as  x  increases  from  0  to  -. 

15.  If  y  =  2a;  -  tan'^a:  -  log{a;  +  ^/l  +  x^}, 

show  that  y  continually  increases  as  x  changes  from  zero  to  positive 
infinity. 

16.  If  z=  ~  +  ^  , 

X      y 

where  x  +  y  =  af 

show  that  z  has  a  minimum  value  when 


and  a  maximum  when 


a;  = -, 

a  +  b 


a"- 

x  = -. 

a-  o 


17.  Given  that  -  +  ^  =  1, 

a     0 
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show  that  the  maximum  value  of  a^  is  —  and  that  the  minimum 

4 


value  of  JK^  +  y^ig. 

18.  Show  that  the  area  of  the  greatest  rectangle  inscribed  in  a 
given  ellipse  and  having  its  sides  parallel  to  the  axes  of  the  ellipse  is 
to  that  of  the  ellipse  as  2  :  ^. 

19.  Show  that  the  maximum  and  minimum  values  of 

a^  +  3^, 
where  aa?  +  2hoe^j  +  hy^  =  1 

are  given  by  the  roots  of  the  quadratic 


("-^)(-i)=- 


Hence  Snd  the  area  of  the  conic  denoted  by  the  first  equation. 

20.  Divide  a  given  number  a  into  two  parts,  such  that  the  product 
of  the  7^*^  power  of  one  and  the  q^  power  of  the  other  shall  be  as 
great  as  possible. 

21.  Show  that  if  a  number  be  divided  into  two  factors,  such  that 
the  sum  of  their  squares  is  a  minimum,  the  factors  are  each  equal  to 
the  square  root  of  the  given  number. 

22.  Into  how  many  equal  parts  must  the  number  ne  be  divided 
so  that  their  continued  product  may  be  a  maximum;  n  being  a 
positive  integer  and  e  the  base  of  the  Napierian  Logarithms  ? 

23.  What  fraction  exceeds  its  p^  power  by  the  greatest  number 
possible  ? 

24.  Given  the  length  of  an  arc  of  a  circle,  find  the  radius  of  the 
circle  when  the  corresponding  segment  has  a  maximum  or  minimum 
area.  [Pappus  Alkxaxdrinus.] 

25.  The  centres  of  two  spheres,  radii  r^,  rg,  are  at  the  extremities 
of  a  straight  line  of  length  2a,  on  which  a  circle  is  described.  Find 
a  point  in  the  circumference  from  which  the  greatest  amount  of 
spherical  surface  is  visible. 

26.  In  the  line  joining  the  centres  of  two  spheres  find  a  point 
such  that  the  sum  of  the  spherical  surfaces  visible  therefrom  may  be 
a  maximum.  [Educational  Times.] 

27.  AC  and  BD  are  parallel  straight  lines,  and  AD  is  drawn. 
Show  how  to  draw  a  straight  line  COE,  cutting  AD  and  BD  in  0 
and  E  respectively,  so  that  the  sum  of  the  triangles  EOD^  CO  A  may 
be  a  minimum.  [Viviani.] 
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28.  A  person  wishes  to  divide  a  triangular  field  into  two  equal 
parts  by  a  straight  fence.  Show  how  it  is  to  be  done  so  that  the 
fence  may  be  of  the  least  expense. 

29.  If  four  straight  rods  be  freely  hinged  at  their  extremities  the 
greatest  quadrilateral  they  can  foim  is  inscribable  in  a  circle. 

30.  A  tree  in  the  form  of  a  frustum  of  a  cone  is  n  feet  long,  and 
its  greater  and  less  diameters  are  a  and  h  feet  respectively.  Show 
that  the  greatest  beam  of  square  section  that  can  be  cut  out  of  it  is 

— feet  long. 

3(rt  -b)  ^ 

31.  If  the  polar  diameter  of  the  earth  be  to  the  equatorial  as 
229  :  230,  show  that  the  greatest  angle  made  by  a  body  falling  to 
the  earth  with  a  perpendicular  to  the  surface  is  about  14'  59",  and 
that  the  latitude  is  45°  T  29". 

32.  The  resistance  to  a  steamer's  motion  in  still  water  varies  as 
the  w^  power  of  the  velocity.  Find  the  rate  at  which  the  steamer 
must  be  propelled  against  a  tide  running  at  a  knots  an  hour  so  as  to 
consume  the  least  amount  of  fuel  in  a  given  journey. 

33.  Show  that  the  volume  of  the  greatest  cylinder  which  can 
be  inscribed  in  a  cone  of  height  h  and  semivertical  angle  a  is 

—  TT^^tan^a. 
27 

34.  Show  that  the  height  of  the  cone  of  greatest  convex  surface 
which  can  be  inscribed  in  a  given  sphere  is  to  the  radius  of  the 
sphere  as  4  :  3. 

35.  Two  particles  move  uniformly  along  the  axes  of  x  and  y  with 
velocities  u  and  v  respectively.  They  are  initially  at  distances  a  and 
h  respectively  from  the  origin,  and  the  axes  are  inclined  at  an  angle 
0).     Show  that  the  least  distance  between  the  particles  is 

(av  -  hu)  sin  w 
{u^  +  v^  -  2uv  cos  a))i 

36.  For  a  maximum  or  minimum  parabola  circumscribing  a  given 
triangle  ABC,  show  that  the  sum  of  the  perpendiculars  from  ABC 
upon  the  axis  is  algebraically  zero. 

37.  In  a  submarine  telegraph  cable  the  speed  of  signalling  varies 
as  ar^log  -  where  x  is  the  ratio  of  the  radius  of  the  core  to  that  of  the 

X 

covering.     Show  that  the  greatest  speed  is  attained  when  this  ratio 
is  1  :  Je. 
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38.  A  and  B  are  fixed  points  and  P  is  a  variable  point  on  a  fixed 
line ;  show  that  \,AP+fj.,  BP  will  be  a  minimum  if  X  cos  ^ = ft  cos  <^, 
d  and  <i>  being  the  angles  which  AP  and  BP  make  with  the  fixed  line. 

39.  S  is  the  focus  of  an  ellipse  of  eccentricity  e^  and  J^  is  a  fixed 
point  on  the  major  axis,  and  P  is  any  point  on  the  curve.    Show 

that  when  PE  is  a  minimum  5P= 

e 

40.  Find  the  maximum  value  of 

ix-a\Hx-^h\  {^^^  whena>^ 
(a:-a)(a;-.6),|^2)  when  a  <  6. 

What  happens  if  a  =  61    Illustrate  your  answers  by  diagrams  of  the 

curve  y  =  (a;  -  af{x  -  h) 

in  the  three  different  cases.  [I.  c.  S.,  1879.] 

41.  An  open  tank  is  to  be  constructed  with  a  square  base  and 
vertical  sides  so  as  to  contain  a  given  quantity  of  water.  Show  that 
the  expense  of  lining  it  with  lead  will  be  least  if  the  depth  is  made 
half  of  the  width. 

42.  If  two  variables  x  and  y  are  connected  by  the  relation 
ax^  +  hy^  =  (ib^  show  that  the  maximum  and  minimum  values  of 
the  function  x^-k-y^-k-xy  will  be  the  values  of  u  given  by  the  equation 

4(w  -  a){u  ^b)  =  ab, 

43.  If  SP  and  SQ  be  two  focal  distances  in  an  ellipse  inclined  to 
each  other  at  the  given  angle  2a,  find  the  greatest  and  least  values 
of  the  area  of  the  triangle  PSQ, 

44.  SQ  is  a  focal  radius  vector  in  a  given  ellipse  inclined  at  a  given 
angle  a  to  SA,  where  A  is  the  vertex  nearest  to  the  focus  S,  Find 
the  angle  ASP,  where  SP  is  another  focal  radius,  such  that  the  area 
of  the  triangle  PSQ  may  be  a  maximum. 

45.  Find  the  point  P  on  the  parabola  y^  =  iax  such  that  the 
perpendicular  on  the  tangent  at  P  from  a  given  point  on  the  axis 
distant  h  from  the  vertex  may  be  the  least  possible.  What  is  the 
geometrical  meaning  of  the  result  ? 

46.  Find  the  area  and  position  of  the  maximum  triangle  having  a 
given  angle  which  can  be  inscribed  in  a  given  circle,  and  prove  that 
the  area  cannot  have  a  minimum  value. 

47.  From  a  fixed  point  A  on  the  circumference  of  a  circle  of  radius 
c  the  perpendicular  AY  ib  let  fall  on  the  tangent  at  P.  Prove  that 
the  maximum  area  of  the  triangle  APY  is 


fc2V3. 

B.D.C.  2  D 
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48.  If  a  parallelogram  be  inscribed  in  an  ellipse  the  greatest 
possible  value  of  its  perimeter  is  equal  to  twice  the  diagonal  of  the 
rectangle  described  oh  the  axes. 

49.  0  is  a  fixed  point  without  a  circle,  A  one  of  the  extremities  of 
the  diameter  through  0,  OQQ*  a  chord  through  0.  Find  its  position 
when  the  area  of  the  triangle  QAQ  is  &  maximum.  Does  it  ever 
become  a  minimum  ? 

50.  A  length  I  of  wire  is  cut  into  two  portions  which  are  bent  into 
the  shapes  of  a  circle  and  a  square  respectively.  Show  that  if  the 
sum  oi  the  areas  be  the  least  possible  the  side  of  the  square  is  double 
the  radius  of  the  circle. 

51.  Obtain  the  maximum  and  minimum  values  of  the  volume  of  a 

right  circular  cone  whose  vertex  is  at  a  given  point  and  whose  base 

is  a  plane  section  of  a  given  sphere;  and  point  out  the  difference 

of  the  cases  of  the  point  being  within  or  without  the  sphere. 

[Math.  Tripos,  1876.] 

52.  Prove  that  a  chord  of  constant  inclination  to  the  arc  of  a 
closed  curve  divides  the  area  most  unequally  when  it  is  a  chord  of 
curvature. 

53.  When  the  area  of  a  triangle  has  a  maximum  or  minimum 
value  and  all  the  parts  vary,  then 

cobA  ,da-\-coBB  .db  +  cosC  ,<ic  =  0,     [Oxiord,  1888.] 

54.  Show  that  the  normal  chord  to  the  parabola  y^  =  iax  which 

cuts  off  the  least  arc  is  normal  where  y=    ^  '  .^  ^    *^^  ^  inclined 

2  ^ 

to  the  axis  at  an  angle  tan'^-^. 

55.  When  the  product  of  two  perpendicular  radii  vectores  of  a 
curve  is  a  maximum  or  a  minimum,  show  that  they  make  supple- 
mentary angles  with  the  tangents  at  their  extremities. 

56.  Two  perpendicular  lines  intersect  on  a  parabola,  one  passing 
through  the  focus.  Show  that  the  triangle  formed  by  them  with  the 
directrix  has  its  least  values  when  the  focal  distances  of  the  right 
angle  and  the  vertex  of  the  parabola  include  an  angle  of  36"^  or  of 
108*. 

57.  A  plane  triangle  ABC,  right-angled  at  B,  and  of  given  peri- 
meter P,  revolves  either  round  an  axis  through  A  parallel  to  j5C,  or 
round  an  axis  through  C  parallel  to  BA,  and  the  solid  generated  is  a 
maximum ;  show  that  the  three  sides  of  the  triangle  are  equal  to 

^(-3  +  V17),  J(5-V17),  J(7-V17). 

[Smtth's  Prize,  1878.] 
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58.  Show  that  when  the  angle  between  the  tangent  to  a  curve 
and  the  radius  vector  of  the  point  of  contact  has  a  maximum  or 
minimum  value  the  radius  of  curvature  at  that  point  is  given  by 

"-■ 

59.  Show  that  the  greatest  distance  which  can  be  saved  in  a  single 
voyage  by  sailing  along  a  great  circle  instead  of  a  parallel  of  latitude, 

is  a{2sin-i-  +  ^^^T4_^}, 

where  a  is  the  earth's  radius.  [Math.  Tripos,] 

60.  Show  how  to  find  the  co-ordinates  of  the  points  on  a  curve 
given  in  Cartesians  at  which  the  curvature  is  a  maximum  or  a 
minimum. 
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CHAPTER  XVI. 

MAXIMA  AND  MINIMA— SEVERAL  INDEPENDENT 
VARIABLES. 

494.  Preliminary  Algebraical  Lemma. 
The  binary  quadratic  I^  =  ax^  -\-  2hxy + by^ 

may  be  written      -  [{ax + hyY + {ah  —  A*)y^], 
a 

and  therefore  retains  the  same  sign  as  a  for  all  real  values  of 

X  and  y  if  afe  — A^  be  positive. 

The  ternary  quadratic 

I^^ao^+hy^+cz^+2fyz+2gzx-\-2hcy 

may  be  written 

V(aaj+%+flr0)2+(a6-AV+2(a/-flr%^+(ac-^V]. 

(JL 

and  therefore  by  what  has  gone  before  will  retain  the  same 
sign  as  a  for  all  real  values  of  a;,  y,  z 

if  ah  —  h^  and  {ah  ^h^){ac^ g^)  —  {af-^ ghf    be  positive, 

i.e.,  if  ah—h?  and  a(ahc+2fgh-'af^''bg^—ch^)  be  positive. 

That  is  to  say,  I^  and  /g  will  both  be  positive  if 

a, 


a,  h 

y 

a,  h,  g 

h,  b 

9<  f.  c 

be  all  positive,  and  will  both  be  negative  if  these  expressions 
are  alternately  negative  and  positive. 

495.  These  results  may  be  generalized.    For  the  general  homogeneoos 
quadratic  function  of  n  variables  can  be  thrown  into  the  form 

+jt)j(^2+  63^:3+ ...  +  h^nf 
+  ... 


420 
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since  the  number  of  arbitrary  constants  at  our  disposal  is  the  same  as  the 
number  of  coefficients  of  the  original  quantic.  And  it  is  a  known  pro- 
position* that  the  values  of  jOj, p2y  ...>  i^-  *re 

Pi=\,  ^^2=^-,  Pz=^^  .-.  p-^-k;;z,' 

where  A^  is  the  discriminant  of  the  quantic  obtained  from  the  original 
function  by  putting  0*^+1,  av+2)  ...|  etc.,  all  zero. 

Now  assuming  that  all  the  letters  involved  are  real,  it  is  clear  that 
if  A|,  A2,  A3,  ...  be  all  positive,  we  shall  have  jo^,  p^tP^  '-^pn  all  positive, 
and  therefore  the  quantic  positive;  and  if  Aj,  A^,  A3,  ...  be  alternately 
negative  and  positive,  jOj,  jOg,  jt?3,  ••Mi'n  will  all  be  negative,  and  hence  the 
quantic  will  also  be  negative. 

For  an  inductive  proof  of  this  result  the  student  is  referred  to  a  note  at 
the  end  of  Dr  Williamson's  Treatise  on  the  Differential  Calculus. 

496.  To  search  for  Mazima  and  Minima. 

Def.  Let  <f>(x,  y, 2;, ...)  be  any  function  of  several  independent 
variables  oj,  y,  2^, . . .,  supposed  continuous  and  finite  for  all  values 
of  these  variables  in  the  neighbourhood  of  their  values  a,  6, 0, . .'. 
respectively.  Then  the  value  of  ^(a,  6,  c,  ...)  is  said  to  be  a 
maximum  or  a  minimum  value  of  ^(cc,  y^  z,  ...)  according  as 
<f)(a+hy  b+kj  c+ly  ...)  is  less  or  greater  than  0(a,  6,  c,  ...), 
whatever  be  the  relative  values  of  the  increments  A,  A;,  f ,  . . . , 
positive  or  negative,  provided  they  be  taken  sufficiently  small 
and  be  finite. 

In  other  words,  (f)(a+h,  b+k,  c+ly  ...)— 0(a,  6,  c,  ...)  is  to 
preserve  an  invariable  sign  for  all  finite  values  of  /t,  k,  Z,  etc., 
lying  between  zero  and  certain  small  limits,  positive  or  negative. 

To  find  a,  6,  c,  ...  the  values  of  x^y^Zy  ...  which  will  make 
^a,  by  ...)  answer  to  the  above  definition  we  expand  by  the 
extended  form  of  Taylor's  theorem  (Art.  178) 

<P{X  +  hy     y  +  ky       ...)'-<t>{Xy      T/,       ...) 

=  /i-^+i'—^  +  ...+ terms  of  the  second  and  higher  orders. 

dx       dy  ^ 

Now  by  taking  A,  i,  Z,  ...  sufficiently  small,  the  first  degree 
terms  can  be  made  to  govern  the  sign  of  the  right-hand  side, 
and  therefore  of  the  left  side  also,  of  the  above  equation; 
therefore  by  changing  the  sign  of  A,  i,  Z, ...  the  sign  of  the  left- 
hand  member  would  be  changed.     Hence  as  a  first  condition 

*Bamside  and  Panton,  Theory  ofEqualumSy  p.  40L 
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for  a  maximum  or  minimum  value  we  must  have 

and  therefore  as  these  arbitrary  increments  are  independent  of 
each  other,  we  must  have 

^^=0     ^^  =  0     ?^  =  Oetc  (I) 

If  there  be  n  independent  variables,  we  have  thus  obtained 
n  simultaneous  equations  which  serve  by  their  solution  to 
find  the  admissible  values  of  aj,  y,  z,  ...  for  which  maxima 
and  minima  values  may  exist. 

The  above  equations  therefore  form  essential  conditions  for 
the  existence  of  maxima  and  minima,  but  we  shall  see  that 
they  are  not  in  themselves  sufficient,  and  we  shall  have  to 
employ  a  further  test  for  their  discrimination. 

We  shall  now  consider  the  cases  of  two  and  of  three  inde- 
pendent variables  separately. 

Let  one  system  of  values  of  x,y,z,  ...  satisfying  equations 
(1)  be  a,  6,  c,  ...  respectively.  ^ 

497.  Case  I.  Two  Independent  Variables.  The  Lagrange- 
Condition. 

Let  us  put  r,  8,  t  for  the  values  of  ^y  ^^-,  ^  when  x^a 

^  dx?  dx^  3y2 

and  2/ =  6,  then 

0(a+A,  6+A;)-0(a,  b)^'^rh^+2shk+tli?)+lt^ 

where  R^  consists  of  terms  of  the  third  and  higher  orders  of 
small  quantities,  and  by  taking  h  and  k  sufficiently  small  the 
second  degree  terms  now  can  be  made  to  govern  the  sign  of  the 
right-hand  side  and  therefore  of  the  left  also.  And  if  these 
terms  be  of  permanent  sign  for  all  such  values  of  h  and  k  we 
shall  have  a  maximum  or  minimum  for  <p(x,  y,  ...)  according 
as  that  sign  is  negative  or  positive. 

By  our  Lemma  (Art.  494)  the  condition  for  an  invariable 
sign  is  that  H—s?  shall  be  positive,  and  the  sign  will  be  that 
of  r,  and  if  7'^— 8^  be  positive,  it  is  clear  that  r  and  t  must  have 
the  same  sign. 
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Thus,  if  rf — 8*  be  positive,  we  have  a  maximum  or  minimum 
according  as  r  and  t  are  both  negative  or  both  positive. 

This  condition  was  first  pointed  out  by  Lagrange  {Turin 
MemoiraX  and  is  known  as  "  Lagrange's  Condition." 

If  r<  <  «*,  we  get  neither  a  maximum  nor  a  minimum. 

If  however  r^=«*,  the  quadratic  terms 

rh^+28hk+tJ(?  become  -(hr+ka)^ 

and  are  therefore  of  the  same  sign  as  r  or  ^  unless 
h        8     ^ 

In  this  case  we  must  consider  terms  of  higher  degree  in  the 
expansion  of  <f)(a+h,  6+A;)— 0(a,  6).     The  cubic  terms  must 

vanish  collectively  when  T==i8;  otherwise,  by  changing  the 

signs    of    both    h    and    k   we    could    change    the    sign    of 
<l>{a+h,  b+k)'-<f)(a,  6).      And   the   biquadratic  terms   must 

collectively  be  of  the  same  sign  as  r  and  t  when  T=i8. 

498.  In  the  case  in  which  r, «,  t  are  each  of  them  zero,  the 
quadratic  terms  are  altogether  absent,  and  the  cubic  terms 
would  change  sign  with  h  and  k,  and  therefore  all  the  differen- 
tial coefficients  of  the  third  order  must  vanish  separately  when 
x  =  a  and  y='b  and  the  biquadratic  terms  must  be  such  that 
they  retain  the  same  sign  for  all  sufficiently  small  values  of  h,  k 

Ex.  I^t  u=a:t/-{ h— > 


X     y 

3y   "^  y*~  . 


giving  ^=y= a. 


So  r  and  t  are  pontive  when        x=y=^a^ 


and 


I  r,  8  1  =  2.2-1=3 
L,  <  I 

and  is  positive  ;  and  therefore  there  is  a  minimum  value  of  i«,  viz.| 

w=3a*. 
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499.  Oeometrioal  Explanation. 

Let  the  reader  imagine  that  the  plane  of  a^  is  the  horizontal 
plane  at  the  sea  level,  and  that  0  =  ^a;,  y)  is  the  equation  of 
the  surface  of  a  mountainous  tract  of  country  in  which  there 
are  isolated  hills,  mountain  chains,  valleys,  lakes  and  mountain 
passes.NLet  a  map  be  constructed  showing  the  various  contour 
lines  of  tfce  hills,  lakes,  etc.,  at  different  altitudes.  Correspond- 
ing to  an  isolated  hill  or  a  lake  these  contour  lines  will  form 
closed  curves,  dwindling  to  a  point  at  the  top  of  an  isolated 
hill  or  at  the  deepest  point  of  a  lake.  At  a  saddle-shaped 
mountain  pass  the  contour  lines  at  the  highest  point  of  the 
pass  will  intersect  and  form  a  node  while,  corresponding  to  the 
ridge  of  a  chain  of  mountains  of  uniform  height  or  the  bottom 
of  a  V-shaped  depression  of  uniform  depth  in  a  lake,  the  closed 
contour  line  degenerates  into  a  single  curved  terminated  line. 
Again,  at  a  bar  across  a  valley,  as  at  a  mountain  pass,  the 
contour  lines  form  a  node  at  the  highest  point  of  the  bar. 

Now  at  all  these  several  places  the  tangent  plane  to  the 

country  is  horizontal  and  the  preliminary  conditions  ^=0, 
1^  =  0  are  satisfied  (Art.  496). 

At  the  top  of  an  isolated  hill  we  have  a  true  maximum 
value  of  0 ;  r^— 8^  is  positive  whilst  r  and  t  are  both  negative. 

At  the  deepest  point  of  a  lake  we  have  a  true  minimum; 
r<— 8^  is  positive  whilst  r  and  t  are  both  positive. 

At  a  mountain  pass  r^— 8^  is  negative,  and  although  the 
traveller  over  the  pass  arrives  at  a  maximum  height  in  the 
direction  in  which  he  travels,  yet  if  he  diverge  from  the  path 
either  to  right  or  left  he  at  once  begins  to  ascend  to  higher 
groimd.  This  therefore  is  not  a  point  of  maximum  height  on 
the  surface.  The  same  is  true  at  the  highest  point  of  a  bar 
separating  two  depressed  regions. 

li  rt  =  f^  then  in  the  direction  of  h/r+ks  =  0  the  tangents  to 
the  contour  lines  through  that  point  coincide.  Further  investi- 
gation is  now  necessary.  If  the  contour  lines  open  out  and 
separate  immediately  after  their  contact,  there  is  neither  a 
maximum  nor  a  minimum;  but  if  they  dwindle  down  to  a 
single  line  all  along  their  length,  we  have  a  row  of  what  may 
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be  called  maxima  or  minima.  This  is  the  case  of  a  line  along 
the  ridge  of  a  mountain  chain  of  uniform  height  or  along  the 
bottom  of  a  V-shaped  depression  of  uniform  depth;  and  a 
person  travelling  along  such  a  line  will  move  continually  at  a 
constant  distance  above  or  below  the  sea  level.  (See  Greenhills 
Diff.  and  Int.  Cede.) 

600.  The  effect  of  the  variation  in  sign  of  rt-t^  will  be  more  easily 
understood  by  the  student  of  solid  geometry.  The  equation  giving  the 
principal  radii  of  curvature  at  any  point  is 

where  l^^l+p^+q\     i>=g,     q^^^ 

Hence  the  principal  radii  of  curvature  are  of  the  same  or  of  opposite  sign 
according  as  r<  -  «*  is  positive  or  negative ;  and  one  of  them  is  infinite 
when  rt-8^=0.  In  the  latter  case  the  corresponding  line  of  curvature 
has  either  an  inflexional  or  an  midulatory  point 

501.  A  ridge  of  Maxima  or  Minima. 

Suppose  that  ^  and  ^  contain  a  common  factor  v. 

Then  '•=^i+V' 

8=—tu.-{-v^  \  and  also  =--Wo+v-^  % 

dy   ^       dy 
So  that  for  the  values  of  x  and  y  satisfying  t;=0  we  have 
_^      «        dv       dv     /    dv\f    dv\     ^ 

Suppose  we  solve  v=0  and  find  y=f(x).  Substituting  this 
in  z  =  (f>(x,  y)  we  have  z  a  function  of  x  only  and 

dz  _^d<f>    ?><{>  dy^ 

d^^dx     dy  dx 
which  vanishes  for  such  values  as  satisfy  t;=0,  and  therefore 

make  ^=-^  =  0. 

dx     dy 

Thus  along  a  curve  line  on  the  surface,  whose  projection  on 
the  plane  of  a;y  is  t;  =  0,  «  is  constant. 

*  Smith's  SML  Oeometry,  p.  2ia 
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This  is  the  case  of  a  locus  of  maxima  or  minima  such,  for 
instance,  as  would  be  produced  by  the  revolution  round  the 
2;-axi8  of  any  closed  curve.  The  definition  of  maxima  and 
minima  according  to  this  view  needs  a  slight  modification,  and 
we  must  suppose  a  maximum  value  to  be  one  which  is  Tiot  less 
than  and  a  minimum  to  be  one  which  is  not  greater  than  any 
other  value  which  is  immediately  contiguous  to  it.* 

Ex.  Consuier  the  Anchor  Ring  or  Tore  formed  by  the  revolution  of  a 
circle  of  radius  b  about  a  straight  line  in  its  own  plane  at  a  distance  a  from 
the  centre.  Taking  the  axis  of  revolution  for  the  r-axis  and  the  plane 
through  the  centre  perpendicular  to  the  z-slxis  for  the  plane  of  xy,  the 

equation  is  z* = 6*  -  a*  -  x*  -  y* + 2aVJ* +y*. 

Here  .?i= -^+     '^' 


— =  qy 

The  vanishing  of  the  common  factor  1  -  ^  -  -    gives  both  ^  and  's-=Q» 

and  the  cylinder  a^+y^—a^  cuts  the  surface  along  the  ridge  formed  by- 
points  which  are  all  at  the  same  distance  h  from  the  plane  of  xy  and  at 
greater  distance  from  that  plane  than  any  other  points  of  the  surface 
which  do  not  lie  in  that  circular  ridge. 

502.  Case  U.    Three  Independent  Variables. 
Let  a  set  of  the  values  of  x,  y ,  z  determined  from  the  equations 
30  __  30     30 ^ 

be  a,  6,  c,  as  explained  in  Art.  496.     Let  the  corresponding 

values  of        ^X    ~t   ^^.    ^^ .    ^^-.    ^ 
d^x^'    3y^'    ^z^*    'bydz    'dz'dx    'bx'by 

be  called  A,  B,  G,  F,  G,  H.    Then  we  have 

0(a+A,  b+k,  c+0— 0(a,  6,  c) 

where  jB,  consists  of  terms  of  the  third  and  higher  orders  of 
small  quantities,  and  by  taking  A,  A;,  and  /  sufficiently  small  the 
second  degree  terms  can  be  made  to  govern  the  sign  of  the 
right-hand  side  and  therefore  of  the  left  also.  If  this  group  of 
terms  form  an  expression  of  permanent  sign  for  all  such  values 

*  See  Fran^oM  Annales  dt  Oergonne,  voL  III.     Gregoiy's  ExampU$,  p.  110. 
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of  hy  ky  and  I,  we  shall  have  a  maximum  or  minimum  value 
according  as  that  sign  is  negative  or  positive.  Hence  by  our 
Lemma,  Art.  494,  if  the  expressions 


A, 


A,  H 
H,  B 


A,H,  G 

H,  B,  F 
,G,F,C 

be  all  positive,  we  shall  have  a  minimum  value  of  </)(x,  y,  z), 
and  if  they  be  alternately  negative  and  positive  we  shall  have 
a  maximum,  whilst  if  these  conditions  are  not  satisfied  we  shall 
in  general  have  neither  a  maximum  nor  a  minimum. 

503.  Similarly  we  might  proceed  by  aid  of  the  generaliza- 
tion in  Art.  495  to  consider  the  case  of  several  independent 
variables.  And  according  to  that  article  we  shall  have  a 
minimum  when  all  the  discriminants  are  positive  and  a  maxi- 
mum if  they  are  alternately  negative  and  positive. 

504.  Several  Independent  Variables.  Lagrange's  Method  of 
Undetermined  Multipliers.* 

Let  w=^ajj,  a?2,  ...,  «•„),  a  function  of  n  variables,  which  we 
shall  suppose  connected  by  m  equations 

fii^v  ^2> ...,  a:n)  =  0.  f^{x^,  iTg, ...,  irn)  =  0...,  /m(iCi,  x^,  ...,arn)  =  0, 
so  that  only  -n.— m  of  the  variables  are  independent. 

Suppose  the  m  dependent  variables  to  have  been  eliminated 
between  the  equation  u  =  <f>(x^  x^,  ...,  Xn)  and  the  m  equations 
of  condition.  The  values  of  the  remaining  variables  which 
give  maxima  and  minima  can  then  be  found  as  in  Art.  496. 

To  avoid  the  absolute  elimination  we  may  make  use  of 
undetermined  multipliers  as  follows : — 

When  u  is  a  maximum  or  minimum 


,       dUj     ,  Bit  ,      ,  du-f      , 


Ako    d/,=^+^,+g'ctc3+...+g^„=0, 


dx 


BiZj< 


dx^ 


'dXn 


^/-S'^+i^-"^+l:^3+...+gd.-=o. 


etc.. 


dU^^^+l^dx,+^^^ 


dx^ 


dx. 


dxo 


dxn 


2  "^3  ^'^n 

Mioanique  Analytique,  toL  I. 


(1) 
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Multiplying  these  lines  respectively  by  1,  X^,  X^,  ...,  Xm  and 
adding,  we  get  a  result  which  may  be  written 

P^(hi^+P^dx^+P^dxj^+...+Pndxn=0 (2) 

where  P..g+x,g+X^+...+X^. 

The  m  quantities  Xj,  Xj, ...,  X^  are  at  our  choice. 

Let  us  choose  them  so  as  to  satisfy  the  m  linear  equations 

The  above  equation  is  now  reduced  to 

Pui^ldx„,+l  +  P^+2fil^ni+2+  . . .  +  Pnd^n  =  0. 

It  is  indifferent  which  n  — m  of  the  n  variables  are  regarded 
as  independent.  Let  them  be  x^+u  iCw+s,  •••,  iCn-  Then  since 
the  n— m  quantities  dcj^+i,  dx^+z,  ...,  dxn  are  all  independent 
their  coefficients  must  be  sepai'ately  zero. 

Thus  we  obtain  the  additional  n—m  equations 

Pm+l  =  Pm+2  =  . . .  =  Pn  =  0. 

Thus  the  m+n  equations 

and  P,  =  P^  =  P3=...=:P„=0, 

determine  the  m  multipliers  Xi,  Xj,  ...,  \m  and  values  of  the 
n  variables  ajj,  iCg, ... ,  aJn  for  which  maxima  and  minima  values 
of  u  are  possible. 

505.  If  u  be  a  homogeneous  function  of  degree  p,  and 
fv  Ay  fz'  •••>  /m  be  capable  of  being  put  into  the  forms  Ua=A, 
Uif^B,  Uc=^Cy  ...,  Uk=K',  Uay  Uft,  etc.,  being  homogeneous 
expressions  of  degrees  a,  6,  etc,  and  A,  B,  etc.  constants,  there 
is  a  very  useful  relation  between  the  quantities  X.  Multiply- 
ing the  n  equations  of  which  Pr  =  0  is  a  type  by  a^,  iCj, ...,  a^i 
and  adding,  we  have  by  Euler's  theorem  on  homogeneous 
functions 

Ex.  Let  us  investigate  the  maximum  and  minimum  radii  vectores  of 
the  section  of  the  "  surface  of  elasticity  "  ♦ 

made  by  the  plane        Ix-^-my-^-iiz^O, 
We  must  make         r2=x*+y*+«*  a  max.  or  min. 
*  Gregory's  Examplea,  p.  120,  and  Fresnel,  Mtmoirts  de  rinttUut,  viA.  Vn* 
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Theu  xdx-^ydy+zdz=0 (1) 

a^xcb:+bh/dy+c^zdz=0 (2) 

l€Lc-^fndf/-^ndz=0 (3) 

Whence  multiplying  (2)  and  (3)  by  Ai  and  A2  and  adding,  we  have  by 

Art  504  x+kiO^x+X^  =0 (4) 

y+kib^y+X^m^O (5> 

-?+AiC«2  +A2W  =0 (6) 

Multiplying  by  jr,  y,  «,  respectively  and  adding, 

r2+Aif*=0    or    A;=-i. 


^(l-3  +  V=0    or     x^^^^^, 


and  two  similar  equations. 
Whence  multiplying  by  ly  w,  and  n  and  adding, 

a  quadratic  which  gives  the  values  of  r  required. 

EXAMPLES. 

1.  Discuss  the  maxima  or  minima  values  of  t*  in  the  following 
cases :—  (a)  u  =  T^y^l  -x-y). 

(^)  u=-3i^  +  y^-23^  +  4xy-2y^, 

(y)  u^2a^xy  -  Saxh/  -  ay^  +  si^y  +  xy^. 

(8)  u  =  (ixy^s^-xh/'^2^-zy^2^-zy^z*. 

(«)  w  =  sin  a:  sin  y  sin  (x  +  y), 

{()  t* = xy  -  5 j-i  -Sxy-  5y2. 

(rj)  u^a^  +  y^-Saxy. 

2.  Find  the  minimum  value  of 

z^  +  y^  +  z^ 
having  given  ax  +  hy-k-cz  =p, 

3.  Find  the  maximum  value  of 

with  condition  x  +  y-^z^a. 

4.  In  a  plane  triangle  find  the  maximum  value  of 

cos  A  cos  B  cos  C. 

5.  Find  a  plane  triangle  such  that 

sin"'^sin"^sin''C 
has  a  maximum  value. 
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6.  Divide  a  number  n  into  three  parts  x^y^  z  such  that 

ayz-{-hzx-{-cxy 
shall  have  a  maximum  or  minimum  value  and  determine  which  it  is. 

7.  Find  the  maximum  or  minimum  values  of 

when        /x  +  my  +  n^  =  0  and  x^ja^  +  fjll^  +  ^jc^  =  1 .     [Oxford,  1888.  ] 

8.  Inscribe  in  an  ellipsoid  the  maximum  rectangular  paraUelo- 
piped. 

9.  Given  a'}f(f=^A^  find  the  maximum  value  of 

(a:+l){y+ !)(;?+ 1). 
Interpret  the  result.  [Warino.] 

10.  Required  the  rectangular  parallelopiped  of  given  volume  and 
least  surfEtce. 

1 1.  Find  the  minimum  value  of  x^-^y^-^-  z^ 
with  the  conditions  ax-^-hy  +  cz^a'x  +  h'y-^-c'z^l. 

1 2.  Find  the  maxima  and  minima  of  a^  +  y^  +  2?^ 
subject  to  the  following  conditions : — 

(1)  ax^  +  hf+cz^^l. 

(2)  (m;2  +  ^2+  cz^  +  2fyz+2gzx  +  2hxy=l, 
aa;2  +  Jy2  +  (i2;2=l 

[and     lz  +  my-^nz=0, 

a^  +  by^  +  cz^+2fyz'^2gzx  +  2hxy=^l 
(and     ^  +  my+n2;  =  0. 

13.  Find  the  maximum  or  minimum  otcuxf+by  +  csT 
with  the  condition  jr*  +  y~ + ;8" = A:. 

14.  Find  the  maximum  value  of 

xyz/(a  +  x){x + y)(if + z^z + b).  [Laorakge.  ] 

15.  Find  the  minimum  value  of 

z^  +  y^  +  z^'^v)^-\-... 
with  condition  ax  +  by-\'CZ  +  dw+ ...^'L 

16.  Show  that  the  point  within  a  triangle  for  which  the  siun  of 
the  squai'es  of  its  perpendicular  distances  from  the  sides  is  least  is 
the  centre  of  the  Cosine-Circle. 

17.  Find  a  point  within  a  triangle  such  that  the  sum  of  the 
squares  on  its  distances  from  the  three  angles  is  a  minimum. 

18.  Find  a  point  within  a  triangle  such  that  the  sum  of  the 
distances  from  the  angular  points  may  be  a  minimum.         [Fkrmit.] 

19.  Find  the  triangular  pyramid  of  given  base  and  altitude  which 
has  the  least  surface.  [Greoort's  Examples.] 
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20.  Find  the  minimum  value  of  the  continued  product  of  the 
perpendiculars  drawn  from  a  point  upon  the  faces  of  a  given  poly- 
hedron. [Coll.  Exam.] 

21.  K  a  be  a  maximum  or  a  minimum  value  of /(a;,  y,  z)  for  points 
which  lie  on  F{x^  y,  2;)  =  0,  then  the  surfaces  f{p^  y,  z)  =  a  and 
F{x,  y,2)  =  0  will  touch.  [Coll.  Exam.] 

22.  Find  the  maximum  and  minimum  values  of  p  where 

rji^  +  28xy  +  ty^  =  k/p, 
having  given  that 

{l+fy  +  2pqxy  +  {\+q^)f=l. 

23.  If  there  are  p  tops  of  mountains  on  the  earth  and  q  bottoms  of 
lakes  and  seas,  prove  that  there  must  be  ^  -  1  passes,  or  places  where 
a  level  surface  drawn  through  the  point  cuts  off  two  elevated  regions 
which  meet  at  that  point ;  and  also  ^  -  1  bars,  or  places  where  the 
level  surface  cuts  off  two  depressed  regions  which  meet  at  that  point. 
Show  also  that  there  must  be  at  least  two  summits  higher  than  any 
pass,  and  two  bottoms  lower  than  any  bar.  [Math.  Tbipos,  1870.] 

24.  A  framework  crossed  or  uncrossed  is  formed  of  two  unequal 
rods  joined  together  at  their  ends  by  two  equal  rods;  prove  that  the 
distance  between  the  middle  points  of  either  pair  of  rods  is  a  maxi- 
mum when  the  unequal  rods  cure  parallel  and  a  minimum  when  the 
equal  rods  are  parallel;  unless  the  two  unequal  rods  are  together 
less  than  the  two  equal  rods,  in  which  case  the  unequal  rods  are 
parallel  in  both  the  maximiun  and  minimum  positions. 

[Math.  Tripos,  1875.] 

25.  If  tt  be  a  function  of  n  independent  variables  x^y  x^,  ...,  x^, 
prove  that,  in  order  that  u  may  have  maximum  or  minimum  values, 
the  roots  of  the  equation 

w,2,         Ua-z,   ...,  u^ 


=  0 


Win,  «a«,  -M      ^n'^ 

must  all  be  of  the  same  sign ;  U^y  u„  denoting  the  particular  values 

of  ^,  ,:~^- ,  for  certain  values  of  arj,  x^^  ...,  ic^  which  make 

Br/  oXyOX^ 

du     'du  ^  — ft 

dx^*    3^'    *"*   ^^"  [Math.  Tripos,  1873.] 
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ELIMINATION. 

506.  Constrnetion  of  a  Differential  Equation. 
It  has  been  seen  that  the  equation 

X«.  y>  a)=0 (1) 

is  representative  of  a  certain  family  of  curves,  for  each 
individual  of  which  the  constant  a  receives  a  particular  and 
definite  value,  the  same  for  the  same  curve,  but  different 
for  different  curves  of  the  family. 

Problems  sometimes  occur  in  which  it  is  necessary  to  treat 
of  the  whole  family  of  curves  together,  as  for  instance  in 
finding  the  family  of  curves  which  intersect  each  curve  of 
the  first  system  at  right  angles.  And  it  is  manifest  that 
for  such  operations  the  letter  a  ought  not  to  appear  as  a 
constant  in  the  fimctions  operated  upon,  otherwise  we  should 
be  treating  one  individual  curve  of  the  system  instead  of 
the  whole  collectively. 

Now  the  process  of  differentiation  can  be  easily  applied  to 
get  rid  of  a.     For  by  differentiation  with  regard  to  x,  we  have 

I+IS-" (^> 

and  a  may  be  eliminated  between  these  two  equations,  if 
indeed  it  has  not  already  disappeared.  There  will  now  result 
an  equation  between 

X,  y.  and  g, 

which  may  be  called  the  Differential  Equation  of  the  family 

of  curves. 

432 
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For  example,  consider  the  family  of  straight  lines  obtained  by  giving 
special  values  to  the  arbitrary  constant  m  in  the  equation 

y—mx. 

Differentiating,  :r^=»»> 

and  therefore  y=;r-^, 

a  differential  equation  which  is  true  for  each  member  of  the  family  since 
the  m  has  been  eliminated. 

It  is  clear  that  the  m  would  have  disappeared  at  once  upon  differentia- 
tion if  we  had  written  the  equation  of  the  line 

X 

dy 
for,  differentiating,  we  have  — -3 — =0, 


M 


as  before. 

This  is  then  the  differential  equation  of  all  straight  lines  passing 
through  the  origin  and  expresses  the  geometrical  fact  that  the  direction 
of  the  straiglU  line  is  the  same  as  that  of  the  vector  from  the  origin  at  all 
points  of  the  same  line. 

507.  Again,  suppose  the  representative  equation  of  the 
family  of  curves  to  be 

f{x,  2/,  a,  6)=0, 

containing  two  arbitrary  constants  a,  6  whose  values  particu- 
larize the  several  members  of  the  family. 

Now  a  single  differentiation  with  respect  to  x  will  either 
cause  one  of  the  constants  to  disappear  or  will  result  in  a 
relation  between 

Xy  y,  ^|,  a  and  h. 

From  this  relation  and  the  original  equation  of  the  curve 
one  of  the  two  arbitrary  constants  may  be  eliminated,  say  a. 
Then  we  have  a  result  of  the  form 


F{.,v.%byo. 


If  we  again  differentiate  with  respect  to  x,  we  shall  either 
cause   the   6  to  disappear  or  shall   be   able  to  eliminate  b 


E.D.C.  2  E 
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between  the  result  and  the  last  equation,  thus  obtaming  a 
differential  equation  of  the  second  order  between 

^'  y-  £'  '^^  dx- 

Thus  if  a  function  with  one  independent  variable  contains 
one  arbitrary  constant,  the  result  of  eliminating  it  is  a 
differential  equation  of  the  first  order.  If  it  contain  two 
arbitrary  constants,  the  result  is  a  differential  equation  of 
the  second  order.  And  our  argument  is  general ,  so  that 
to  eliminate  n  arbitrary  constants  we  shall  have  to  proceed 
to  n  differentiations,  and  the  result  is  a  differential  equation 
connecting 

and  is  therefore  of  the  ti*^  order. 

Again,  the  final  result  is  independent  of  the  order  and 
of  the  manner  in  which  the  eliminations  are  effected. 

For  suppose  the  arbitrary  constants  to  be 

<hy  ^2»  •••»  ^» 
and  let  any  particular  values  be  assigned  to  these  constants. 
Then  we  have  made  choice  of  some  particular  curve  of  the 
system.     Next  take  any  value  of  a;;    at  the  points  thus 
determined, 

dy   d^y  d^y 

y^  dx'  dx^'  "'  do^ 
have  each  definite  values  dependent  upon  the  chosen  values  of 

Xy       d^y       d^t        ...,       Cln, 

thus  fixing  the  inclination  of  the  tangent  to  the  axis  of  «, 
the  measure  of  curvature,  and  peculiarities  of  shape  of  a 
higher  order  at  the  point  in  question.  These  peculiarities  of 
shape  intrinsicaUy  belong  to  the  chosen  curve,  and  cannot 
be  dependent  upon  any  particular  algebraic  process  which 
it  may  be  found  necessary  to  employ  in  obtaining  a  numerical 
measure  of  them,  but  must  depend  solely  upon  the  geo- 
metrical character  of  the  curve.  Hence,  if  for  the  whole 
family  any  general  algebraic  identity  be  discovered  connecting 
these  peculiarities,  in  which  none  of  the  particularizing  con- 
stants are  present,  and  which  is  therefore  true  at  any  point 
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of  any  member  of  the  family,  it  must  amount  to  a  statement 
of  some  geometrical  property  characteristic  of  the  family, 
and  be  independent  of  the  method  of  its  discovery.  And 
in  obtaining  the  n  differential  coeflScients  of  y  with  regard 
to  35  we  have  in  all  71+ 1  equations,  including  that  of  the 
original  curve,  with  n  arbitrary  constants  to  eliminate,  leaving 
one  single  relation  between 

dy  d^y 

^'  y^  dx'  **•'  dx'^' 

Ex.  1.  Form  the  general  differential  equation  of  all  straight  lines. 
The  general  equation  of  a  straight  line  is 

Hence  yi=w,  (1) 

and  ^2=0 (2) 

Equation  (2)  evidently  then  is  the  general  differential  equation  sought. 

Its  geometrical  interpretation  is  clearly  that  the  curvature  vanishes 
at  every  point  of  each  member  of  the  family. 

Ex.  2.  Eliminate  a  and  c  from  the  equation 

Differentiating,  ^ + ^3^1  =  «. 

Differentiating  again,  l+yi^+yy2=^* 

This  is  the  differential  equation  of  all  circles  whose  centres  lie  on  the 
^-axis. 

Ex.  3,  Eliminate  a,  6,  and  c  from  the  equation 
(^_a)2+0-6)2=c2 
and  thus  form  the  general  differential  equation  of  all  circles. 

We  may  write  this  equation 

Differentiating  three  times  we  have  the  results 

3i^iy2+yys=^y3> 

eliminating  h  between  the  last  two  results 

or  (l+yi%3=3yiy28. 

Referring  to  the  result  of  Ex.  38,  p.  110,  the  geometrical  meaning  of 
this  equation  is  plainly  that  the  aberrancy  of  curvature  vanishes  at  any 
point  of  any  circle. 

Ex.  4.  To  eliminate  the  constants  from  the  equation  of  the  general  conic 

Let  the  conic  be 

a^+2Aa3^  +  6y2  +  2^.r+2/y  +  c=0. 
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We  have  by  differentiating 

cuv+K^i+y)+b^i/i-\'g+fi/i=0 (1) 

a+A(;i3^,  +  2yi)+%y2+yi*)+/3^2=0 (2) 

^{^3+^!/^+^s+^2/i2/d+fy3='0 (3) 

^(^4+4^3)+%y4+4yiy3+3yj«)+;S^4=0 (4) 

From  the  last  three  equations 

^^4+4^3,  yy4+4yij^3+3y«*     ,  ^4 

^6+^i,  y3^6+5yiy4+iQy«y8»  ys 

which  immediately  reduces  to 

3^2,    0   ,ys    =0, 

4^3.    3y2,  ^4 
i  5^4,  10^3,  ^6 
or  9^5^6-45^2^3^4+40^53=0. 

This  general  differential  equation  of  all  conies  was  discovered  by  Monge. 
Dr.  Boole,  in  his  Differential  EqriatiorUy  p.  20,  remarked :  "  But  here 
our  powers  of  geometrical  interpretation  fail,  and  results  such  as  this 
can  scarcely  be  otherwise  useful  than  as  a  registry  of  integrable  forms.** 
A  remarkable  interpretation  which  calls  for  notice  has,  however,  been 
recently  offered  by  Mr.  A.  Mukhopadhyay,  who  has  observed  that  the 
expression  for  the  radius  of  curvature  of  the  locus  of  the  centre  of  the 
conic  of  five  pointic  contact  with  any  curve  (called  the  centre  of 
aberrancy)  contains  as  a  factor  the  left-hand  member  of  Monge's  equation, 
and  this  differential  equation  therefore  expresses  that  the  ^^  radius  of 
curvature  of  the  *  curve  of  aberrancy '  vanishes  for  auy  point  of  any  conic."* 

Examples. 

1.  Eliminate  a  from  the  equation 

2^*=4ar. 

2.  Eliminate  a  and  h  from  the  equation 


-+^'=1 


a^^h^' 

3.  Eliminate  a  and  h  from 

r=a+&cos  d, 

4.  Form  the  general  differential  equation  of  all  parabolas  whose  axes 
are  parallel  to  the  axis  of  y, 

5.  Eliminate  a  and  h  from  the  equation 

6.  Eliminate  a  and  h  from  the  equation 

y—ae\ii{nx+h). 
*  Journal  of  the  AticUic  Society  of  Bengal,  voL  LVIII.    Part  I. 
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508.  Elimination  of  Functions  of  Known  Form. 

We  have  already  met  with  examples  of  elimination  of 
various  functions  of  known  form  from  given  equations  by 
means  of  differentiation.     For  example,  we  foimd  that  if 

the  function  tan~^  was  eliminated  by  simply  differentiating, 
giving  the  result 

And  again,  from  the  equation 

y  =  &invi(sm'^x) 

we  eliminated  the  circular  and   inverse  functions  sin  and 
sin*^,  obtaining  the  differential  equation 

(l-aj%2=a;2/i-m2i/.    (Art.  122.) 

These  were  both  made  use  of  when  series  in  ascending 
powers  of  x  were  required  for  tan'^ic  and  sin77i(8in-^) 
respectively.  And  it  was  seen  that  such  differential  equations 
are  frequently  useful  in  the  expansion  of  certain  classes  of 
functions.  But  the  chief  interest  in  the  processes  by  which, 
by  differentiation  and  elimination,  the  differential  equation  is 
formed  from  its  primitive  equation  rests  in  the  light  which 
they  throw  upon  the  converse  problem  of  obtaining  the 
primitive  equation  of  the  typical  member  when  the  differ- 
ential equation  of  the  family  is  given.  This  problem  presents 
itself  in  numberless  investigations  and  is  the  subject  of 
special  consideration  in  works  on  Differential  Equations. 

Ex.  1.  Eliminate  the  constant  a  and  the  logarithmic  function  from 

y  =  a  log  .r. 
a 


Here 


^^=0: 


and  xy^—a. 

Differentiating  again  y\-\-^yi=^' 

Ex.  2.  Eliminate  a,  and  the  exponential  and  inverse  circular  functions 
from  y=a€"**8in~^a'. 

Here  yi=am6'^in~U'+ae*~->— ^ 

1  X 

and  Vg = qm^g*^8in~^.r -H  2ame'^  /,- —  „  +  ag*^ 5> 

VI -.r2  (l-x*)t 
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or  (1  -  ^)y2 = {2m(l  -  ^) + a:}yi  -  m^ -  mxy + m*j;^. 

Examples. 

1.  From  the  equation  y^x^Xogx 
eliminate  the  logarithmic  function. 

2.  Given  y:=zei^^~\ 
eliminate  the  exponential  and  inverse  functions. 

3.  Given  the  equation  y=co8(logx), 
eliminate  the  circular  and  logarithmic  functions. 

509.  OeneBis  of  Partial  DifTerential  Equations. 

When  more  than  one  independent  variable  enters  into  our 
primitive  equations,  partial  differential  coefficients  occur  upon 
differentiation.  A  differential  equation  containing  partial 
differential  coefficients  is  styled  a  "partial  differential  equa- 
tion "  in  distinction  from  an  "  ordinary  differential  equation  " 
in  which  there  is  but  one  independent  variable. 

In  Chapter  VI.  we  proved  Euler's  Theorem,  that  if 

we  have  ^-+y^^+,-  +  ...=nu, 

thus  eliminating  a  function  of  perfectly  arbitrary  form. 

We  shall  give  other  examples  of  elimination  of  arbitrary 
fimctions  of  imknown  form  obtaining  as  a  final  result  in 
each  case  a  partial  differential  equation. 

When  only  three  variables  a?,  y,  z  occur  two  being  inde- 
pendent, it  is  usual  to  take  z  for  the  dependent  variable, 
and  to  use  the  abbreviations  p,  q,  r,  «,  <  to  denote  the  partial 
differential  coefficients 

"dz    "dz  "^z     3*0     'd^z 

dx'  dy'  3^*'  d^'  3^  '^«P««tively.    (Art  170.) 

Ex.  1.  Eliminate  the  arbitrary  function  <^  from  the  equation 
2  =  <^(ur+6y). 
Here  p =a<f}{cue + by), 

bp-aq  —  0, 
the  partial  differential  equation  required. 
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Ex.  2.  Eliminate  the  arbitrary  functions  <^  and  V^  from  the  equation 

Here  ^=^(|)_|^'(.|)+y^-(-), 


Hen(^ 

z-px-qy^^-anpfrXx). 

Al80 

xs+yi^xf'ix), 

.'. 

z  -px  -qy+ xyt  -{-yH = 0, 

a  partial  differential 

equation  of  the  second  order. 

Examples. 

1.  If 

z=4{y+ax)^ylf{y''ax\ 

prove 

r-aH^O. 

2.  If 

^=(^+y)<K^-y*), 

prove 

z^py  +  qx. 

3.  If 

^^A!/)+<Kz), 

prove 

ps-qr=0. 

4.  If 

z = x^ax + hy) +yyl/(ax + by), 

prove 

b^r  '2ab8+a^t=0. 

510.  Prop.  If  u  and  v  be  explicit  functions  of  x  and  y, 
and  if  u  he  a  function  of  v,  then  wUl 

du  dv ^du  ^_/^. 

and  conversely,  if  this  relation  be  identically  satisfied,  u 
xvUl  be  a  function  of  v.* 


For  if 

u=F(v), 

we  have 

and 

*  Boole,  Differential  Equation*,  p.  24. 
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and  therefore  eliminating  J^(v), 

dx  dy    dy  'dx" 

Conversely,  suppose  this  condition  satisfied,  then  will  u  be 
a  function  of  v. 

For  since  u  and  v  are  known  functions  of  x  and  y,  we 
may  eliminate  one  of  these  letters,  say  y.  Then,  unless  x  is 
simultaneously  eliminated,  we  obtain  a  relation  of  the  form 

u=y(v,  x\ 
Now  g=l^-g+E 

dy'^dv  dy* 

du  dv  _du  dv _df  dv 
dx'dy    dy'dx'^'dx'dy' 

Hence  |^.!^  =  0. 

dx  dy 

i.c.,  either  ^^=0,  or  ;^  =  0. 

dy  dx 

If  -  •^  =0,  y(t;,  x)  is  independent  of  a;,  and  therefore  ti  is  a 
function  of  v.  And  ^  cannot  in  general  vanish,  since  v  in- 
volves usually  both  x  and  y, 

dv 

If,  however,  v  be  a  function  of  x  alone,  ;i- =0.     If  also  u  be 

^        du 
a  function  of  v,  u  is  a  function  of  x  alone,  and  ;^  =  0:  hence 

dy 

in  this  case  the  relation 

du  5^_??^.5^_A 
dx  dy     dy  dx~~ 

is  satisfied.     And  conversely,  if  this  relation  be  identicaDy 

dv 
satisfied,  and  if  ^^  =  0,  we  must  have 

dy 

du  dv_^^ 

dy  dx^    ' 

and  therefore  u  must  be  independent  of  y,  since  we  cannot 
assume  v  independent  of  x  as  well  as  of  y.     Hence,  as  u  and 
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V  are   both  functions  of  the  same   variable,  it  is  obvious 
that  by  eliminating  it  we  can  express  u  as  a  function  of  v. 


Examples. 


1-  If  ^=1 — ^  and  v=  \.  r^wf  .    gv     > 


(1+^X1+/) 
prove  that  w,t?y=WyVje, 

and  interpret  this  result 

2.  If        w=Wl  -y^-\-y\^\-a^  and  v=j7y-Vl-a:^Vl-y*, 
prove  that  t*  is  a  function  of  «?. 

3.  If  tt  and  v  be  explicit  functions  of  three  variables  Xy  y,  «,  and  if  w 
be  a  function  of  v,  prove  that 

511.  Next  suppose  u  a  known  function  of  x,  y,  and  z, 
and  that  ^u)  is  an  arbitrary  function  of  u.  We  shall 
show  how  to  eliminate  the  arbitrary  function  (f>(u)  from 
an  equation  of  the  form 

f{x,  y,  ^,  ^u)}  =  0 (1) 

Supposing  X  and  y  to  he  the  independent  variables,  we 
have  by  differentiating 


^ 
^ 


^dz^duKdy 


+?;t+^Aii^+?;r)=o^ 


.(2) 


Hence,  eliminating  ;r=^, 


3/    Bu.       3i6 
dx'^^dz'   dx^^ 


dx 

df       df    3it       ?^ 


=  0, 


.(3) 


an  equation  containing  x,yyZ,p,q  and  ^u);  ^X^)  disappear- 
ing on  the  elimination  of  ^.     Hence,  if  <p{u)  be  eliminated 

between   equations   (1)   and   (3),  we   shall   obtain   a  partial 
differential  equation  of  the  first  order  between  x,  y,  0,  p  and  q. 
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512.  Suppose  u^  and  Ug  known  functions  of  a;,  y,  and  z, 
and  ^i(Ui),  ^2(^2)  arbitrary  functions  of  u^  and  u^.  We  shall 
now  show  how  the  two  arbitrary  functions  <f>i{u{)  and  ^2(^) 
may  be  eliminated  from  an  equation  of  the  form 

f{x,  y,  z,  ^i(Ui),  ^2K)}  =  0- 
If  we  form  the  equations 

we  introduce  the  two  new  functions 

Proceeding  to  differentiations  of  the  second  order,  we  have 
the  three  additional  equations 

introducing  again  two  new  unknown  functions 

^''(Ui)  and  ^aX*^)- 
We  now  have  in  all  bUx  equations  with   six  quantities  to 
eliminate.     It  is  therefore  in  general  necessary  to  proceed  to 
differentiations  of  the  third  order,  thereby  obtaining  the  four 
new  equations 

/«a»^^"»  Jgoxy^^^t  Jxyy^^^i  Jyyy^^^* 

and  introducing  at  the  same  time  the  two  additional  unknown 
functions 

We  now  have  ten  equations  with  eight  unknown  functions 
to  eliminate,  leaving  in  general  two  independent  resulting 
partial  differential  equations  of  the  third  order. 

513.  Generally,  suppose  an  equation  given  of  the  form 

f{x,  y,  z,  .,.,  t,  0i(Ui),  ^2K)»  •••>  ^n(tx^)}=0, 
containing  2?  + 1  variables,  of  which  p  are  independent,  and 
n  arbitrary  functions  0i(Ui),  ^2(^2)  •••»  ^n(^»)  of  the  n  known 
fimctions  u^y  Ug, . ..,  it„ ;  to  eliminate  the  n  arbitrary  functions. 
Suppose  t  the  dependent  variable ;  then  forming  all  differential 
coefficients  up  to  those  of  the  r^^  order  inclusive,  we  have 

(a)      /=  0  ;  one  equation. 

08)  /,=0, /y  =  0,  ...;  p  equations. 
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(y)  /^=0,  /ry=0,  /«=0,  ...;  £(£+L)  equations. 

[being  the  number  of  homogeneous  products  of  p 
things  of  two  dimensions] 


(ic)  and  proceeding  to  r  differentiations; 

y(p+lXp+2)...(p+r-l)  ^^^^^^^ 

making  in  all 

l+p+P(£+l)+...+y(P+l)--;P+^-^)  equations, 

containing  partial  differential  coefficients  up  to  those  of  the 
r*^  order  inclusive. 

The  sum  of  this  series  is  the  coefficient  of  x^  in  the  product 
of  the  series  for  (1  -^x)'^  and  (1  —  aj)-^ 

=coefficient  of  x'  in  (1— a;)-(''+^> 

^  (p  +  lXp+2),..(p+r)  ^  (  p+ r)! 
r!  p\  t\ 

We  have  therefore  thus  obtained  -  ^  ,    /'  equations,  containing 

differential  coefficients  up  to  those  of  the  r^^  order. 

Moreover,  there  are  (r+l)7i  functions  to  eliminate,  viz., 

^,    ^2,      ...,    0^,        originally: 

^f^   d^2  ^^«      f  introduced  among  the  differ- 

dui'  cZuj'    '"'   dUn     \entiations  of  the  1st  order; 


J  dT<l>^  d^<^     fintroduced  at  the  differenti- 

du^^*  '"'   dn^'   \ations  of  the  r^  order. 

Hence,  we  must  in  general  go  on  forming  all  differential 
coefficients  of  the  primitive  function  until 

-^  ^  Y~  is  first  greater  than  (r+l)n, 

and  there  will  generally  be 

i£l-_£-"— (r+lV>i  independent  results. 
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Cor.  If  there  be  three  variables  x,  y,  and  «,  we  have  p=2, 

Cr+2V 
and  then  ^  ^       '  >  n{r+ 1), 

Z.T: 

and  therefore  r  +  2  >  2n, 

and  r>2ti  — 2. 

Hence  in  general  it  is  necessary  to  proceed  to  differentiations 
of  the  (271  —  1)***  order  at  least,  and  there  will  in  general  be 
n  independent  results. 

514.  The  case  however  in  which  the  n  arbitrary  functions 
^i(w),  ^2(^)»  •••>  ^n(^)  to  be  eliminated  are  all  functions  of  the 
same  known  fiuiction  of  Xy  y,  z  is  exceptional.*    We  now  have 

/{^,  3/,  Z.  0i(w),  02(^)'    ">  0nOO}=O. 
Proceeding  as  in  Art.  511,  equations  (2)  and  (3)  are  still  true. 


and  we  obtain 


=  0, 


by'^Hz'   dy'^hz 
an  equation  containing 

X,  y,  z,  p,  g,  0i(u),  il>2(u), ...,  ^n('M'), 
for  0/(u),  02  (^)'  •••>  ^''ll  disappear  as  before, on  the  elimination 
of  -/-,     Treating  this  equation  in  like  manner,  we  obtain  a 
third  equation,  containing 

^>  y>  Zy  p.  ?,  '^>  «,  iy  0l(^),  .-M  0n(tt). 

And  the  process  may  be  repeated  until  we  have  in  all  n+1 
equations  from  which  the  n  arbitrary  functions  may  be 
eliminated,  leaving  as  result  a  partial  differential  equation 
of  the  n^^  order. 

EXAMPLES. 

1.  Eliminate  a  and  b  from  the  equation 

y  =  a  sin  nx  +  b  cos  nx, 

2.  Eliminate  a  and  b  from  the  equation 

y  =  (a  +  bx)e'^. 
♦  See  Todhunter's  Diff.  Calc,  Arte.  251-254. 
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3.  Eliminate  a  and  h  from  the  equation 

4.  Eliminate  the  circular  and  exponential  functions  from  the 
equation  y  =  g'cos  x, 

5.  Eliminate  the  circular  and  exponential  functions  from  the 
equation  y  =  o^^cos  3a:  +  fte^in  Sa:. 

6.  Eliminate  the  circular  and  exponential  functions  from  the 
equation  y  =  (^""sin  nx  +  fte*"'co8  nx, 

7.  Eliminate  the  hyperbolic  functions  from  the  equation 

a  cosh  x-\-h  sinh  x  =  c  cosh  y  +  c?  sinh  y. 

8.  Eliminate  the  constants  from  the  equation 

9.  Eliminate  the  circular  and  logarithmic  functions  from  the 
equation  y  =  sin  log  x, 

10.  Eliminate  the  circular  and  logarithmic  functions  from  the 
equation  y  =  log  sin  x, 

11.  Eliminate  a  and  h  from  the  equation 

.  ,    .           cos  Tno; 
y  — -  a  cos  wx  +  0  sm  nx  +  —. 5. 

12.  Eliminate  a  and  h  from  the  equation 

y  =  a  cos  nx  +  6  sin  nx-^-x  sin  tw;. 

13.  Eliminate  a,  6,  and  c  from  the  equation 

y  =  a^^'+be"*^  +  ce"**, 
^1,  Wg,  W3  being  the  roots  of  the  cubic 

:^  +pz^  '\-qz  +  r  =  0. 

14.  l{y=^Aef^  satisfies  the  linear  differential  equation 

prove  that  a  is  one  of  the  roots  of  the  equation 

15.  Show  that  for  a  given  primitive  equation  involving  x,  y,  and  n 

arbitrary  constants,  there  are  -  - — '- — -  differential  equations  of  the  r^ 
•^  rl{n  -  r)! 

order  (r<n),  each  involving  n-r  arbitrary  constants,  but  that  only 

r+ 1  of  these  equations  will  be  independent.  [Boole.] 
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16.  Eliminate  a,  5,  and  c  from  the  equation 

17.  Eliminate  a,  b,  c,  and  d  from  the  equation 

y  =  (a  +  ^)co8  nx -{•{€  +  (fe)8in  nx. 

18.  Eliminate  the  circular  and  logarithmic  functions  from  the 

equation      y  =  A  cos  j  ^og(a  +  to)  j-  +  5  sin  j  rlog(a  +  &c)  j- 

19.  Eliminate  the  function  from  the  equation 


0  =  ysin-i?  +  <Wy). 

20.  If 

2;  =  5  +  <^ay-6a:), 

prove 

ap  +  bq  =  l. 

21.  If 

z=^ff>{x  +  iliy)], 

prove 

ps-gr  =  0. 

22.  If 

lx-¥my-hnz^F(x^  +  f  +  z^), 

prove 

{mz  -  ny)p  +  (nx  -  lz)q  ^ly-mx. 

23.  If 

z-c       \z  -cj* 

prove 

(a  -  x)p  +  {b  -  y)qr:'C'-z. 

24.  K 

z^^4>(x-^y). 

prove 

z 

25.  If 

..^(I).<D, 

show  that 

xh'-\-2xys+yH^0. 

26.  Given 

z  =  F(y''mx)+f(y-fix), 

prove 

r  +  (m  +  7i)s  +  mn<  =  0. 

27.  Given 

z=^xF{aX'¥by  +  cz)'{-yf{aX'{-by  +  cz), 

prove             {b 

+  cq)^  -  2{b  +  cq){a  +  cp)8  +  (a  +  cp)H  =  0. 

28.  Given 

5f       X     "^  \y       X/ 

show  that 

„32       ^dz      „ 
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29.  X  and  Y  are  functions  of  x  and  y.     Show  that  the  result  of 
eliminating  t  between  the  equations 


18 


2Jf  =  # 

dx 


Y-xP 
dx 


30.  If 


u=xyzF(x^  +  y^  +  z^), 


.hw th..  „.,)g^(,-.)|.(..,)|.fc£)<£^fcit.=  „. 


31.  If 
prove  that 

32.  K 
show  that 


M  =  F{x?  +  i/  +  z^)f{xy  +  yz  +  zx), 


'Si 


'dS 


-.:irF 


©-''■'©■ 


^^,2 +20^3^ 


3^2 -^""^3^^^  3y2- V----  ^v'^^S'^^S^; 

33.  Show  that  the  result  of  eliminating  the  n  arbitrary  functions 
from  the  equation 


may  be  written 


-af./,m+a..Am+....a../,g 


=  0. 


z,     1,        1,        ...,     1 

^.    Vv    Pi>     ■■■'  Pn 
^'«.   Pi",  V Pn' 

^%  Pi",  Pi,    -,  P." 
where  A  represents  the  operative  symbol  ^j-  +  yj-' 

34.  If 
show  that 

35.  If 
where 


1  Zu     \  'du     \  du_l 

X  'dx    y  'dy     z  dz'~u 

<l>{&(u^x\  ^(w-y),  SHu-z)}^0 
S=^x  +  y  +  z  +  u, 


du 


.du 


show  that        {S-x)^^+(S-y)^+{S-z)f^=S-u 


'3y 


[Laobange.] 
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^^•^  <'•$•&)=«• 

show  that  -  ^  +  1  o  +-  c^  => 

a  ox    0   oy    c  oz    a 

37.  Eliminate  the  arbitrary  functions  from  the  equation 
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EXPANSIONS. 
(Continued  from  Chapter  V.) 

Theorems  of  Arbogast,  Lagrange,  Laplace,  and 

BURMANN. 

515.  Arbogast'B  Bule. 

Arbogast  has  given  in  his  Calcul  des  Derivations  (Stras- 
burg,  1800)  a  useful  method  for  the  expansion  of 

in  a  series  of  ascending  powers  of  x,  (f>  being  any  arbitrary 
function. 

Taylor's  theorem  at  once  gives 

^&\a,x+iL^^+a^+...f 


or,  expanding  the  several  powers  of  this  polynomial  increment 
which  occur,  and  arranging  in  powers  of  05,  we  have 

E.D.C.  2  F 
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=  ^ao)+a;[f(ao).ai] 

+ 

Upon  examination,  it  will  appear  that  each  of  these  co- 
efficients may  be  formed  from  the  preceding  one  by  differ- 
entiating each  term  with  regard  to  the  last  letter  contained 
and  integrating  with  regard  to  the  next  letter,  and  then 
differentiating  with  regard  to  the  letter  next  before  the  last 
and  integrating  with  regard  to  the  last. 

Professor  Cayley  (Messenger  of  Math.,  voL  V.)  called  this 
the  "  rule  of  the  last  and  the  last  but  one." 

I  am  indebted  to  Mr.  A.  E.  JoUffe  for  the  following  elegant 
and  convenient  form  of  the  theorem. 

/  x^        cc^        \ 

If  ^(^ao+c4«+a2  2!+^S3j  +  --7 

be  expanded  in  the  form, 

the  coefficients  -4^,  A^,  A^,,.,  can  be  successively  calcidated 
by  the  formula, 

To  demonstrate  this  let 
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then 

A^(ao+a,a;+a2|-,  +  ...) 

=  (oi+a^ic+aglj  +  ...)0'(Oo+ • 

=d^^«o+-..). 

Hence 

AA,+AA,.x+AA,^,+AA,^^+ 

whence 

Ar+i  =  AAr. 

Now 

^=^(ao); 

hence 

-4,=a,<6'(a„), 

etc. 
516.  Maclaurin's  theorem  gives  a  method  of  expanding  z  in 

dz    d^z 
powers  of  x  whenever  the  limiting  values  of  2;,  ^  ,  ^  2»  •••> 

when  x  =  0,  can  be  found.  It  is  therefore  specially  adapted 
for  the  case  in  which  z  is  expressed  explicitly  in  terms  of 
X,  But  in  the  case  of  the  fundamental  relation  between 
z  and  X  being  implicit,  the  evaluation  of  high  differential 
coefficients  is  often  tedious  and  difficult,  and  it  is  therefore 
advantageous  to  make  use  of  theorems  specially  constructed 
to  meet  the  requirements  of  this  case.  We  therefore 
proceed  to  the  investigation  of  Lagrange's  and  Laplace  s 
Theorems. 


517.  Lagrange's  Theorem. 

Suppose  2?  to  be  a  function  of  x  and  y  defined  by  the 

equation  z=^y+x<f}(z),  (1) 

and  let  u  be  any  function  of  0,  say  f{z) ;  it  is  required  to 
expand  u  in  a  series  of  powers  of  x. 

Maclaurin's  theorem  gives 


.    /du\    ,  x^f?hi\    ,  x^/?Pu\ 
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where  (^j  .  (^  2)  »  •••  ij^<iica^  *hat  a?  is  to  be  made  zero 

after  the  differentiations  indicated  are  completed.     The  values 
of  these  expressions   may  all    be  calculated   by  successive 
differentiation,  but  the  process  may  be  much  simplified,  as 
we  now  proceed  to  show. 
It  will  be  clear  that 

4[^»>i]=i[^»'|] <') 

where  u  is  any  function  of  x  and  y ;  for  each  side  is  equal  to 

Differentiating  equation  (1)  with  regard  to  x  and  y,  we 
obtain  ^-  =  <f^z) + H\^)^ 

and  _    =      \+xd>(z)— 

dy  ^^  %. 

Giving  g=<M«)/{l-a'f(2)} (3) 

g=      l/{l-xi>Xz)),  (4) 

whence  --  =<^(^);^ (5) 

dx     ^^    ay 

If  now  u  be  any  function  of  z,  we  have 

'dit^du  dz 
dx" dz   dx' 

J  du     dn  dz 

and  ^-=  ,   .  — , 

dy     dz  dy 

whence  equation  (5)  becomes 

du      ^.  /du  .^v 

^="1^% (''> 

We  shall  in   a  similar   manner  change   the  independent 
variable  from  a;  to  y  for  each  of  the  remaining  expressions 

dx^*  dx''  "" 
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remembering  that  i6  is  a  fimction  of  z,  and  therefore,  con- 
versely, z  a  function  of  u,  and  applying  equation  (2).     Hence, 

substituting  the  value  of  —  from  equation  (6), 

^=3^U^<^)>'^J (7) 

Differentiating  again, 

The  general  law  indicated  by  equations  (6),  (7),  (8),  viz., 

S;=a;^[w<] W 

may  easily  be  proved  by  induction.  For  differentiating  equa- 
tion (9)  with  respect  to  x, 

whence  ^  ^ . ,  foDows  the  same  law  of  formation  as  -      ;  but 
dec'*"'"*  ac'* 

equations  (6)^  (7),  (8)  established  the  form  for  the  special  cases 

71  =  1,  71  =  2,  71  =  3,  and  hence  the  form  holds  universally. 

In  finding  f  — j  ,  f^j  ,  ...,  ic  is  to  be  put  =0  after  the 

differentiations  are  performed,  but  as  aD  these  differential 
coefficients  are  transformed  into  differentiations  taken  with 
regard  to  y,  which  is  independent  of  a;,  it  is  permissible  to 
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make  x  =  0  before  effecting  the  differentiation  with  regard 
to  y,  and  we  shall  therefore  be  able  to  write   z  =  y  and 

-  =f(y) ;  and  then  equation  (9)  gives 


,     ^i[{*(^)}''A2/)]> 


and  the  development  of  u  or  f{z)  by  Maclaurin*s  theorem,  viz., 
becomes 

/(^)=/(2/)+x.^W(i/)+|i|,L{^y)}r(3/)]+- 

Ex.  Given  «=y+|;«*-l)» 0) 

to  expand  z  in  powers  of  x. 

Here  f{z)=z  and  <K^)^ii^  '  ^ 

and  therefore  j  n^M^Tf^/] = g^  ^jT"-'^'  "  ^^"* 

and  Lagrange's  theorem  gives 

From  this  result  we  may  deduce  an  important  expansion,  viz.,  that  of 

From  Equation  (1)         -2;  =  --->/T^^2xy+V,  (3) 

the  negative  sign  being  adopted,  since  when  x=0  we  are  to  have  «=y. 

Differentiating  the  right-hand  sides  of  (2)  and  (3)  with  r^ard  to  5^, 
we  have 

(l-2ya:+:r2p  =  l  +  2^(y-l)+2j2,— 3^  +  -..+^j2"       d^      ^"" 
The  coefficients  Pq,  Pi,  P^  ...  of  the  several  powers  of  x  in  this  expansion 
are  called  Laplace's  Coefficients.    We  thus  have  established 
_    1    d^^-lT 
'^^    2-nl       d^" 

518.  Laplace's  Generalization  of  Lagrange's  Theorem. 
The  result  of  the  preceding  article  is  due  to  Lagrange,* 
The  proof  is  however  due  to  Laplaije,  who  has  thrown  the 

♦  Mtnunre^  de  Berlin,  176a 
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same  theorem  into  a  more  general  form,  which  is  easily 
deducible  from  the  foregoing. 

Suppose  that  instead  of  equation  (1)  of  the  preceding 
article  we  had 

z=^F{y+x</>(z)}, (1) 

and  that  it  is  required  to  expand  any  function  of  z,  say  f{z), 
in  ascending  powers  of  x. 

If  we  write  y+x<f>{z)=^t, 

we  have  z  =  F{t), 

and  therefore  t  =  y+x<tiF{t)'\ (2) 

Hence  we  have  to  develop  f{z)  or  f[F{t)\  in  powers  of  x 
from  equation  (2),  which  is  therefore  an  obvious  case  of 
Lagrange's  theorem,  the  complex  functions /{iT(0}  and  <^{F{t)) 
taking  the  place  of  the  simple  functions  f(z)  and  <l>{z)  in 
the  above  result.     We  therefore  obtain 

y,.,=/Wy))+«*(«.))«ff' +g<,^[*(TW)i«'] 

519.  Bormann's  Theorem. 

Burmann  has  given  a  series  of  very  general  form  for 
expanding  any  function  of  0,  say  f{z\  in  powers  of  any  other 
function  of  0,  F{z),  This  like  Laplace's  result  includes 
Lagrange's  series  as  a  particular  case,  and  admits  of  easy 
deduction  from  the  original  series. 

Lagrange's  series  may  be  written 

Az)=^f{a)+X^f (1) 

where  z=a+x<p{z), (2) 

and  ^'=[£-'i^<^^>''-^^0..=a ^^> 

It  is  clear  then  that  z  =  a  is  a  solution  of  the  equation 
F(z)=0\  also  the  form  of  <l>{z)  is  . 

Jf\Z) 
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Thus  equation  (1)  becomes 

*'=[|^.((^r)>4]..; 

This  is  Burmann's  result. 
Ex.   To  expand  «•  in  powers  of  ^.  ^^^^  g^^  ^g^j 

Here  A^)=^i  ^^^^"^^^  *°^  ^'^^' 

Hence  </>(«) =e*. 

Hence  Burmann's  theorem  gives 

or  ^=.i+(^-)+|-(«,-.)s+4^(,e-03+J(^-y+.... 

520.  We  have  not  attempted  to  give  any  test  for  the 
convergency  of  the  series  of  the  present  chapter,  and  the 
investigation  for  the  form  of  the  remainder  after  n  terms, 
corresponding  to  Arts.  130  to  136,  has  been  omitted  as  beyond 
the  scope  of  the  present  work.  For  further  information  the 
student  is  referred  to  Legona  de  CalcvZ  Diff^entiel,  par  M. 
TAbb^  Moigno  (18°**  Leqon);  Liouville's  Journal,  vol.  XI  ; 
Bertrand,  CaUvi  Diff^entid,  livre  Second,  chapitre  m. 


EXAMPLES. 
1.  If  ;^-aZ'\-b^O 

'  a    a   ' 

prove  that  one  of  the  roots  is 
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2.  If  z  =  a  +  b2r, 

prove    z^ah  +a*-^6  +  2wa*-»^  +  3n(3w - 1)^'""'^]  +  ...|. 

[Greoobt.] 

3.  If  «=l+ca', 

then  .=  l+a.J  +  2logaf +  3^(loga)«^f+....    ^^^^^^ 

4.  If  »  =  a  +  xlog  2, 

. ,  ,  ,  2  log  a  a;2    3  log  a,„     ,       .a? 

then     «=a  +  loga.a;  +  — ^  2?  +  — ^(2-^og«)3J 

[Gregory.] 

5.  If  z^a  +  b{;^  +  c:f\ 
prove 

s  =  a  +  (a**  +  ca'')^  +  { 27Mi'^-^  +  2c(n  +  ry*'-^  +  c22ra*-^}y^  + . . . . 

[Gregory.] 

6.  K  i*  =  a  +  e  sin  1^, 

prove         « = a  +  e  sin  a  +  2 ,  j  (sin^a)  +  j,  T-2(sin^a)  + . . . . 

[Laplace.] 

7.  If  ;2  =  a  +  J 

prove  ;5-*  =  a"*-xA:a-*-^  +  |j^(A;  +  3)a-*-*-^^(A;  +  4)(A;+  ... 

By  putting  a  =2,  deduce 

/        2        Y       ^^  a;    K^+3)/a:Y__ 
Vl+Vl+x/  "        1  4"^    1.2   W      * 


[Bertrand.] 


8.  If  ca;2-Ja;  +  a  =  0  or  ic  =  ^  +  j.a;2, 

0      0 


,,,  a    a^c    4a8c2     5.6   a^(^ 

prove         (1)        ^  =  j  +  ^+    _  +  _.-^+....  ^^^^^^^^^ 

^  '        2  "'2P"*">  ■*'2'   JO  ■^2.3'"'68  ■*■•*•• 

,..  ,  ,      a     (w     3    a2c2     5  . 4    a^^ 

(3)  log a:  =  log^  +  ^,  +  ^. -5^  +  2^3.^+.... 

[Bertrand.] 
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9.  If  1  "X  +  ax^O, 
prove  by  Lagrange's  theorem 

af  =  1+71(1+-^=— 2-Hi^+---  • 
e    "  =  l+^  +  f72  +  i72T3  +  -' 

\       xj  3!     5!  [Peacock.} 

10.  If  l-a;  +  ^  =  0,    . 

prove  ar^l+ne-h   ^^    ^  V-f- ^t^ ««+..., 

«'-«|l+2!"^"3!  ■*■  4!  "^  51  "^""J'  [Peacock.] 

11.  Given  .r^^  +  a.r-6  =  0, 

J     h"*^'     2m  +  2    6^'**^     (3m  +  2)(3wi  +  3)  6>"*^ 
prove    ^  =  --5;;r^+-i72"'i^^» 3!  ;?^*+-- 

Apply  this  to  show  that  one  of  the  roots  of 

ii^  +  4a;  +  2  =  0  is  x=  -'4928... 

correct  to  four  places  of  decimals.  [Bkrtrakd.] 

12.  If  y=\og{z  +  xamy), 

prove 

,    .  ,,       .a;     sin  log^;^  x^ 
e'^z^ sin(log  21) J  + -^  21 

^  3^0ogl)^g  _  9  gi^log^)  .  2  sin(log^2)  +  3 si^^^^ 

[Gregory.] 

13.  If  7/  =  e'+'«-^ 

X  .  iC^ 

prove  y  =  e*  +  e'cos  g*^  +  e'cos  e'(cos  ^  -  2  sin  ^  .  e')^!  + .  •  •  • 

14.  Having  given  that  w  is  a  function  of  x  such  that 

prove  that         ^  =  ^  +  (^'5^7  • '21  + V^j  ^- 3!*^ -' 

where  "t^~  ^~  "~  ^'' 

aw  [Paou,  Elementi  d'Aloebra.] 
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15.  Apply  Burmann's  theorem  to  develop  x  in  powers  of 

2x 

16.  Expand  e"  in  powers  of  zef^  by  Burmann's  theorem. 

[Bektband.] 

17.  If  <l}{x)  be  any  function  of  x  which  can  be  expanded  in  powers 
off*,  prove  (by  aid  of  Ex.  16) 

<t>{x  +  a) 

^^x)  +  a<l>Xx  +  b)  +  ^^^^<t>'\x  +  2b)+^^^^ 

For  example 

(a;  +  a)"*  =  af*  +  ma(x  +  b)^'''  +  ^^^^"^^^a  -  2b)(x  +  2 J)"-'  +  . . . . 

[Abel.] 

18.  If  <f>''^(x)  be  the  inverse  function  of  <l>{x)y  and  <f>{x)  vanish  with 
X,  prove 


<^ 


'    ^''^'''L<l>(x)Jo'^'2\ldx  {4>(x)}^Jo'^3lidx^  {<t>{x)yJo'^'"  ' 
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CHANGE  OF  THE  INDEPENDENT  VARIABLE. 

521.  If  there  be  an  expression  involving  two  variables  x 

and  y  and  containing  the  differential  coefficients  -p,  ^^,  ..., 

it  is  sometimes  desirable  to  change  the  independent  variable 
from  X  to  some  third  variable  t,  of  which  a;  is  a  known 
function.     This  change  may  be  effected  as  follows: — 
It  has  been  shown  in  Art  41  that 

dy 
dy  _dt 
dx'~dx 

di 

The  operation  -j    is  therefore  equivalent  to  the  operation 

dx   di 
di 


dhf  dx^ipx  dy 
dt^  '  di  dfi  '  dt 
dc\^ 


For  mstance, 

dh/      1    d 
dx^    dxdt 

~dy~ 

di 

d^ 

dt 

dt 

(S) 


Similarly 


d^y^l__  d 
da?    dx  dt 
di 


dry  dx     d^x  dy' 
d¥  dt'^dt^di 


\dt) 
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_  \dt^'  dt     dF  dtAdt)  -  W  dt  ""  di^  di )  \dt)  dC 

\dt) 

(d?ydx    d^x  dy\dx  ^^/d^y  dx     d^x  dy\d^x 

\dt) 

and  similarly  for  differential  coeflBcients  of  a  higher  order. 
Also,  X  being  a  known  function  of  t,  all  the  expressions 

dx    d^x    d^x 
dt'   W    dt^'  '" 

are  known  functions  of  U  and  therefore  the  desired  transforma- 
tion can  be  performed. 

622.  If  we  wish  to  make  y  the  independent  variable  instead 
of  Xy  we  have  at  once,  by  putting  ^  =  3/, 

^=1     ^=0     -y=0  etc 


and  therefore 


dx    dx' 
dy 

d^x 


\dyJ 


d^ 


d^y  ^     dy^  dy 


d^x   dx    q/^^Y 


da^^  (dx\^ 

\dy) 

formulae  which  may  of  course  also  be  obtained  directly. 

523,  Differential  equations  may  often  be  simplified  by  such 
substitutions,  as  in  the  following  examples: — 

(1)  Change  tlie  independent  variable  from  ^  to  ^  in  the  equation 
having  given  a?=co8^. 
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and  therefore  J^=:__JL^>^ 

CM?        sin  d  du 

and  ^--    1      ^Z'.    1-    ^^ 

1  d$^  d$ 


Hence  the  given  equation  becomes 

and  reduces  to  ^^.y«o. 

(2)  Change  the  equation  g/-(|)'-y(g)'=0 

SO  that  y  may  be  considered  the  independent  variable  instead  of  x. 
d'^x 
Here  we  have  -^_      ^      _^=0, 

Vdy)      \dy}      \dy) 

Examples. 

1.  Show  that  the  equation 

may  be  reduced  to  the  form        -^±,qh/  —  0 

dt^ 

by  putting  ^  =  Vl+aj7«, 

2.  Show  that  the  equation  -1-0-= a 
may  be  written  in  the  form  3;;^+  <^(  j-  )  =0. 

524.  The  Operator  x^- 

A  transformation  which  renders  peculiar  service  in  reducing 
a  certain  class  of  linear  differential  equations  to  a  form  in 
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which  all  the  coefficients  are  constants,  arises  from  putting 

In  this  case  77/~^'> 

and  therefore  tc^- =  ,^. 

ax     at 

It  is  obvious  therefore  that  the  operators  x.-  and  -j-f  ^^^ 
equivalent     Let  D  stand  for  -,  .     Then  we  have 


X- 


which  we  may  write 
Now  putting  n  in  succession   =2,  3,  4,  ...,  we  have 


etc. 
Hence,  generally,  we  have 

or  reversing  the  order  of  the  operations, 

=  i)(i)-lXi)-2)...(Z)-9i  +  l)y. 

Ex.  The  differential  equation 

reduces  at  once  to 

2)(Z)-1)(Z)-2V/  +  27)(Z)- 1)^  +  37)^+4^  =  0, 
or  Z)3y-i>2^  +  3i>y  +  4y=0, 

by  putting  x=^. 
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525.  Transformation  to  Polars,  and  Vice  versa. 
It  often  happens  that  a  result  in   Cartesians    is   much 
simplified  on  reduction  to  Polars,  or  vice  versa. 
In  such  cases  we  have 

a:  =  7'cos0, 
3/  =  r  sin  0. 
Suppose  0  to  be  the  independent  Polar  Variable,  then 
dy     dr    .    ^  ,  ^ 


dx    dx     dr        ^         .    ^ 

de  rf0<^«-'-«°^ 

Similarly,              J^^^-^e 

de 

-7^sin0+rcos0 

dr       ^         .    ^ 
-jgcos^  — rsin0 

which  easily  simplifies  down  to 

•^+^6 

ry      d^r 

(cos  eg-r  sine)' 


526.  Suppose  x  and  ^  to  be  expressed  in  terms  of  some 
third  variable  t,  then  it  is  easy  to  show  that 


dx       „j_  „. 
"^di^ydi'^Tt' 


dy      dr 
di~  di' 

dy      dx  _  ^d$ 

^7it~y~di~'' di' 


•(1) 
.(2) 


Equation  (1)  is  at  once    obvious   by  differentiating  the 

equation  a:* + y  *  =  r* 

with  regard  to  t 

To  prove  (2).  Let  0  be  the  pole  of  the  curve  whose 
equation  is  obtained  by  the  elimination  of  t  between  the 
expressions  for  x  and  y.     Let  P  be  a  point  on  the  curve 
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whose  co-ordinates  are  (a?,  y)  or  (r,  d),  Q  an  adjacent  point 
whose  co-ordinates  are  by  Taylor's  theorem 


,  or  in  Polars 


'+§«■ 
«->. 


The  Cartesian  and  Polar  expressions  for  the  area  of  the 
triangle  OPQ,  when  St  is  very  small,  are  equivalent.     Hence 

which  gives  in  the  limit 

dy      dx_od6 

^dt^y~di'~^di' 

Formula  (3)  obviously  represents  the  equivalence  of  the 

two  expressions  for  l-j-j  .     Arts.  200  and  201. 

All  these  formulae  may  of  course  be  established  otherwise. 
Ex.  Transform  to  Cartesians  the  formula 


V.--(f)' 


This  we  may  write  as 
dr 
'dt 


<= 


^+^^ 


dx      dy 


527.  Two  Independent  Variables. 

We  shall  now  consider  the  case  in  which  there  are  two 
independent  variables  x  and  y. 

Let  U=f{x,y\ (1) 

Suppose  X  = 

y 

be  the  proposed  transformation;  then  we  have 

dU^dU  dx     dU  dy 


s.D.a 


dv      dx    dv     dy    dv 
2o 


(2) 


(3) 
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These  equations  may  be  solved  for  -^,  -^,  giving 

dU _'du    dv      dv    dw 

^u    dv     dv     dw 
dU  dx^dU  dx 

and  dU  ^d^^J^^^^d^t^ 

dy     dx     dy     dx    dy 

dir"d&^d§  'dv' 

If,  however,  we  could  solve  equations  (2)  for  u  and  v  in 
terms  of  x  and  y  so  as  to  express  them  thus, 

u  =  F^(x,y)^  .^. 

v^F,(x,y)r 

we  can  find  -— ,  x-,  ;r-,  _— ,  and  substitute  in  the  formulae 

dx  dy  dx  dy 

dUjdU   du  dU  du\ 

dx"  du    dx  dv    dx 

Bi[7^^^   3u  3^   dy 

dy^du'  dy  'dv'  dy. 

528.  The  differential  coefficients  on  the  right-hand  sides 

of  the  equations  of  the  preceding  article  are  all  partial    For 

dx 
instance,  in  finding  the  value  of  ^  from  equations  (2),  v  is 

treated  as  a  constant,  while  in  finding  -    from  equations  (4), 

y  is  treated  as  a  constant.      The  student  8|K)uld  therefore 

guard  carefully  against  any  such  assumption  aa  that  ^  '  ^  =  1- 

For  the  truth  of  this  equation  was  proved  in  Art  55  on  the 
assumption  of  a  relation  between  u  and  x  and  no  other 
variable,  but  this  is  not  the  case  now  considered. 

529.  The  case  of  transformation  from  the  Cartesian  to  the 
polar  form  deserves  special  notice. 

Here       a3=rcosd,  r  =  ^x^+y\ 

y  =  rsin0,  0  =  tan-i^, 

x 
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or  r 


3r_ 
dx' 


Jx^+y' 


;  =  COSd, 


3r_       y       __ 


'dx 
dd 


■dd 

"dx 


=8in6. 


=rco8d=a;. 


36 


aj 


a:2+y2 


sind 

cosd 
r 


T..         BF    BF  ^r  .  BF  30  ^3F    sin^   3F 

?>x     3?'     3a;    30    3a;  or        r      dd 

3JF__3F  3r     3F  30^  .      3F    cosg   3F 
dy'dr  '-dy^dd'dy     ®^°  ^3r  "^    r     '30' 

3F_3F^  3x    3F^  32/ _     x  ^  ^  .  ^ .  ^^ 
3r  "3a;  '  3r     3i/  '  3r  ""     r  *  3a;      r  '  dy' 

30  ""3a;  '  30"*"32/  *30"      ^3a;'*"^3y' 

Hence  we  have  the  following  equivalence  of  Polar  and 
Cartesian  operations: — 

3  ^3      8in0  3 

—  SCOS0  — ^3> 

3a;  3r        r     30 


while 


3       .    /.3   .  CO80  3 


and  either  of  these  operators  may  be  obtained  from  the  other 
by  changing  0  into  w  —  d. 


Also 


3 
3r 


3^3 


dx 


and 


30    ^3y     ^3x 


530.  It  will  be  noticed  here  that 
dr    dx         „^ 

dy   dr 
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dd    3y 

thus  bearing  out  the  obeervations  of  Art.  528  that  such 
products  are  not  of  the  kind  oontemplated  in  Art  55,  and 
whose  values  are  unity. 

531.  To  transform    -^  and  — ^  to  Polar  Coordinates. 

w.>.-t^(l)V=(-<'|.-^*|)V 

-ar    a'^y  smedv~]   sine  3r     .dv  smear-i 

BJD'eaF    28in9co6g9F 
''"    r     ar-"*"         r*  36* 

.   ,       9«r  /aNV  /"  •  /.a  ,  coed  3\»,;. 

,CO8*09F    28in6co803F 


dr  r*  30' 


532.  Transformation  of  V*F. 
By  addition  we  have 


^V  diy  z^iy   1 3F    1  ^ 

3a;«  "*"  V     Bj^     r  3r  ■'"r«  30*  ■ 

It  is  easy  to  deduee  from  this  result  the  corresponding 
transformation  of  the  expression 

^         3a!«^3y«^32« 
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to  polar  co-ordinates,  the  operator  V*  standing  for 

32      32      32 

The  transformation  formulae  are  now 

aj  =  r8in0cos^1 

2/  =  r  sin  d  sin  0  ] 

2;=rcos0 
Let  rsind=u, 

then  a;=ucos0, 

2/  =  usin0, 
and  by  the  preceding  article 

Addmg  -^^.  VW^— ,  +  --,+-  -^  +  -,3^. 

The  quantities  u,  <t>,  z  are  often  termed  Cylindric  Co-ordinatea 
Again  by  the  preceding  article,  since 
j2>=rcosd, 
u  =  rsind, 

and  :^--  =  sind^^ — -^^.     (Art.  530.) 

o  13F    13F.cot0  3F 

udt6     r  3r        r^     30 
wherefore 

dr2'*"r"3r'*"r2  3e2+  ^     B^'^'r^in^e  d^i** 
These  transformations  derive  their  interest  from  the  fre- 
quency with  which  the  equation  V'F  =  0  occurs  in  various 
problems  in  the  higher  branches  of  physics.    (See  Art.  189.) 

533.  Orthogonal  Transformation  of  V^F. 
If  we  transform  the  expression 


ai^"^V"^^^ 
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by  changing  to  any  other  set  of  axes  0^,  Off,  Of  mutuaUy  at 
right  angles,  retaining  the  same  origin,  it  becomes 

dW    ?^V    B^F 

For  let  the  scheme  of  the  orthogonal  transformation  of 
co-ordinates  be  that  shown  in  the  margin. 
Then  it  is  shown  in  books  on  solid  geometry 
that 

h^+h^  +h^  =l,etc., 
lim^+  ijm^-l-  Zgmg  =  0,  etc., 


^     1?  ,  i-  1 

X 

h 

mi  1  Hi  ' 

y 

z 

m. 

- 

W3 

Now 


and 


And  similarly 


f  =  njX+  n^+  n^, 

dx~di  3a;  "^  B,  cte"*"  3^  2a 
,3F,      3F.      3r 


=3x^  =  V^i3l+^3^+^^3-f A^y^+"^37  +  '^' af  ) 


e^F, 
3f 


,3^F 


=^iV^f +"H*k2  +V^+2nH«i. 


9f  * 


^F 
3,3f 

3*F 


Similarly 

■df 
3«F 

Whence  by  addition 


3*F 


B^F 


3^F    3^F    3^F    3»F    B'F    3»F 
3x2  "•"  -dy^  ■•"  30"  ~  3^«  ■•"  3.J*  "*"  3^' 

and  the  form  is  therefore  unaltered  by  the  transformation. 
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EXAMPLES. 

1.  Change  the  independent  variable  from  2;  to  0  in  the  equation 

where  x  =  sinz. 

2.  Show  that  the  form  of  the  equation 

remains  unchanged  if  we  substitute  -  for  x, 

z 

3.  Show  that  the  equation 

becomes  --^+y  =  0 

by  substituting  e"  for  x, 

4.  Transform  the  equation 

Bin^2zj^^  +  sin  iz^  +  4y  =  0 

by  putting  tsLnz=^e'. 

5.  Transform  the  equation 

(a  +  bx)^+A{a  +  bx)^£^By=f(x) 

by  putting  a  +  &c  =  ^ 

6.  Transform  the  equation 

into  one  in  which  z  is  the  independent  variable,  given  x  =  tan  z, 

7.  Transform  the  Cartesian  formula 

dy 


to  polars. 
8.  Tranaform  the  polar  formula 

tan  ^  =  -5^ 
to  Cartesians. 
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9.  Transform  the  formula 


Hm 


w 

into  polar  co-ordinates 

10.  Given  x=a(^+sin  $), 

y=a(l  -cos  ff), 

11.  Transform  ^  to  the  new  variables  u  and  v^  taking  u  as  inde- 
pendent variable,  given  a;  =  i?~^,  y^uv,  [Oxford,  1888.] 

1 2.  If  F  be  a  function  of  r  alone,  where 

show  that  _  +  _=_  +  -_ 

13.  If  F  be  a  function  of  r  alone,  where 

r*=x«  +  y»  +  «*, 

show  that  _,+_  +  _  =  _  +  -_. 

14.  Generally,  if  F"  be  a  function  of  r  alone,  where 

?^V    ZW    32r  3«r    d^fT    ^.1^^ 

show  that    _  +  _^  +  ^,+  ...+^^=:-g^  +  _--j.. 

15.  If  a;  =  ^seci4,    y=«^ni^ 
and  <^  is  a  function  of  x  and  y,  show  that 


«"{^-t)-'^*^W*K 


dxdy 

[OXFOKD,  1889.] 

16.  In  thinsforming  any  function  u  of  x^  y>  z  from  Cartesians  to 
polars  by  the  formulae     aj  =  r  sin  ^  cos  <^, 
y  =  r  sin  6  sin  <^, 
z=^r  cos  ^, 

prove  (a)    3-^=^, 
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'^  (S)'^(iAe)'-(i)^as)'H^.i)' 

17.  If  F  be  a  function  of  two  independent  variables  x  and  y  which 
are  connected  with  two  other  variables  r  and  6  by  the  equations 

snow  how  to  express  -^  and  -^  m  terms  of  -^  and  ^^t 

18.  If  in  the  differential  equation 

the  independent  variable  be  changed  to  0,  where  x  —  e^,  show  that 
all  the  coefficients  in  the  transformed  equation  are  constants. 

19.  Show  that  by  putting  x^  =  s  and  y^  =  t  the  equation 

is  reduced  to  <=Sj -r. — . 

as      .at 


as 


;{(l-a:^)^}  +  «(«  +  l)P=0 


20.  Transform  the  equation 

dx\ 
by  putting  a:  =  cos  6. 

21.  If  x^  +  z^^l, 

show  that  the  equation  x.](l  "^)^f +  ^(^+1)^=^ 

/£2P  dp 

becomes  z(z^-iy^  +  (2;^--ip^--n{n+l)zF^0, 

22.  If  ^"K^'^i)' 

show  that  the  equation   ^lO--^^)-^  i  +w(n+  1)P=0 
becomes        ^{z^  -  1)^  +  25;3^-  n(7i+  l)(;s«»  -  1)P=0. 
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23.  If  a;  =  rcos  0]         ^        ^ 

.     Ay  and  f  =  e*, 
y  =  r  sin  ^  J 

prove    a^—+2xy:^^^f^,^r^l^r^^l)u^^^^^^^ 

,         3H    ^     d^       2ihh    32^      3w    B2tt    3m 
and       a:^_-2a^^+y2^  =  ^  +  rg^=5g,  +  3^. 

24.  If        a;  +  y  =  26^co8  <^,  and  a;  -  y  =  2^/^  e^'sin  <^, 

show  that  ^zi2+^^:i2  =  '*^^::^- 

3^2     ^<^2         ^3a.3y  [Oxford.] 

25.  Prove  that,  if         a;  =  r  sin  ^  cos  <^, 

y  =  r  sin  0  sin  <^, 
;2;  =  rcos^, 

3a;2"^3y2"^322-^ 
transforms  into 

and  also  mto      r-^  +  3^|(l  -m2)_|  +  __  _  .q, 
where  ft  =  cos  6. 

26.  Transform  P^  +  Qt'  ^^^^^  ^  ^^'^  Q  ^^e  functions  of  x  only 
so  that  t  may  be  the  independent  variable,  where  -^  =  JP. 

27.  Transform  the  equation 

ry^-2sxy  +  tx^=px  +  qy-z 
by  putting  a:  =  i 

28.  If  2;  be  a  function  of  x  and  y,  and  ^  be  written  for  px+gy  -  2, 
prove  that  if  p  and  g  be  taken  as  independent  variables, 

dZ^      dZ_       32^ t_      32^__  _  _s_     3g^_     r 

3/?"^*    3^"^'    3p2-r^-52'    ^3j"     r^-s^*    s^^-r^-^s- 

29.  Show  that 

,3^        O    9        ^W       .    O        J     ^^  J»^"         A/A         1\/A  OV 

where  A  represents  the  operative  symbol  ^j-^Vt-  or  ^jt  ui  polars. 


p  =  tt  cos  v\ 
^  =  It  sin  v] 
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30.  Prove  generally  that  if  a;  =  e^  and  y  =  c^, 

I.  A        3         3 

^^«™  ^  =  3^  +  3^- 

31.  If  a;  =  e#,     y  =  e«, 
transform  the  expression 

32.  If  «+t»=/(x  +  iy), 

where  x  and  y  are  independent  and  u,  v,  x,  y  are  all  real,  prove  that 

Hence  establish  that  if  a;  =  r  cos  ^,  y  =  r  sin  ^, 

-dx'  "*"  dy2      ^r^  "*■  r  3r  "^ r2  3^-*'  [Oxford,  1888.] 

33.  Transform  the  equation 

to  polar  co-ordinates. 

34.  Show  by  a  change  of  rectangular  axes  that 

9a;2       dy^       dz^      -^oyoz      ^ozox        Oxoy 

d^F       ^W      ?^F 
may  be  transformed  to  A  ^j  +  B^^  +  ^  3~2"' 

35.  Under  what  condition  can 

dF    .dF\ 

dF  ,dF 

by  a  rectangular  transformation  be  reduced  to  the  forms  -^^,  Bz^- 
respectively  ?  ^ 

36.  If  w=/(a;,  y),   x^=^^rj  and  y2  =  -,  change  the  independent  vari- 
ables to  ^,  7;  in  the  equation 
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37.  If  a;,  y  be  the  rectangular,  r,  6  the  polar  coordinates  of  the 
same  point,  prove 

38.  The  position  of  a  point  in  a  plane  is  defined  by  the  length  r 
of  the  tangent  from  it  to  a  fixed  circle  of  radius  a  and  the  inclination 
6  of  the  tangent  to  a  fixed  line.     Show  that  the  continuity  equation 


transfonns  into 

3y* 

2^<t>    1  ■d<t,     1  d^4>    a^fd^ 

"r  3r/ 

39.  Prove  that 

32^    2^fr    2>W 

3«r 

••  +  3x„" 

13^\     a/   d^<t.     ^^\^o 
"  r  drj    rA'drdd    r  dOj 


where  ar^  =  r  sin  ^^sin  ^2  •  •  •  sin  6^_^     m^  =  r^ 

.^2  =  r  sin  ^jsin  6^..,  cos  ^,_i,     u^  =  r^sin^^^, 

2:3  =  r  sin  ^jsin  ^2  •  •  •  cos  ^^.j,     Wg  =  r^in^^^sin^^g* 


a;,_i  =  r  sin  ^^cos  6^^  

x^  =  r  cos  ^p  t*^_i  =  r^sin^^jsin^^g  •  •  •  si^^^— » 

and       W=  r**~'sin"~'^iSin"~'^2  ...  sin  6^^^  [Math,  Tripos,  1889.] 

40.  If  Pi=/i(a^,  y,  ^), 

show  how  to  change  the  independent  variables  from  «,  y,  5?  to  p^,  p^ 
P3  in  any  partial  differentials. 

If  Pi>  />»  /^3  ^  *  system  of  orthogonal  surfeces  show  that  the 

-^jr    32^    32^ 
expression  _+_^.^+-^ 

transforms  into 

^^^l9PiUA  dpJ'^dpXh.h,  dpJ-^dpXhA  WJ 

v.e^)V(i)*.e^)', 

etc.  [Math.  Tbipos,  1876.] 
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MISCELLANEOUS  THEOREMS. 
Jacobians. 

534.  Definition.    Notation. 

If  Ui,  t^, . . .,ttn be  71  functions  of  the  n  variables  a^,  x^, x^, , 
Xn,  the  determinant 


du^   Buj    dUj^ 
dx^'  dx^*  dx^* 


^Xn 
dXn 


dUn    'dUn 


dUn 


dx^'  cteg'   '   dXn 

has  been  called  by  Dr.  Salmon  the  Jacobian  of  Uj,  ttj,  ...,  tin» 
with  regard  to  x^,  cCj,  . . . ,  a;„  * 

This  determinant  is  often  denoted  by 

'd(x,,x,,.,.,x^y    ^(^i>^— ^")» 

or  shortly «/,  when  there  can  be  no  doubt  as  to  the  variables 
referred  to. 

535.  The  Jacobian  of  Three  Onrves. 

If  u=0,  t;  =  0,  r(;  =  0  be  the  equations  of  three  curves  in  any 
homogeneous  co-ordinates,  it  has  been  shown  that  the  polar 
lines  of  x,  y,  z  with  regard  to  these  curves  are  respectively 

Xv^  +  Yvy+Zv^=0, 
Xw^+7wy+Zw,=0, 


*  Salmon,  Higher  Algebra,  p.  78  and  p.  292. 
477 
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These  three  lines  are  concurrent  if 

U^,      Uy,      U; 


J^ 


Vy,        Vz 


Vy, 


=  0. 


Thus  the  vanishing  of  the  Jacobian  of  three  curves  indicates 
the  locus  of  a  point  whose  ih/ree  polar  lines  are  coruywrreat 
Ex.  Show  that  the  Jaoobi&n  of  three  circles  gives  their  orthotomic  circle. 

536.  Prop.  //  any  set  of  homogeneovs  equations  be  satisfied 
by  a  common  system  of  variables,  the  equation  t/=0  is  also 
satisfied  by  the  same  system,  and  if  the  degrees  are  the  same, 

or  ^  r 

the  equations  xj=0»  :r—=0,.,.  will  alsobe  satisfied  by  the  same 

system. 

For  if  u  =  0,  v=0,  w  =  0,....  be  the  equations,  of  degrees 
p,  q,  r,  ...  respectively,  and  x,  y,  z,  ...  the  variables,  Euler's 
theorem  on  homogeneous  functions  gives 
xux+yuy+zuz+ . . .  =pu, 
xvx+yvy+  ...=^qv, 

^^x'¥y'Wy+  ...=rw, 

etc., 
and  sohdng  for  x  we  obtain 

xJ=^puU+qvV+rwW+...,      (1) 

where  CT,  F,  TT,  ...  are  the  co-factors  of  J  corresponding  to 
^x,  ^«,  '^xy  •  •  •  •  Hence  if  any  system  of  variables  can  be  foimd 
to  make  u  =  v  =  w=...=0  simultaneously,  that  system  will 
also  make  J=0. 

Again,  differentiating  equation  (1)  of  the  last  article  we  have 

X;^-+J=p\UxU  +  U-:^J  +  ...=^pUxU+qVc,V+..,, 

when  u  =  v=...=0. 

Hence  if  the  expressions  u,  v, . . .  were  all  of  the  same  d^ree, 
we  should  have  p  =  q=..,=:n  say,  and 

and  therefore  for  such  a  set  of  variables  as  simultaneously 
satisfy  the  equations  u  =  0,v  =  0,w=0,  ...  we  have  --  =0.* 

oX 
*  The  method  of  proof  adopted  is  given  by  Dr.  Salmon,  Higher  Alffebra,  p.  78. 
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Similarly, 


^  =  0.  ^=0,  etc. 


537.  If  then  the  curves  u=0,v=0,w—0  have  a  common 
point,  the  curve  J=0  will  go  through  that  point,  and  further, 
if  the  curves  be  of  like  degree,  we  shall  have 

dx     dy      dz'~   ' 
so  that  J  =  0  will  have  a  double  point  there. 

538.  Since  the  equation 


^y> 


Vg 


Wg.,      %0y,       Wg 


=  0. 


is  satisfied  when  u^,  =  ity = u^ = 0,  it  goes  through  all  the  multiple 
points  on  the  curve  u  =  0.  Similarly,  it  passes  through  all  the 
multiple  points  on  any  of  the  curves  of  the  families  u  =  a,  t; = 6, 
w=c  for  any  values  of  a,  6,  c. 

539.  The  Hessian. 

The  Jacobian  of  the  first  differential  coefficients  u^,  Uy,  Uz  of 
any  function  u  is 


u^ 


Ux 


Ux 


*'«y>    ^yyt   ^yz 
Uxz,    Uyzy    Uzz 

and  has  been  called  the  Hessian  (Art.  311). 

540.  Prop.  If  J  be  the  Jacobian  of  the  system  u,  v  with 
regai^  to  x,  y  and  J'  the  Jacobian  of  x,  y  wUh  regard  to  u,  v, 
then  will  JJ'=l. 

Let  u=^f(x,y)  And  v=^F(x,y\ 

and  suppose  these  solved  for  x  and  y,  giving 

a;=0(u,  v)  and  y  =  \l/^(u,  v), 

we  then  have 

^du  "dx     du  dy 

"dxim'^dydii 

Bii,  dx     du  dy 

"^  dv     dy  dv^ 

r^_dv  dx     dv_  dy^ 

"dxdudydu 
-  __dvdx     dv  dy 

"dxdv     dydv^ 
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Also 


jj'=  ^. 


3u  "dvt, 
■dx    Zy 

X 

2ix    dy 

dv  dv 
dx'   Zy 

tx    dy 
dv    3v 

du  dx  dit  3y 

dx  dv,  dy  du 

dv  dx  dv^dy 

dxdu  dy  du 


du  dx  dudy 
dx  dv  dy  dv 
dv  ^  ,  3v  dy 
dx  dv'^dy  dv 


i;o  1=1. 

0,  1  I 

In  the  same  way  the  theorem  admits  of  proof  if  there  be 
more  functions  and  more  variables  than  two. 
This  theorem  may  be  written 

d(u,v,  .. 0^3(0?,  y,  "')^^ 
d{x,y,...)    3(u,v,  ...) 

541.  Prop.  IfU.V  are  functions  of  u  and  v,  where  u  and  v 
are  themselves  functions  of  x  and  y ,  we  shail  have 

d{U,  V)Jd{U,  V)  d{u,v) 
d{x,y)      diu,v)    d{x,y) 

For  let  V  =f(u,  v),     F=  F(u,  v), 

u^<t>{x,y\     v^y{f{x,y). 

d_U_ 

dx  ~ 

dU 
dy" 


Now 


dU  du    dU  dv 
'du  dx     dv   dx' 


dU  du   dU  dv 

'du  dy     dv  3y' 


dx  "  du  dx     dv   dx 

dV^dVdu    dV-dv^ 
dy^du  dy'^dv  dy' 


3(m,  v)     3(x,  y) 

dU    -dU 
3ii'    Zv 


ZV 
Zu' 


ZV 
Zv 


X 

du  dv 
dx'    dx 

du    dv 

^y'  -dy 
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dU  du    dU  dv    dU  ^,'dU  -dv 
du  dx      dv   dx'    du  dy      dv  dy 

du  dx'^dv   dx'    du  dy"^  dv  dy 


dU 

■dU 

dx' 

^ 

3F 

dV 

dx' 

ay 

'  ^(a;,  y) ' 


and  the  same  method  of  proof  applies  if  there  are  several 
functions  and  the  same  number  of  variables. 

542.  The  above  propositions  exhibit  the  curious  analogy 
pointed  out  by  Jacobi  between  these  determinants  amd  ordinarj^ 
diflferential  coefficients. 

543.  Prop.  If  u,  v  be  couTiected  implicitly  with  the  inde- 
pendent  va/riahles  x,  y  by  the  relations 

fi{x,yyU,v)^0, 
/2(aJ,  y,  w,v)  =  0, 

d(x,y)      d(u,v)   d{x,y) 


we  ahaU  have 


For 


dx     du  dx     dv  '^       ' 

"dA   df^dv,   dj,dv_ 

dy'^du,  dy^-dv  dy       ' 


dx     du 

-dv,    dl^dy_ 
dx^dv  dx      ' 

dy    du,  dy     dv  dy 

Hence  ^^ 

d{u,v) 

""  ^  3(u,v) 

■  3(x,  y) 

~  = 

3u  ax     av  dx'   dv,  dy     dv  dy 

a/j  3tt    B/sj  dv    a/j  du,    df^  dv 

dv,  ax    av  dx'  du,  ay    ay  ay 

3/1       3/, 

.-^vU 

ax'     ay 

dx'      dy 

d{x,yy 

B.D.C. 


2h 
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544.  If  there  had  been  three  independent  relations  with  six 
variables  u,v,w;  Xyj/^z;  it  is  plain  that  we  should  in  a  similar 
manner  obtain 

dx'       dy'       dz 

dx'       dy*       dz 

dx*      dy*       dz 
And  in  general,  if  there  be  n  independent  relations 

involving  2n  variables  Uj,  Ug, ... ,  t^i  and  x^,  ajj, ... ,  a;„,  then  we 
shall  have 

^(a;l,a;2, ... ,  a;„)     ^  3(Ui,  Ug, ... ,  Un)  *  3(a?i,  ^2^  •••  >  i^n)* 

545.  Oovariant.    Definition. 

Let  /  be  any  quantic  from  which  another  function  0  is 
derived  in  any  manner,  invohong  the  constants  and  variables 
of  the  first.  Let  the  variables  of  /  and  0  be  changed  by  any 
linear  transformation,  the  functions  becoming  F  and  #.  Then 
if  it  be  found  that  the  ratio  of  4^  to  0  is  a  power  of  the 
modulus  of  the  transformation,  tp  is  said  to  be  a  covariant  of 
/.  If  none  of  the  variables  enter  into  <p,  then  (p  is  called  an 
Invariant. 

546.  Prop.  The  Jacobian  of  a  system  of  functions  u,  v,  w 
is  a  covariant  of  the  system. 

Let  the  transformation  scheme  be  that 
shown  in  the  margin,  so  that 

x  =  l^x^+m^y^+n^z^y 
etc. 

,^  dw     du  J      du  J      du  J 

Then         ^-  =  '^'h+'>.~  •^2+^^-^sy 
dx^     dKC     ^     dy     ^     dz    ^ 

etc. 

Hence  the  Jacobian  of  the  transformed  system  is 


1 

X 

;,         IMj       «!     j 

Ux.^       Uy.,      U^, 

= 

Ux>    Uy,    Uz 

X 

Iv 

h>     h 

V*,,    Vy^,  -y,,, 

Vxy    Vy,    Vr 

W-j, 

TTig,  mj 

^«P  'W'y.,  ^f, 

^«,    'Wy,    U\ 

«i. 

^2,  ^ 
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(by  the  rule  of  multiplication  of  determinants) 

where  /  is  the  Jacobian  of  the  original  system  and  jx  the 
transformation-modulus. 

547.  Prop.  Let  u^,  u^,  ..,,Un  be  a  set  of  functioTia  of  n 
independent  variables  ajj,  ajg,  . . . ,  x„.  Then  if  these  functions 
are  not  each  independent,  but  if  some  relation  exists  among 
them  which  is  identically  satisfied  when  their  values  are 
substituted,  their  Jacobian 

d(a^,  (Cg,  ...,aJn) 
wiU  vanish  identically.    Also  conversely,  if  J  is  ideifUically 
zero,  some  relation  must  subsist  amongst  the  several  functions. 
This  result  has  already  been  established  in  the  ease  of  two 
functions  of  two  variables  in  Art.  510. 

Consider  the  case  of  three  functions  u^,  u^,  u^.  Let  the 
relation  subsisting  among  them  be 

f(u^,u^,u^)  =  0. 
Then,  for  all  values  of  the  variables, 


^^t^  dx^ 


du^  dXj 


du^  Bajj 


^fdu. 


du^  ^2 


B^itg  dx^ 


Hence  eliminating 


^/^2  +  ^?!^=0. 


du^  dx^ 


du^' 
'du^ 


du 


we  have 


3 


3x,     'dx. 


dUj^  du^  'du^ 

'dx^  ^x^  'dx^ 

?ni^  3^2  31^3 

'dx^'  'dXo  3^« 


=  0 


identically  satisfied,  i.e.,  |(^>^2>^)^o 


548.  Conversely,  let 


3(U^,  Ug,  ?t3) 


=  0. 


Between  the  equations  connecting  the  u's  and  the  remaining 
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variables  eliminate  two  of  the  latter  (say  x^  and  Xj),  and  we 
obtain  a  relation  between  v^,  u^,  u^,  x^,  say 

U3=F(tfl,  Ug,  iTg) (A) 

3(Up  Ug,  U3)^^(^^,  Ug,  F)     3(tt^,  Ug,  a^g) 

3Ui    ^?t,     dWj  I 


Now, 


1,       0, 


0 


0,       1,       0 


3J^ 


3^ 


'dF 
'dx^ 


BXj  3ir2  ^"^s 

Bitg  3w.2  ^"^ 

BiCj  *  Ba*2  *  3iC8 

0,       0,  1 


for  in  forming  the  first  determinant  we  are  regarding  t^,  tt,,  x^, 
as  independent  variables,  and  in  the  second  x^,  x^y  x^. 


3(a?p  012,  x^     3^8    3(a;i,  aij)* 


Therefore 

Now  the  left-hand  side  by  hypothesis  vanishes,  hence  either 

(1) 


or 


(2)  1^=0. 


In  the  first  case  F  is  independent  of  ojg,  hence  the  quantity 
ajg  has  not  appeared  in  equation  (A)  after  the  elimination  of  x^ 
and  fl?2»  ^^'^  therefore  a  relation  between  Wj,  ttj,  ttj  has  been 
established. 

In  the  second  case,  viz.,  ?;  ^'    \  =  0, 

^iCi,  a?2) 

no  difierential  coefficients  with  regard  to  x^  occur,  and  there- 
fore ajg  may  be  regarded  as  a  constant.  Hence  by  Art.  510 
there  is  some  relation  between  u^  and  Uj,  which  may  however 
involve  ajj  as  a  constant.     Let  it  be 

yt[Ui,U2,a;8)  =  0. 

If  x^  be  eliminated  between  this  equation  and  (A),  there  will 
result  a  relation  between  Uj,  Uj,  u^. 

By  proceeding  in  similar  manner  the  proof  may  be  extended 
to  any  number  of  functions  of  the  same  number  of  variables. 
See  Forsyth's  Differential  Equations,  Art.  9. 
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Some  Important  Operative  Symbols. 
549.  The  Operator  ^. 

It  has  been  shown  in  Art.  524  that  the  operator  x^  be- 
comes ^  by  the   change   m  the  variable  aj  =  e*.      Let   this 

operator  be  denoted  by  the  symbol  ^. 

The  fmidamental  properties  of  this  symbol  are 

(1)  a'»a;«  =  a"x«, 

(2)  <p{%)x9  =  <p(a)x^, 

^^>  Kiy^  =  ^(^-lX^-2)...(a-u+lK 

(4)     ^(^>c"tt  =  a;"0(a-+ n)it. 

(1)  The  first  of  these  is  obvious — 

For  ^a:f^  =  x-j-af=ax^, 

ax 

etc.         etc. 

where  n  is  any  positive  integer. 
For  negative  indices — 

Let  ^-ia:«  =  t/, 

therefore  ^  =  oj"  =  ^— , 

so  that  ^'^xf^=a'^x^, 

supposing  that  no  constants  are  added  in  the  inverse  operation. 

Hence  also  ^  -  «x*  =  a  -  "a;**, 

so  that  the  law  (1)  is  true  for  any  integral  index. 

(2)  If  <j>(z)  be  any  function  of  z,  which  is  capable  of  expan- 
sion in  integral  powers  of  z,  ^AnZ^y  say, 

=  ^a>B«. 

(3)  The  third  law  has  been  established  in  Art.  524. 
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(4)  To  prove  the  fourth — 
Let  x  —  e\ 

and  let  u^F(x)=^F{e^)\ 

then  ^(^)a;«u  =  <p{j^^'^^{^% 

=  6-v(j^+7i)i?X60,    (Art.  101) 

Ex.  1.  Prove 

(i)>"(iMir*<')-'(ir*<'> 

[llATH.  TBiPOa,  1878.] 
Let  (^^y-'<f^x)=fix). 

We  then  have  to  prove 

^(£)'"^-^(^)'-^-'^^>=^"(^)"'"^^> 

And  the  left  side 

This  solution  and  another  of  the  same  result  are  given  in  the  Solutions 
of  Seriate  Rouse  Problems  and  Riders  for  1878. 

Ex.  2.  Prove  (;r^-"»^^V=(a+m)a^, 

and  that  any  number  of  operators 

are  convertible  with  regard  to  order.      [Pboo.  Lond.  Math.  Soa  Vol.  VIIL] 

Ex.  3.  Prove    (^) V^»(^)"*  V)=25^*V). 

[Solutions  S.  H.  Pboblems,  1878.] 
550.  The  Operations  E  and  A. 

d 

The  operator  e^*,  which  when  applied  to  0(a;)  changes  x  to 
05+1  (Art.  116),  is  often  denoted  by  E,  so  that 
Eu^  —  u^j^y. 

Let  AUa.  =  Ua;+i  — Ua.  =  J&tta;  — Ua.  =  (i?— 1)U«. 

d^ 

Then  the  operators  E,  A,  e^x  are  connected  thus — 


d 

-S=l+A=e^. 
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It  will  be  clear  from  considerations  analogous  to  those  of 

Art.  89  that  the  operative  symbols  E  and  A  like  D  for  ^ j 

are  distributive,  commutative  with  regard  to  constants  and 
each  other,  and  obey  an  index  law  the  same  in  form  as  that  of 
algebraical  quantities.  Hence  theorems  hold  good  for  these 
symbols  analogous  to  corresponding  theorems  for  algebraic 
symbols  of  quantity. 
551.  Secondary  Form  of  Maclaurin's  Theorem. 

It  will  be  evident  that  the  value  of  \^-)  ^,  when  aj  =  0,  is 

p!  or  zero,  according  as  j?  is  equal  or  unequal  to  g. 

Hence,  if  f(z)  and  F{z)  are  functions  both  capable  of 
expansion  in  positive  integral  powers  of  0  as  ^Iai^,  say,  and 
26^2^  respectively,  we  shall  have 

and  therefore  =  [K^)-^'">].=o 

This  theorem  may  be  written 

4s*)«:»)='^(I)a<')- 

Now,  Maclaurin's  theorem  may  be  written  as 

and  therefore  may  be  transformed  by  the  above  result  into 

which  Dr.  Boole*  calls  the  secondary  form  of  Maclaurin's 
theorem,  and  writes 

Examples. 

*  Finite  Differencet^  p.  22. 
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2.  ^=^'*"^^^^"^^^    [fore^=l  +  A] 

.       A*u    A^ 

Similarly  -,  ^=[iog(i +^)r^=7r -'^i(;rny!+'*^^>?;:+2)! " •••• 

(See  Ex.  11,  p.  80.) 

3.  Prove  A'^=(^+/>)--/<^+^-ir+2^^^V+^-2)"'-.... 

4.  Prove    iT;c')=/Tl)+i?\^.^+/|;£^.  _^  +  ...=i?l[.&K«. 

[Hbbsohkl*8  Thbobem.] 

5.  Dednce  the  secondary  form  of  Maclaurin's  Theorem  from  Herschel's 
Theorem. 

552.  Many  other  curious  results  may  be  established  by 
means  of  these  operators. 

For  example, 

and  writing  for  z  the  operator  hD  we  have 

_^^(AZ,)-i_l+JiAZ)-ff(AZ))»+§(AZ)/-..., 

and  therefore    i+^*+,e:«  +  ...+^(— i)*=:%_J^ 

it**  — 1 

Applying  each  side  to  the  function  <t)'{x)  we  obtain 


r-1  (2r)! 


or  </<^+nA)-</<^)=A[i<^'(^)+<^'(^+A)  +  ...  +  <^'{jf+(n-l)A}+i</»'(^+^)] 

+  2f(  -  ir  Ar-l(-^j[<^^(:r  +  nA)-  «^n^)].  [P0I880N.] 

553.  Various   trigonometrical   identities   may  be  used  to 
establish  similar  results. 

Ex.  Taking  the  identity 

C08^-C08  2^+C08  3^-...  to  00  =i, 

we  have  (e^+e'*^)'{e^+e-^)-\-{i^'{-e-^-...  =  l. 


Digitized  by  VjOOQIC 


l  =  g--*^4-^    ^^^'^^+^    ^"^^  o"**>te+..., 


MISCELLANEOUS  THEOREMS.  489 

Writing  for  c**  the  operator  ef'dx  or  E^  we  get 

(^*+JS^-*)-(.fi^+^-«*)+(^»+^-»)-...=  l, 
and  applying  this  operator  to  <f^a;)  we  obtain 

<^=</<a:+A)- </<x+2A)+</<x+3A)- ... 

+  <^:f-A)-</<;p-2A)+<^^-3A)-....  [Greoory.] 

554  The  expansion  of  6*  in  powers  of  ze~*  hy  Burmann's  Theorem  (Ex. 
Art  519),  may  be  applied  to  establish  a  remarkable  result  due  to  Murphy, 
as  follows : — 

Dividing  by  e*  we  have 

Eeplacing  z  by  A-^  we  have  the  corresponding  operative  analogue 

and  applying  each  side  to  the  function /(or)  we  obtain 

^x)=Xx  -  A)+  i^/(;r  -  2A)+i?*^(x-  3A)+etc. 

Examples. 

1.  Establish  the  series 

-</<jr-A)4-|2<^(ar-3A)-^,<^(ar-5A)+.... 

[Franoais  and  Qrioobt.] 

2.  Prove  that  [<^a:+A)-</<:r-A)]-i[</<Jc+2A)-<^ar-2A)] 

+  J[</<x4-3A)-  <^a:-3A)]  "...  =A</>V). 

[Grboort.] 

3.  Prove  that  p{</<jc+A)+</<a:-A)}-i{</<a;+3A)  +  <Wx-3A)} 

+  l{<«x+5A)+^x-6A)}-  ...  =  ^<^(x)  +  |AW). 

4.  Prove  that  if  a  be  not  an  integer 

2  sina^  l«-a«  2«-a'' 

■  ^(^-K3A)-/(T-3A) 
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5.  If  a  curve  whose  equation  is  /(j7,  y)=0  be  subjected  to  a  simple 
translation  in  its  own  plane,  its  equation  becomes 

and  if  the  curve  be  turned  round  the  origin  through  an  angle  co,  the 

equation  becomes  e^'^y  ^^*^f{xyy)=0. 

If  both  these  operations  be  performed,  is  the  order  of  the  optoition 
indifferent  ?  [Cabmichael.] 

Taylor's  Theorem.    Cauchy's  Method  of  Proof. 

555.  The  following  line  of  argument  is  adopted  by  Cauchy 
in  establishing  Taylor  s  series. 

556.  If  any  function  of  z,  f{z)y  be  continuous  and  finite 
between  two  given  values  of  0,  say  z=x  and  z=^x+h,  and 
'\if{z)  does  not  vanish  or  become  infinite  between  those  limits, 
it  follows  that  f{z)  must  be  continuously  of  one  sign,  and 
therefore  f{z)  continually  increasing  or  continually  decreasing 
between  these  values.     ^encQ  f{x+h)^f{x)  cannot  vanish. 

557.  We  shall  next  establish  the  result  that 

F{x+h)-^  F(x)  ^  F\x + eh) 
f(x^k)^f(x)     f\x+eky 

supposing  that 

(a)  F(z)  and  j{z)  and  their  first  differential  coeflScients  are 

finite  and  continuous  between  the  values  x  and  x+h 

of  the  variable  z ; 
(6)  that  one  of  the  two  F\z\  f{z)  (say  the  latter)  does  not 

vanish  anywhere  between  these  limits. 

Let  ^^^y:m^n, 

:f{x+h)-f{x) 

which  is  therefore  a  function  of  x  and  h.    It  has  been  shown 
that  the  denominator  does  not  vanish,  hence 

F{x+h)--F{x)-'R{f{x+h)^Jix))=^Q (1) 

Let  ^z)^F{z)^F(x)--R{f{z)^f(x)), 

therefore  <l>\z)  =  F\z)  -  Rf\zy 

Now,  (j>  and  (f>  are  finite  and  continuous  between  the 
specified  values  of  z\  and  ^a;+A)  =  0  by  equation  (1),  also 
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<p{x) = 0.     Hence  if/(x + 6h) = 0,  where  d  is  some  positive  proper 
fraction  (Art.  126),  therefore 

jf_r(x+eh) 
^-f'lx+ehy 

T,,  F(x+h)-F(x)_F'(x+eh) 

f(x+h)  -fix)  -  fix+eh) 

under  the  circumstances  specified. 

(If  F\z)  instead  of  f{z)  had  been  the  one  whose  value  did 
not  vanish  in  the  given  interval,  we  should  have  obtained  the 
same  result  by  similarly  treating  the  reciprocal  fraction.) 

558.  If  we  add  the  extra  conditions  that  all  the  differential 
coeflScients  oif{z)  and  F{z)  up  to  the  n^  inclusive  are  finite  and 
continuous ;  also  that  one  of  the  two  of  each  order  does  not 
pass  through  the  value  zero  between  the  given  values  of  0,  we 
have  the  following  series  of  equalities  : — 

J{x+h)-f{x)     'f(x+0Jiy 

FXx+ e,h)  -  r(x)  ^  r(x + e^h) 
f\x+d^k)^f\x)    f(x+e^y 

etc.  etc. 

F''-\x+en-ih)-F^-\x)^F''(x+eh) 

t-\x+en-ih)^f''-\x)    f\x+dhy 

where  dp  Q^,  Og,  ...,  0n-i,  ^  are  all  positive  proper  fractions  in 
diminishing  order. 

559.  In  any  case  in  which     aj  =  0, 

and  F{Q)  =  F\(d)=„.=F^'\(d)  =  0, (A) 

and  y(0)=/(0)=...=  /«-KO)  =  0, (B) 

we  thus  have  f  J)= /W ^^^ 

where  6  is  some  positive  proper  fraction. 

560.  Let  0(a+2;)  and  all  its  differential  coefficients  up  to 
the  n^  inclusive  be  finite  and  continuous  between  the  values 
2?  =  0  and  z  =  hy  and  let 


n-l 


then  equations  (A)  are  all  satisfied. 
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And  if  we  put  f{z)  =  z",  equations  (B)  are  satisfied  Also  all 
the  imposed  conditions  as  to  the  continuity  of  F{z),f{z)  and 
their  first  n  differential  coefficients  are  satisfied,  and  no  differ- 
ential coefficient  of  f{z)  up  to  the  n^  vanishes  for  a  value  of  z 
intermediate  between  0  — 0  and  z  =  h. 

Hence  equation  (C)  is  applicable ;  and  since 
F\z)^ipr{a+z\  and  f\z)=n\, 


it  becomes 


F{h)  =  -4\a+eh). 


n\ 


Therefore  by  equation  (D) 
the  result  of  Art.  130. 


Roulettes,  Etc. 

561.  Def.  When  a  curve  rolls  upon  another  which  is  fixed, 
as  in  the  case  of  the  description  of  the  Trochoid  family,  any 
point  P  carried  by  the  rolling  curve  traces  out  a  curve  which 
is  called  its  roulette. 

562.  Oeometrical  Oonstrnction  of  Normal. 

As  in  Art.  393  the  join  of  P  to  the  point  of  contact  is  the 
normal  at  P  to  the  roulette. 


563.  A  Special  Case. 
If  the  curve 


r^AB) (1) 


Fig.  126. 

be  rolling  along  a  straight  line,  the  locus  of  the  pole  can  be 
found  as  follows : — 
Taking  the  given  straight  line  as  the  a;-axis,  the  radius 
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vector  of  the  point  of  contact  is  the  normal  of  the  roulette,  and 
therefore,  if  a?,  y  be  the  co-ordinates  of  the  tracing  point, 

r^yJT+y} (2> 

Also  y  is  the  perpendicular  from  the  pole  upon  the  tangent ; 

'f-i.*m- <^> 

If  r  and  Q  be  eliminated  between  these  three  equations,  the 
differential  equation  of  the  roulette  will  result. 

Ex.  The  curve  whose  polar  equation  is  r**co8m^=a"*  rolls  on  a  fixed 
straight  line.    Taking  this  line  as  the  ^-axis  show  that  the  roulette  of 

the  pole  is  cir=U2y"«-il     dy. 

Examine  the  cases  m = i,  wi = 2.  [Frenet.  ] 

564.  Curvature  of  a  Roulette. 

The  radius  of  curvature  of  the  roulette  may  be  obtained  aa 
follows : — 


Fig.  127. 
Let  A  be  the  point  of  contact,  B  an  adjacent  point  on  the 
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fixed  curve,  B  the  point  of  the  rolling  curve  which  will  come 
into  contact  with  B ;  P  and  P'  the  two  points  on  the  roulette 
corresponding  to  contact  at  A  and  B  respectively,  so  that 
FA,  F'B  are  contiguous  normals  to  the  roulette ;  let  them  meet 
in  0,  say,  and  let  FO-R,  and  j4P=r,  so  that  AO  —  R—r. 
Let  C  and  G'  be  the  centres  of  curvature  of  the  fixed  and 
rolling  curves  respectively  at  A,  and  p^  and  pj  the  radii  of 
curvature.  Then,  when  G'B  comes  into  line  with  GB,  FB 
will  come  into  line  with  BO, 

Thus  the  angle  turned  through  is  either  of  the  angles 
between  GB  and  GB  or  between  FB  and  OB,    Thus 

AtB^AtB^Ai^B-^AFB, 
Now,  AGB=-,  ACB^-, 

Pi  P2 

and  if  FAC^ip,  the  perpendiculars  on  BO  and  FB  from  A 
are  both  da  cos  <f>  to  first  order  infinitesimals,  hence 

AdB=^^^,  and  aPf=^^^^. 
R^r  r 

Hence  1+1=^+52?^. 

565.  Curvature  of  Envelope  of  a  Carried  Curve. 

If  any  curve  rolling  in  one  plane  upon  a  second  curve  carry 
a  third  curve  rigidly  attached  to  the  first,  the  radius  of 
curvature  of  the  envelope  of  the  carried  curve  may  be  readily 
found  in  a  manner  similar  to  that  of  the  last  article. 

Let  XF,  X'Y  be  two  contiguous  positions  of  the  carried 
curve,  A  the  point  of  contact,  B  an  adjacent  point  on  the  fixed 
curve,  B  the  point  of  the  rolling  curve  which  will  come  into 
contact  with  B\  -4Q,  BQ'  the  shortest  distances  from  the 
points  A  and  B  to  the  carried  curve,  meeting  in  P  the  centre 
of  curvature  of  the  carried  curve  corresponding  to  the  point 
Q.  Then  Qf'B  turns  into  the  position  (^B  as  XF  comes  into 
the  position  X'Y,  Then  since  the  motion  of  Q  is  perpen- 
dicular to  -4Q,  the  locus  QQ'  is  the  envelope  of  the  carried 
curve.     Let  QfB  intersect  Qj4  in  0, 
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Let  AQ=r,  QP=py  QO^R,  the  radius  of  curvature  re- 
quired, the  other  letters  remaining  the  same  as  in  the  last 


Fig.  128. 

article.     Then  J.P=r+/o,  -40  =  iJ— r,  and  exactly  as  before 
we  have 

1         1  _COS0      COS0 

If  the  curve  XF  be  concave  to  -4.  we  must  of  course  change 
the  sign  of  p. 

When  the  curve  XY  reduces  to  a  point,  p  vanishes  and  we 
have  the  result  of  the  preceding  article. 

When  the  curve  XF  is  a  straight  line  we  have 

Pi+Pi 
When  the  carried  curve  ZF  is  a  straight  line,  the  rolling 
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curve  a  circle  of  radius  a,  and  the  fixed  curve  a  straight  line, 
we  have  ^^=00,  p  =  oo,  />2  =  «» 

and  il=r+aco8  0. 

566.  Prop.  A  plane  lamina  lias  traced  upon  it  two  given 
curvesy  and  moves  so  that  these  curves  pass  ea/Ji  through  a 
fixed  point.     To  find  the  envelope  of  a  carried  straight  line. 


Fig.  120. 

Let  y=fi{x\  y=f2(x)  be  the  equations  of  the  curves 
referred  to  a  pair  of  axes  OX,  OF  fixed  in  the  lamina;  P,  Q 
the  fixed  points;  PQ  =  2a;  (x^,  y^),  (x^,  y^)  the  co-ordinates 
of  P,  Q ;  and  let  the  y-axis  be  supposed  to  have  been  chosen 
parallel  to  the  carried  line,  whose  equation  we  may  therefore 
take  as  x  =  h.  Let  A  be  the  mid-point  of  PQ,  and  let  PQ 
make  an  angle  yfr  with  the  a;-axis,  and  let  p  be  the  perpen- 
dicular from  A  on  the  carried  line. 

Then  2/i ""  ^2  =  2a  sin  yfr, 

and  a;i=A— p+acos^, 

a^^h—p— a  COS  \lr. 
Hence  the  tangential  polar  equation  of  the  envelope  is 
2a  sin  ^=/i(A— p-ha  cos  yp^—fjji—p—a  cos  \/r). 

Ex.  1.  If  the  slots  be  straight,  saj 

the  result  is  of  the  form  jo = A. + fi  cos  V^+ v  sin  V^, 

where  A,  f^  v  are  constants ;  so  that  the  locus  of  the  foot  of  the  perpen- 
dicular on  the  carried  line  is  a  lima9on,  and  the  envelope  being  its  first 
negative  pedal  is  therefore  a  circle.    (See  Art  375.) 
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Ex.  2.  Suppose  one  slot  elliptical  and  the  other  slot  along  the  major 
axis,  the  distance  between  the  pegs  being  the  semi-minor  axis.  Show 
that  the  envelope  of  any  line  parallel  to  the  minor  axis  is  one  of  two 
circles,  and  that  the  minor  axis  itself  passes  through  one  of  two  fixed 
points. 

567.  Prop.  //  two  curves  fixced  in  a  given  Icumina  touch 
two  straight  Un^a  jioced  in  apace^  it  is  required  to  find  the 
envelope  of  any  straight  line  carried  by  the  lamina. 

We  shall  consider  the  case  when  the  fixed  straight  lines 
are  at  right  angles'.     The  general  case  is  exactly  similar. 

Let  OXy  OF  be  the  fixed  straight  lines;  S  an  origin  fixed 
in  the  lamina;  FG  the  carried  line;  SR  the  perpendicular 
upon  FG  =  h,  a  constant.  Let  OF,  the  perpendicular  upon 
FG,  be  p,  and  let  p  make  an  angle  a  with  OX,     Let  FGX  =  ^. 

The  tangential-polar  equations  of  the  two  curves  fixed  in 
the  lamina  may  be  written  in  the  forms 

Pl=/l(«)»      l>2=/2(«)> 


Fig.  130. 

where  p^  and  jpg  ^^^  *^^  co-ordinates  of  S  referred  to  OX  and 
0  Y,  and  p  =  h  +/i(a)co8  a  +/2(a)sin  a. 


Also 

B.D.C. 


2i 
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Thus 

p=fe+/,(V.-f)co8(v.-f)+A(v^-f)8m(v.-f) 

or      l>=/t+/i(v^-|)sint^-/2(Vr-|)cosV^. 

This  is  the  tangential  polar  equation  of  the  envelope  of  the 
carried  line. 

Examples. 

1.  A  parabola  touches  two  fixed  lines  at  right  angles.  Apply  the  above 
method  to  show  that  the  envelope  of  a  line  perpendicular  to  the  axis  is  a 
circle.  Also  that  the  envelope  of  the  axb  is  the  first  negative  pedal  of  a 
certain  Cotes's  spiral. 

2.  Supposing  the  guiding  curves  to  be  a  circle  and  a  parabola  whose 
focus  is  the  centre  of  the  circle,  and  the  two  fixed  lines  at  right  angles, 
show  that  any  line  at  right  angles  to  the  axis  of  the  parabola  envelopes  a 
parabola. 

568.  Prop.  Gfiven  three  straight  liries  traced  upon  a  lamiria, 
and  that  two  of  them  are  made  to  touch  two  given  curves.  To 
find  the  envelope  of  the  third. 

Let  the  three  lines  form  a  triangle  il5(7  whose  sides  BC,  CA, 
AB  make  angles  i^^,  yj/^^,  yjr  respectively  with  a  given  straight 
line.  Let  p  =/j(^),  p  =fJi}lr)  be  the  tangential  polar  equations 
of  the  envelopes  of  BG  and  CA, 

Then  ^i  =  V^+a\ 

a  and  ^  being  constants  known  in  terms  of  the  angles  of  the 
triangle.  Also,  if  p^,  p^,  p  be  the  perpendiculars  from  any 
fixed  origin  on  the  three  given  straight  lines 

therefore  the  tangential  polar  equation  of  the  envelope  is 

569.  Since  ,=:p+^,  and  4|^+6^^+c^,=0, 

we  have  by  addition     ap^  +  bp^ +cp  =  2A. 

Ex.  1.  It  follows  at  once  that  if  pi  and  p2  are  constants  p  is  also  con- 
stant Hence  if  two  of  the  sides  of  the  moving  triangle  envelope  circles 
the  third  side  also  envelopes  a  circle. 
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Ex.  2.  Similarly  if  two  of  tlie  sides  touch  respectively  p=kylr  +  ^ 
p=X''^+ft',  the  third  will  also  touch  a  curve  of  the  form  p^X^ylr-^ix", 
These  are  the  involutes  of  three  concentric  circles. 

Ex.  3.  If  two  sides  touch  equiangular  spirals  with  a  common  pole,  the 
third  side  will  touch  an  equiangular  spiral  with  the  same  pole. 

Ex.  4.  If  two  sides  touch  concentric  epi-  or  hypo-cycloids,  the  third  side 
will  touch  a  paraUel  to  an  epi-  or  hypo-cycloid. 

570.  Many  interesting  results  in  this  part  of  the  subject  will 
be  found  in  Dr.  Besant's  "  Notes  on  Rovlettes  and  Olisettes,'* 
to  which  the  reader  is  referred  for  further  information. 


Note  on  Bernoulli's  and  Euler's  Numbers. 

571.  Bernoulli's  numbers  have  been  already  defined  in 
Art.  148  as  the  coefficients  B^,  B^,  B^,  Bp  ...  occurring  in  the 
expansion 

and  the  values  of  several  of  them  were  there  obtained. 

It  may  save  the  student  some  trouble  to  remark  that  many  writers 
denote  the  same  coefficients  by  the  notation 

Ai  -^2>  ^3»  A>  •••> 

with  consecutive  numbers  as  suffixes,  but  the  present  notation  with  odd 
numbers  for  suffixes  is  for  some  reasons  more  convenient. 

It  was  shown  in  Art.  149  and  Examples  26-32,  page  109, 
that  many  important  expansions  involve  these  numbers  in  the 
coefficienta 

Thus  if  we  write  the  expansion  of  tan  x  as 


then  by  Art.  149, 

2^2^-1) 

The  numbers  /Sj,  S^,  Sg,  ...  we  shall  refer  to  as  "prepared 
Bemoullians." 
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572.  Baler's  Numbers. 

The  coefficients  S^  8^,  8q,  ...  occurring  in  the  expansion 

are  called  Euler's  Numbera 

By  division  of  unity  by  the  expansion  of  cos  a;  in  powers  of 
Xy  or  otherwise,  we  may  show  that 

S2  =  l,  S^  =  5,  8q=61,  58=1385,  etc 

573.  We  may  therefore  write 

Becx+tanx=^l+S,^,+S^^+S,^+S,^,  +  ..., (1) 

where  Sin  is  the  n**^  Eolerian  number  (sometimes  denoted 
by  Ein)  and  Sin-i  is  the  n^  "  prepared  Bemoullian  "  number 

2in(22»_l) 

— 2ir~  '^*->- 

Taking  logarithms  we  have 

log(l+SiJ+S|-J+53g+...)  =  log(seca^+tana:) 

=logtan(j+|) 

=gd-Hc 
=  /seca:c?a; 

^x+8,^+8,^  +  .... 

Differentiating  and  equating  coefficients  we  obtain  (whether  p 
be  even  or  odd) 

Oy+i  =  Op+— ^— 2" Op-202i r72T8~4 ^p-4^4  +  —{^) 

This  series  expresses : 

(1)  Any  Bemoullian  (prepared)  in  terms  of  lower  Eulerians 

(^>  even). 

(2)  Any  Eulerian  in  terms  of  lower  Eulerians  and  prepared 

Bemoullians  (p  odd). 
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It  is  ea43y  to  thus  obtain 

8i  =  l,  £fg=61, 

8^=1,  /Sf7  =  272, 

S^=2,  58  =  1385, 

S,  =  5,  /Sg=7936, 

/Sf6=16,  etc. 

Giving 

^2  =  1,     E^  =  5,     JS^o  =  61,  ^^8=  1-^85,     etc. 

and    -Bi  =  ^,      -^3  =  ^,    -Bs^tV*  -87  =  ^V»         -8^=/,^,       etc. 

574.  By   expressing   1— since  in   factors,  and    taking    its 
logarithmic  differential  coefficient  we  obtain 

4  4.4  4 

seciB+taniB=— -,,-:-^— --^-:+H- 


'7r-2a;     Zir+^x^  bir-^x     7'7r  +  2x 


^97r-2a;     ll7r+2aj^'"' 
so  that  f  aj  lying  between  ±  ^ j 

4r       2       2^  2**  n 

secaj+tanaj=-    l  +  -x+-^^+.,,  +  -:^x^+,.. 

+etc. 
which  gives  by  equating  coefficients 

^=?^'{'-(-r"+a)""+(-r'-(rv-}<»> 

The  special  cases,  9i  =  l,  2,  3,  4,  5,  ...,  give  the  well-known 
results, 

^     3+6     7^""      4' 
1+1+1+1+     _^ 

l-33+^,-r3+"=J^    (Tchebechef), 

1  +  1+1+1.+     =^ 
^+3«^5«^7«^"     96' 
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* 

and  generally  when  n  is  even  (  =  2m), 

_  2(2m)!  f  1      ,    J_        1_  .      \  ... 

\2/ 

and  when  n  is  odd  (  =  2^  —  1), 

J.       _     _27)i (2m-l)!2^"'-^^f         111  \ 

-^im-l  —  ^Hm/^m^l'j  ^2to  'j^"'^  "f" 327*1  ■^52OT"f" 72m "*"  •••! 

_2(2m)!f       J^       1      J_        I 
(27r)2'n       22"*"^32m"r42n4f"-"J' V^/ 

thus  establishing  together  these  well-known  expressions  for 
^2ni  and  Bim-i- 

575.  Putting   y  =  secic+tana;=l+jSir-^+fi»2;jy+... 

we  have  y  cas  x  =  l  +  sin  a;. 

Differentiating  ti  times  and  putting  x  =  0  and  (yn)jc=o  =  fi>n,  we 
obtain 

"       r72~"  ''"*■*"  1.2.3.4         ^«-*~--- 

+COS— =  sin-2-, (6) 

which  if  71  be  even  gives  the  Eulerians,  and  if  rir  be  odd 
gives  the  prepared  Bemoullians.  In  the  latter  case  putting 
n  =  2m  —  1,  we  have 


(2m~lX2m-2)^   .       . 

*^2m  - 1  = j— 2 '^Zm  -  8 


(2m-l)(2m-2X2m-3y2m-4)^ 

1.2.3.4  ^2«.5-h..- 

+sin(2m-l)|,  (7> 

an  equation  which  seems  much  easier  to  use  for  calculating 
purposes  than  Demoivre  s  form  given  in  Ex.  25,  page  109, 
since  all  the  coefficients  S^j  8^,  etc.,  are  integers. 
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We  thus  successively  obtain 

S^  =  3/Sfi-l  =  2, 

^fy  =21/85-  35£f3+     7/Si-.l  =  272, 

8^=268^"  1268^+  84^8-     9iSi+l  =  7936, 

fifu  =  55So-330S7+462S5-165/g8+ll/Sfi-l  =  353792, 

etc., 
whence 

A  =  i   ^8  =  irV,   55  =  tV,  ^7  =  TAr,  59=uV,  5u  =  AVtr,  etc. 

576.  Other  formulae  may  be  used  for  the  calculation  of 
Bernoulli's  numbers.  But  it  seems  unlikely  that  any  more 
than  those  calculated  by  Prof.  Adams  (Art.  149)  will  ever  be 
required.  The  student  may  refer  for  further  information  to 
Boole,  Finite  Differences,  Chapter  VL ;  Scherk  (Crelle,  t.  IV). 

MISCELLANEOUS  EXAMPLES. 

1.  Sum  the  infinite  series 

(  \      1—        i_         1  1 

(h\       ^  1  1 

and  evaluate  the  results  when  a;  =  0. 

2.  Prove  that  if /„(x)  is  the  BessePs  function  of  the  n^  order, 

[Math  Tripos,  1889.] 

3.  If  y  =  (a8  +  a:8)-i, 

prove  that 

3a2(aV3)"+ Vi.  =  (-  irn!sin»+*^|cosec"*'(^  +  g)  +  2»+«8in^7*+T^  -  g^j, 

where  x  +  a  =  aJS  sinf  ^  +  ^  )  /sin  6, 

^         \       ^Jl  [Prof.  Anglin.] 
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4.  If  y  =  (a*  +  aV+ic*)-i, 
prove  that    2a"'*'*8in***^«y« 

=  ( -  l)"7i! |sin*+^^ Bin(n+'i6  +  5)  +  8in"+ V em(n+l<t> r- 1) |, 

where  x  =  a  cosf  ^  +  ^)cosec  6=a  cosf  <^— ^jcosec  <^. 

[Prof.  Anolin.] 

5.  Prove  that 

where    P  =  x^-n(TO-  l)af-=  +  n(»-  l)(»-2)(n-3)af-*-  ..., 

and         G  =  ^wf»"*  -n{n-  l){n  -  2)af-«  +  ... .  [London,  1891.] 

Prove  also 

£(^).[pc(„f)-«^(«.f)]/.... 

6.  Prove  that 

^(^^^?^)=^[P  8in(&c  +  n^)  +  (2  co8(6a:+n<^)]/af*S 

where    P  =  (?^)"  -  n(7-a;)"-^co8  <^ + w(n  - 1  )(ra;)"-^508  2<^  -  . . . , 
Q  =  n(ra;)"~^sin  </>  -  w(n  -  1  )(ra;)""^in  2<^  + . . . , 

r2  =  a^  + 1^,  and  tan  <^  =  b/a.  [Pbof.  Anolin.  ] 

7.  Show  that  ii  f(x  +  h)  be  expanded  by  Taylor's  Theorem  and 
then  h  be  put  equal  to  - ic,  the  sum  of  the  first  n+l  terms  may  be 
expressed  as 

af-^  c^rfixn 

sin  X       J        cos  a; 

8.  K  y^"-^  ^°^  ^"IT' 

then  ( -  l)"af +\y,sin  a; + 2;«co8  x)/n\ 

and  ( -  l)V*X^n8«^ «  -  Vffi^  ^)M 

are  the  sums  of  ^^"*"    ^^"   ^  and   ^"^    ^^"   ^  terms  respectively 

of  the  series  for  cos  x  and  sin  x. 

Show  also  that  the  limiting  forms,  when  n  =  oo  ,  of  ( -  1)V*V«/^- 
and  (-l)"«"+^2f„/w!  are  respectively  zero  and  imity. 
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r—ao  r—ao 

9.  If  e'sin  a;  =  2]  ^^af  and  ^cos  ir  =  1  +  2  ^X> 

r-l  r-1 

prove  the  following  results : — 

0)  &.-^+-|f-...+(-ir^(^=28m-j8in-^/nN 

(2)  a.  +  ?=^^+l^-J+...  +  _3_  =  5^8in(n  tan"!  i)/n!; 

(3)  a,  +  a,. A  +  «n. A  +  . . .  +  ^«  =  2^(co8  ~  +  2"-^8in  ^)n! ; 

(4)  2^-\a^  -  2- V2  +  2"-X«3  -...+(-  l)"-^^n«« 

=  (-l)-^2^sin^^-, 

where  «r  =  n(7i-l)...(n-r+l).  [Peof.  Anoun.] 

10.  Prove  that 
(L)  Y0TS'h:lJ2x 

1  1.3  g*     l.S.agg  ,  1.3...(2n-l)a^ 

"    "*"3.4'^"*"5.4~2  2!+   7.43   3! '*■•••■*'     (27i+l)4-     nl'^"' 

(ii.)  (vers-ix)2/2 

^■^■a  2"'"3.5'3"*"3.5.7  4  """•••"*"  3.  5... (2n- 1)  7i  ■*■*•• 

[Prof.  Anoun.] 

11.  Establish  the  results 

[Pfaff.] 
^M  S^l!^-ix^?!^    2tan^     2  .  4  tan^tf 
^^^    sin^"^"*"     3        3     5     "^3.5  "T""-- 

[Prof.  Akoun.] 

12.  Prove  that  for  all  values  ofx  from  0  to  tt  inclusive 

IT  .        .     sin  X    sin  3a;    sin  5a; 
ga<7r-a;)  =  -j3-+-g3-+-g3-  +  .... 

What  is  the  sum  of  the  series  for  values  of  a;  between  ir  and  27r? 

[London,  1891.] 

13.  Establish  the  results 

,  ,        ^     ,     1     1.2     1.2.3 

<^>     2=^+3+3T5-*-3:^:7+-v 

^  ^    3^3"    "*'3'  2"'"3.5*  2«"*"3.5.7*  2^'^'"' 
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(^>        9-=^  +  r  3V2;^3'375V2J  "*" 4  '  37577V2 j  +-* 

//A       Z?_^-i      i        1-4. 

14.  If        x-rT,  +  -r'-u  =  0,    and    «j^o  +  t-  +  «^=0, 
dx^    dx  '  dx^    dx 

prove  that  the  product  uv  satisfies  the  differential  equation 

Hence  show  that  the  product  of  the  series 

""■p"*" (172)2 "*"(!.  2.  3)2 ■*"•••' 

-  ^  a;         x^  7^ 

P"*" (172)2 ""(1.2.  3)2 ■*■••• 

i8  equal  to         1-tt-oT  + 


12.2! ^(1.2)2.  4!     (1.2.3)«.6r  ■■■■ 

[London,  1891.] 


15.  Prove  that  «"'^^/(a:)  =/('r^— )• 

\1  +  Q.X/ 

16.  Evaluate  the  expressions 


[Coll.  Exam.] 


when  a;  =  00. 

[LOXDON.] 

17.  If 

y  =  sin(m  co8*"^^x), 

prove  that 

^^'-^y.."    4n  +  2~' 

[Oxford,  1889.] 

18.  Show  that  if  7?i,  ti,  ^,  gr  be  positive  integers,  the  limiting  value, 
when  ic  =  y  =  5?  =  aof  the  fraction, 

«"(/  --s')  +  y''(^  -  a;')  +;?''(a^  -  y*)' 
fnw(iw  — n)  _..„  __ 
i'!?(jP  -  ?)  [Math.  Tripos,  1882.] 

19.  Find         Z/^n  -  -^-  nr^lf^^ ,1 

'^L^     x{z+  l)(a;  +  2)...(a;  +  n)J       [London,  1891.] 

20.  If  w  =  <l>(Hn)j  where  -ff„  is  a  homogeneous  function  of  x  and  y 
of  the  n^  degree,  show  that 

^g^^^^§^-*-y'^P  =  ^'        F^         "^F 
where  the  function  i^=<t"^(tt). 
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21.  Prove 

dxi       'dx^  dx^  " '  dx^ 

dxj      dx^*  dx2  "  *  ^x„_ 

dxi^  dx^'  dx^  '"  '  ^a-^_ 


BuTg       'dx^     dx^ 


•^o»    "^ai 


'2»    '*'3» 


22.  If 


_3_ 


[Oxford,  1890.] 


prove  that 

provided  that  r  is  not  a  multiple  of  n. 

23.  Prove  that  the  maxima  and  minima  values  of  the  fraction 

as^  -k-hy^  4- c  +  2hxy  +2gx  -k- Ify 
a' 7^  +  h'y^  +  c'  +  '2h'xy  +  2^'a;  +  2/y 
are  given  by  the  roots  of  the  equation 

a-a'Uy  h-h'Uy  g-g'u  |  =  0. 

h^h'u,  b-b'u,  f^-fu  I 

g-g'u,  f  -fu,  c-c'u  ,  [London.] 

24.  Show  that  if  a  triangle  of  minimum  area  be  circumscribed 
about  an  ellipse,  the  normals  at  the  points  of  contact  meet  in  a  point, 
and  find  the  equation  of  its  locus.  [London,  1891.] 

25.  K  ^,  7,  c  are  real  quantities,  the  fraction  ^.2.0     -1-    ^^ 

two  critical  values  or  none  according  as  c  is  positive  or  negative, 
and  interpret  the  result  geometrically.  [Oxford,  1890.] 

26.  Find  the  maximum  area  of  a  triangle  which  is  such  that  the 
sum  of  the  squares  of  the  distances  of  the  angular  points  from  the 
centroid  is  constant  [Oxford,  1890.] 

27.  From  a  point  P  on  an  ellipse  PS,  PH  are  drawn  to  the  foci 
and  produced  to  meet  the  ellipse  in  Q  and  R ;  PJVis  the  ordinate  of 
P.  Show  that  when  P  moves  up  to  one  extremity  of  the  major 
axis,  ultimately  QR  :  PN^  4«  :  (1  -  ««).  [Math.  Tripos,  1882.] 
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28.  A,  B  are  two  given  points  and  KL  a  given  straight  line,  find 
a  point  0  such  that  if  00  be  drawn  perpendicular  to  KL^  the  sum  of 
OAy  OB,  00  may  be  the  least  possible.  [Coll.  Exam.] 

29.  Given  the  volume  of  a  paraboloid  of  revolution  bounded  by  a 
plane  perpendicular  to  the  axis,  find  the  maximum  sphere  that  can 
be  inscribed  in  it.  [Coll.  Exam.] 

30.  PF  is  a  double  ordinate  of  an  ellipse,  and  from  F  is  drawn  a 
perpendicular  FQ  on  the  tangent  at  P.  Find  the  positions  of  P  for 
which  the  square  of  the  area  PQF  is  a  maximum,  and  show  that  the 
value  is  really  a  maximum.  (Oxford,  1889.] 

31.  With  the  foci  of  an  ellipse  as  centres  two  fixed  circles  are 
described  so  as  not  to  intersect  the  ellipse  in  real  points ;  show  that 
the  point  on  the  perimeter  of  the  latter  at  which  the  two  circles 
subtend  equal  angles  is  that  for  which  the  sum  of  the  four  tangents 
from  it  to  the  circles  is  a  maximum.  [Oxford,  1888.] 

32.  If  the  equations  of  two  curves  are  given  in  rectangular 
co-ordinates,  show  how  to  find  the  points  on  the  first  curve  the 
normals  at  which  will  touch  the  second,  and  determine  how  many 
such  points  there  are.  [Math.  Tripos,  1885.] 

33.  Prove  that  for  any  constant  value  of  /x  the  family  of  curves 

cosh  X  cosec  y — /*  cot  y  =  constant 
cut  the  family  /i  coth  x  -  cosech  x  cos  y = constant 
at  right  angles.  [London,  1890.] 

34.  In  the  curve  whose  equation  is 

icy2_y  =  a^  +  2a:2  +  a;  +  6 
the  hyperbolic  asymptotes  are  defined  by  the  equations 

,      1 

y^x     +l+i>-» 

^        ^  2x  [Hind.] 

35.  The  equation  of  a  curve  is 

y\x^  -  y2)  -  'lax{x  +  2y){x  -  y)  -  a\x  +  yY  +  2a*  =  0  ; 
show  that  the  parabolic  asymptote  is 

(y-a)2«2a(a;-a), 
and  find  on  which  side  of  the  asymptote  x=y  the  corresponding 
branch  lies.  [Math.  Tripos,  1882.] 

36.  If  the  equation  of  the  curve  be 

a^./>(9+x-Y(f)+«="-'x(|)  +  -=o 

where  the  equation  4>{^)  =  0  has  two  roots  equal  to  /x,  and  /a  is  not  a 
root  of  ^(2)  =  0,  show  that  there  are  a  doubly  infinite  number  of 
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parabolas  meeting  the  curve  in  three  points  at  infinity,  and  a  singly 
infinite  number  meeting  it  in  four  points  at  infinity,  and  satisfying 
the  condition  of  indefinite  approach,  and  that  the  general  equation 
of  the  latter  is 

where  c  is  a  constant  [Math.  Tripos,  1891.J 

37.  Prove  that  when  a  curve  is  defined  as  the  envelope  of  a  line 
Ix-k-my^l  moving  subject  to  the  condition  (f>(l,  m)  =  0  the  line  is  an 
asymptote  approached  by  the  curve  at  one  end,  but  on  both  sides 
when  the  values  of  Z,  m  are  those  given  by  the  equations 

"^  ('l+'»s.)'*-<'' 

38.  For  any  plane  curve  prove  that 

ffi~  ds^'  d^     ds^  '  d^'         [Coll.  Exam.  1876.] 

39.  If  the  square  of  the  radius  vector  be  a  rational  integral  func- 
tion of  the  curvature  of  odd  degree,  then  the  perpendicular  on  the 
tangent  is  one  of  even  degree.  [Math.  Tripos,  1882.] 

40.  Prove  that  if  in  the  equation  of  any  polar  curve  we  put 

c«-V  =  r"  and  &  ^nd, 
the  new  curve  will  cut  the  radii  vectores  at  the  same  angle  <t>  as  the 
old  curve ;  and  that  if  /5,  p  be  corresponding  radii  of  curvature 

— jr--  =  (w- l)sin<i. 
P      P     ^         ^  [London,  1887.] 

41.  Show  that  the  centre  of  curvature  at  any  point  of  an  ellipse 
is  the  pole  of  the  tangent  at  the  point  with  respect  to  the  confocal 
hyperbola  which  passes  through  that  point 

42.  From  E  the  centre  of  curvature  at  any  point  P  of  an  ellipse, 
two  other  normals,  EQy  ER  are  drawn.  Prove  that  the  locus  of  the 
point  of  intersection  of  QR  with  the  normal  at  P  is  an  ellipse,  and 
that  the  line  QR  always  touches  the  curve  {xja)^  +  {yjh)^  =  1. 

[Math.  Tripos.] 

43.  Show  that  as  we  pass  along  a  curve  the  tangent  turns  round 
more  quickly  than  the  radius  vector,  when  log  p  changes  its  value 
more  rapidly  than  log  r.  Prove  that  in  all  curves  for  which  these 
lines  turn  round  with  equal  speed  the  radius  of  curvature  is  propor- 
tional to  either  r  or  r^:  and  hence  show  that  these  curves  must  be 
of  one  of  the  forms  given  by  r = ce"^  or  r^sin  2^= c. 

[Math.  Tripos,  1888.] 
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44.  The  envelope  of  a  family  of  equilateral  hyperbolas  is  a  lemnis- 
cate  if  a  vertex  lie  on  the  circle  r=^c  cos  6  and  the  pole  be  the  centre. 

[Coll.  Exam.] 

45.  Find  the  equation  to  the  envelope  of  a  circle  which  rolls  on 
an  ellipse ;  prove  that  the  area  between  the  two  enveloping  curves, 
formed  by  the  circle  rolling  on  the  inside  and  outside  of  the  ellipse 
respectively  is  twice  the  rectangle  formed  by  the  perimeter  of  the 
ellipse  and  the  diameter  of  the  circle.  [Coll.  Exam.] 

46.  A  three-cusped  hypocycloid  moves  without  rotation  in  its 
own  plane  and  always  passes  through  a  fixed  point.  Show  that  the 
tangent  to  the  hypocycloid  which  is  at  right  angles  to  the  tangent 
at  the  fixed  point  envelopes  another  three-cusped  hypocycloid,  and 
determine  its  magnitude  and  position.  [Math.  Tripos,  1891.] 

47.  Prove  that  the  envelope  of  the  latera  recta  of  all  parabolas 
inscribed  in  the  same  triangle  is  a  three-cusped  hypocycloid. 

[Math.  Tripos,  1887.] 

48.  Show  that  the  axes  of  the  conic  of  closest  contact  at  any 
point  of  the  curve  whose  intrinsic  equation  is 

are  equally  inclined  to  the  tangent  and  normal  at  the  point. 

[Math.  Tripos,  1887.] 

49.  Show  that  the  equation  of  the  conic  of  closest  contact  with 
the  curve  y  =f{x)  at  the  point  whose  abscissa  is  (z,  y)  is 

=  0. 


x^ 

-A 

2{XY- 

-«y). 

72 

-  f, 

2{X- 

-^). 

2{Y. 

-y) 

X, 

y  +a^i, 

yyv 

1, 

yi 

1, 

2yi+a;yi!. 

y,'- 

^■yy» 

0, 

ya 

0. 

%2+^ys. 

^Mi- 

^yys> 

0, 

Vs 

0, 

^Vi  +  ^Vi, 

4Ms 

+  ^2'- 

i-yy^ 

0, 

y* 

50.  Show  that  the  locus  of  the  centre  of  the  conic  of  closest  con- 
tact to  the  curve  y^  =  x^ 

is  32y3  =  5x\  [Math.  Tripos,  1891.] 

51.  Find  the  equation  of  the  conic  of  closest  contact  at  the  point 
{x,  y)  of  the  curve  y  =  ^' 

Show  that  the  centre  of  aberrancy  is  at  the  point 


/.n  +  1  „7i4-l  \ 


ahd  show  that  its  locus  is  similar  to  the  original  curve. 

52.  If  jp  and  q  be  positive  integers  such  that  q  is  not  greater  than^, 
and  f{z)  any  function  of  z  which  is  continuous  and  finite,  as  also  its 
differential  coefficients  up  to  the  n^  inclusive,  between  the  values  x 
and  X  +  A  of  the  variable  Zy  show  that  the  remainder  after  n  terms  of 
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the  expansion  of  f{x  +  h)  in  powers  of  A  may  be  written 

0  being  a  positive  proper  fraction. 
Deduce  the  forms  of  Schlomilch  and  Koche,  Lagrange  and  Cauchy. 

[MiMOIRKS  DE  L'AgADEMIE  ...  DE  MoNTPELLIER.*] 

53.  Show  that  sin(7i+l)s  is  the  limiting  vahie  of  -r-^f  .  _^  j 

when  X  is  zero.  [Oxford,  1889.] 

54.  Show  that  one  of  the  roots  of  the  equation 

may  be  expanded  in  the  form 

1     nif.     L     ^^    6.8,.     7.9.  IL^ 

l  +  26{l-6  +  -2j  -^r^  +  -^T— ^'-•••}- 

[Oxford,  1888.] 

55.  Prove  that 

QOBax=l-axsinbx ^t — -^<^os  2bx  +  ^      — -a^am  3bx 

+  — — 71 -^cos  4bx-  ,.,. 

4! 

[Math.  Tripos,  1891.] 

56.  If  g  +  2a^^|  +  2(y-,»)|  +  .V.  =  0. 

then  .^;  +  2uv^^  +  2(v  - 1^)^  +  wV^  =  0, 

where  u  =  m     i>  =  -. 

y  [Coll.  Exam.] 

57.  If  the  co-ordinates  x  and  y  be  transformed  orthogonally  to  ^,  i; 
and  F  be  any  function  of  x,  y,  then  will 

-^V  '^V    /d^-F\^^d^F  d'^F^/d'^F\i 
dx^  '  -dif     \dxdy)  "  d$^  '  -dri^     \di^)  ' 

58.  A  curve  PQ  rolls  on  a  straight  line  Ox,  and  P  is  the  point  of 
contact.  If  (7  be  the  centre  of  curvature  corresponding  to  P,  and  CT 
the  tangent  to  the  locus  of  C  meet  Ox  in  T,  prove 

tanCTir^^', 

where  p—CP  and  pj  is  the  corresponding  radius  of  curvature  of  the 
evolute  of  the  rolling  curve. 

*  See  Todhunter,  LHff.  Calc.,  p.  404. 
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Hence  show  that  if  for  the  rolling  curve 

then  the  locus  of  the  centre  of  curvature  of  the  point  of  contact  will 
be  y  =  H^)' 

59.  If  an  equiangular  spiral  roll  along  a  straight  line,  show  that 
the  loci  of  the  pole  and  of  the  centre  of  curvature  of  the  point  of 
contact  are  the  same  straight  line. 

60.  If  a  catenary  roll  along  a  straight  line  its  directrix  always 
passes  through  a  fixed  point. 

61.  If  any  of  the  class  of  curves 

r^  =  a*"8in  mO 
roll  along  a  straight  line,  the  radius  of  curvature  of  the  path  of  the 

pole  = r. 

Examine  the  special  cases 

^=-2,   -i,  J,  1,  2. 

62.  The  curve  r~  =  a'^sin  mS  rolls  along  a  straight  line.  Show 
that  the  intrinsic  equation  to  the  e volute  of  the  locus  of  the  pole  is 

5'»  =  a'"(l  +  -)  sin^. 

\       W  [Coll.  Exam.] 

63.  If  the  curve  r  =  6  sin  -6  roll  upon  an  ellipse  whose  axes  are 

2a,  2by  and  if  the  pole  coincide  originally  with  the  extremity  of  the 
major  axis,  it  will  always  lie  on  the  major  axis. 

64.  The  equation  of  a  curve  is  given  in  the  form  f{i\j  r2)=0, 
where  r^  r^  are  the  lengths  of  the  normals  OP,  OQ  drawn  from  any 
point  0  on  the  curve  to  two  fixed  curves.  The  perpendiculars 
drawn  from  the  centres  of  curvature  at  the  points  P  and  Q  of  the 
fixed  curves,  at  right  angles  to  the  normals  at  P  and  Q  respectively, 
meet  the  normal  at  0  in  N^  and  iVg-  i^rove  that  the  radius  of 
curvature  o-  of  the  locus  of  0  is  given  by 

(sma--sm^^^j/=^^^cosa(^^,^.-j  +  ^^^^^ 

where  a,  /3  are  the  angles  which  the  normal  at  0  makes  with  OP, 
OQ  respectively  and  the  diflFerentiations  on  the  left-hand  side  only 
affect  /.  [Math.  Tmpos,  1888.] 


Digitized  by  LjOOQIC 


ANSWERS    TO    THE    EXAMPLES. 

CHAPTER  I. 
Page  7. 

1.  (i.)  00 ;  (ii.)  1 ;  (iii.)  00.  4.  ±^.  7.  3a«. 

a  a 

2.  (i.)i;(ii.)2.  5.  J.  8.  (i.)^;(ii.)|. 

3.  00.  6.  a.  9.  i 

Page  17. 
11.  -0027  of  an  inch. 

CHAPTER  II. 
Page  22. 

1.  Xr+F3^  =  c».         a   F-y-3^A'-.r).         5.  C082jr(r-y)  =  Z-.r. 

2.  ^+§=1.  4  ;r(r-y)  =  X-ar.        6.  (l+^)(r-y)=Z-^. 

Page  24. 

1.  sec^o?.  2.  — L_.  3.  -??^.  4  -  — =Lr^. 

l+ar  sm^^r  a:»J^^^\ 

Page  27. 

1.  3^.  4  c*.  7.  -a^'\og,a.         10.  ^?— • 

d?  sin  2x 


t 


sjl'  ''B  '•!&•  ii..^log^^iX 


3.      _^^    .  6.  a^»'co8^1ogea.  9.  -tau^. 
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1.  (i.)  log  sin  »r+ a;  cot  J?.        (iv.)       fjzT^ 
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2Jx'  '  180 


4.1-1.  11.-^^.  18.  log;r+l. 
x^                              2  ^siJi  ^ 

6.  coshx  12.  _^=.  19.  Jlog(e^). 

6.  8inh.r.  13.  j^^'A^-^cosor^sin^-^^.  20.  co8<!».c*.loga:  +  — — . 

r{hx^-^a)l^^faf^,  14.-^.  2,  log^^2Jta^ 
J.  yv.«,      «  //     \                Jl-x^  cosnjF  8in2j7 


22.  {x+a)'^-\x  +  hf-\{m+n)x+mb-^na]. 


l-n 


23. 


^+2^-2  25    ?£(a*+a;2)  n".  27.  tanhj?. 

2  ^^  2  cosec  2x 

29.  -r^  .^  .  30.  -- 


j2-x^'  ^2  log  cot  J? -(log  cot  a?)» 

31.  _^'*«.!L_.  32.   -,-^.  33.  -    -^— 


l+siu^o?'  *       l+x^'  xjx^-l 

^   J^-2jr?-2a-T  +  l  ^^    sin*"-';^  cos**-^Jc(m  cos*^  -  «  ain*4?). 

■  2x^{l+xKl+x^) 
3g   (8m-^^-Kco8-'^)"-\^  c^s-i,^  _  ^  9in-i >r). 

^/l  -x^  I 

/     i\     log^ 

37.  cos(e'log  5->'log\,.re'Jx/l  -  (log  x)^  -  sinCc'log  jr)^i  _  ^f^g  ^^s' 

.. 1 40       ^-2a«^  +  ^* 

(1  -a.)i(l  +.r)V  (^-a2)l(^-4a*)^ 

39    .  ^^+^  41.   - ^  +  ^-^       ^> 

^''-      (^l+'^)f  2(l-;r)i(l+.r+:*:»)t 
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Vw/     y  ^       n  ^     X)  b  +  a  cos  j? 

51 .  ef^ia  co8(6  tan -\r)  -  - — —  8in(6  iAn-'^x)  I . 

1+a^u:*        '  *  ^l+4a;) 

'  (a2 + .r2)co82(loge^a' + or)  '  "^  -  4* 

54.  -^-^.  62.  10'.10io'(log.lO)*. 

55.  — ^-.  63.  ^.e^ 

56.  --ji^-.  64.^.^(log.r+l). 

57.  ^ 


1- , r-.       65.  o-^.e* 


.r  log  X  log^x  \o^x . . .  log""  V 


(log.  +  l). 


58.  - — } 66.  :r^.^|(loga:)2+log.r+-l. 

a  +  hco^x  '  (  X) 

68.  (sin  xY^'i  — "^  -  sin  x  log  sin  x)  -  (cos  ^y>»«f®"^-^*^  -  cos  .r  loj?  coe  x  \ 

69.  -  (cot  xY"^  'cosec^^r  log  e  cot  j:  -  (co th  x)^^ 'cosech^.r  1  og  e  coth  x, 
.70.  -^-^-^  _^"•^''!i_log(a«J;<-^e'^%taJl-»(a«.r'^')— ^^^^^^ 
^j 1 e^* 

(Bin'»  +  C08"'Yl-8in'»  +  C08'?)^ 

-^    ^       J' X '^ £ Xfor 

7a Vi^^-2Vj; 


4Vj^,yi — .)^^^ar+0O8-'x(l  +  V-^+cos-'x) 
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74  yTsx^^cose^ogli^ __8ine^ "I 

75.  -ycot4l+2co8ec»a:logco8x).  76.  -y| -^-^^— +_^-^^  +  J)cot-'x}' 
77.  (l+l)'{log^_-l^}+ J- V+1  -log4. 

78.  *    ^+y'-°y   ■  85. f    . 

79.  cosxcoearcosV-''.  86.  ^^  l+Hogxlogy 

80.  -^^+%.  87.  3^«±^1?^^-^}, 

A,r + 6y*  '    jr(^  -  x){a  +  b.r) ' 

81.  ^f_^^\*.  88.   ^e^±M±9, 
2x\a+bjf*J  hx+by-\-f 

gg   y  tan  j:  4- log  sin  y  ^^  y 

log  cos  a:  —  0?  cot  y'  '  ^* 

83.  a<3  +  2tanlog;r+tannog:r).        90.  ^}+y')^^^ •^~\\ 

84  y^^-y)  91.  ^^^io« 

(H-a*co8«fe:rX^+«ar+a2)"-^r?i(2jr+a)log  cot  |-  cosec4r(:r2  +  a,r+a2)"| 

92 ^       ,    .    , ? =*. 

—  ao  sill  ox 


93.  -^/a2cot|-6«teii|),  94.  ^•^-''(log.r+^^^^sm-i.r). 

1^  yr+jr^+N/T^ 


95.  J.  96.  -  NA+^^+VjEg.  97.  ?.  98.  -J.  9a  L 


100.  g      7i(l+^)tau-^^logtan-'a:+^      ^^' 
(1 +;r2)tan-MV^co8  ^7^  -  3  sin  ^/5) 

110.  _^/-A^±£fL-(52^+4r«)8ec-w4 

121.  ^r=wi(w-l)...(w-r+l). 

123.    ^^.P  ^"'    (assuming  p5r>i). 

CHAPTER  IV. 
Page  63. 

3.  --l|6"cos(ar+^)-6.4"cos(4r  +  ^-^Ul5.2W2x+^^ 

4.  -JLJ5«coB(5:p+^)+3'«co8(3.r+^2'^)-2co8(x+^)}. 
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5.  J^|8"co8(ar+^|^)-4.4"co8(4r+^U. 

9.  - ^(34f cos^S^-Hi  tan-i^VhClSf co8(3a>f ~)-2(10)*cos(:r+;itan-'l)1 

Page  64. 

J  {j:±yn:(      a b \ 

a-h     ((^-a)"+*     {x-b)'*^^]' 
7       U^-S)"-^'     (3r-2)"+M' 

4    r-l^"-^7if(!L±2)(!i±l)4.^J-il4.__L_-. 4       -) 

'  ^       '^        t  2(x-l)''-^=»       (.r-l)"-^«     (x-l)"-^*     (a:-2)^J 

Page  65. 

1 .  (z.^)"^in(»  4-  l)^8in"+^^,  where  ^=a cot  6, 

^n  +  2 

2.  ( ~J)'!Z^ZL":lI'8in n^siu"^,  where  x=acot  6. 

a** 

3.  ( -  l)"n!  co8(7i+  l)^8m''**^/a"+S  where  .r=a  cot  6. 
4    (n-l)!f(-l)"-'  1       ) 

2      l(a+j;)"     (a-a:)")* 

•''•  ^^l^'^r? — ^1-/-  r    n^i— ,L8m('i  +  l)<98m»+»^'lwherear=acotA 

where  j'=6cot  ^=acot  <^ 

7.  2( - 1)*'-^(»- 1)1  sill  n^sin^ft  where  x=cot  $, 

8.  (  -  l)*-^(w- 2)!  8in"-^^co8  dcos w^{n tan  ^-  tann^},  where  a;=cot  ft 

9.  ( - 1  y~\n  - 1 )!  sin  w^  sin**^  co8ec"a,  where  cot  d=x  coeec  a  -  cot  a. 

la  ( -  l)"n!  I     JL_ +8ec"*«|8m(7i+  l)^8in"+i^j, 
where  j: = cos  f  ^ + ^  j  cosec  ft 

where         ^7=-^^   co8(^-^)=    «    co8(</>+f). 
8m  ^      \       6/     flin</»      V^    6/ 
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12.  ( - l)"M!/8m(n  +  l)^8in"+^^  +  8ec"*-|sin(w+  l)<^8in"+^<^|, 

where  x^cot6=^- — iCos(<f»+^). 

Bin  <^      \       6  / 

Page  69. 

1  •  yn = a*~'*e*'{a V + 2naa: + n(7i  - 1 ) }. 

2.  y„=a"--|a*ar%in(a^+^W2wa^8in(ar+^^^) 

where        z—x  log,a  and  Jir=n{n  - 1 ) . . .  (?i  -  r+ 1 ). 
Page  74 


1.  .,  =  ?(Li^. 


2.  ,3=1 


r+l)a^-'". 


rif  r  <  n,  yT—n{n—  1) ...  (n 
[lfr>w,  y,=0. 

19  « -(-i)"^ir     «^     -_      ^^     1 


3.  ys=a'«~<a^+3). 


13.  y,=a*+V^. 


21.  If  w  be  even 


yn=(-i)" 


{(^-a)-"-^-(ar+a)-"-n  +  22 


where 

and  if  m  be  odd 


cot  <fv+cot —  =  - cosec  ?!!!!:, 
ma  m 


yn=K-\ 


(a^- 2aFC08  — +a»y4- 
22.y,=n!(logx+l+i+i+...+i). 
37.  (ip)-8in(:r'+n|)  +«(»- lX2x)»-'8iu(;r+'l=i7r) 

1  .  ^  \  £  / 

and  the  same  series  with  cosines  written  for  sines. 
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CHAPTER  V. 
Page  80. 


10.  (a)  tan-i£:i2f=tan-i^-taii-U-  =  etc. 


(ft) 


^^-i>/l+J^-l  =  J  tan-^o: = etc. 


2*. 
(c)  sin-*- —  ^=2tan-*a:=etc. 
l+.r* 

(rf)  co8-'*^~**'~  =2cot-»j'  =  7r-2tan-';r=etc. 


3.  2 


(-? 


^<*-)- 


Page  85. 


7.  sec-*- 


1 


-  =  28in-'a:=etc. 


4,  Double  the  series  in  3. 

5.  Treble  the  series  in  3. 


l-2a^ 

8.  8inh-'(3ar+4F»)=3  8inh-'.r=etc. 

9.  Expression  =  \  sin-'jr*  =  etc. 


6.  tan-*- 


^/l-.r-' 


=sin~*jr=etc. 


Page  106. 


11.  l+n^+?5^+»(»*-l')^+«'(»'-2')^  +  »(«!zl')(n'-3')^^ 

2!  3!  4!  5! 

12.  The  relation  between  three  consecutive  coefficients  is 

2(n  +  lK+i  =  3a„  +  (2n-lK_,. 

13.  y=^+|r+?^-«'a;2+aiz|^^._ 

33. 7«x-  "^"""lz. ^X^ - 2)^+*JL(^r  iX^-^X^-3X^-4)^_ 

31  5! 

CHAPTER  VI. 
Page  133. 


'  ^  ^  C/.Z'      \-%^'    dx     l-2s  ^  ^  rfy     l+4r/    d^y     l+4r2* 


^'^  ^     1  +  2^    5s      1+ir' 


7.p=- 


^' 


^="^^' 


2a5 


■^*' 


<  = 


2a5 
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2.  (a)  _?^±% 


Page  137. 


(y) 


jc^log  ^ + .ry*"^  -  {x +yY*''\og  e(x+y)' 


y  tana* + log  sin  y 
logcosjF-^rcoty' 


(0  - 


y 


^7  dy_3r  dw 
f?  ^^^—^-^  ^y  ^  ^-^ 

^    ^    ^    ^ 


19    o?y_8in5  ^  c-6cosr 
^2     cosy    c  — 6  8iny' 


14. 


c?y__6  \a/  \c} 


dx 


'W^' 


^+f 


Ex.  1. 


c    (aV+6»y»)f 

CHAPTER  VII. 

Paob  147. 

TangenU. 

(1)  J:c+ry=c». 

(4)  Y-y=Bm\i'^{X-x). 

(2)  ry  =  2a(X+.r). 

(5)  X(2^+y)+r(:t»  +  2:^)=3a» 

(3)  ^'+.?=2. 

(6)  F-y-cota<X-x). 

(7.)  X(.r»-ay)+  r(y«-<M;)=a.ty. 

(8.)  X{2:r<ar'+y')-a2a:}+  Y{<iy{:^+f)+a^y}=a\a^-f). 


(1)  ^=i^. 


Normals, 

(2) 


^+i:^=0,etc 
2a  V 


f 


Tangents  are  F=±?^Z-g. 

Normals  are    r=+— ^?X+|^a. 
*7  3d 


4.  (a) 


J  Parallel  at  points  of  intersection  with 


0.2:+ Ay =0. 


\ Perpendicular  at  points  of  intersection  with  hx+by  —  0, 
(13)  Parallel  at  (-^,   ??|/?^  ;  perpendicular  where  ^=0. 
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(7) 


jParalleUt  (|,   ^). 

[Perpendicular  at  (0,  0),  (2a,  0). 


^   ,  ,  (Tangent,  £5^^+-!^^=l. 
5.  (a)  -{         °  a  6 


t 


(/8) 


(y) 


Normal,  cw  sec  6^  -  6^  cosec  O^c^-  b\ 

6  6  6 

Tangent,  x  sin  |  -  ?/  cos  ^=a^  sin  ^. 

6  6  6  6 

Normal,   x  cos  - +i/  sin  ^  =  a^  cos  -  +  2a  sin  -. 

^  ^  It  z 

jTangent,  x  sin  ^^+^^ -  y  cos  ^O^A  +  B)Bm  ^^^-6. 
iNormal,  x cos -^"^-^+  ^  "in  -^^f^H^^ - B)cos  ^^0. 


(  For  an  ellipse,  r* = a^cos'-'^  +  ft^sin*-*^. 

*  ^For  a  rectangular  hyperbola,  r^ = cr cob  2$. 

7.  -  -T=—/ -T7»  ^'^'i  th^y  must  be  confocal. 
a    0    a     0 

i).  The  axes  are  tangents  at  the  origin.  Also  at  the  point  (2^a,  2^a) 
the  tangents  to  the  parabolas  make  angles  tan~^2^,  tan~^2~t  re- 
spectively with  the  tangent  to  the  Folium. 

Page  149. 
(a)  ax=±bi/.  (j8)  jc=0andy  =  0.  {y)  ax=±,yjl)^-a^. 

Page  162. 

^  

1.  -1-    --'  8.  Area=i^a*.*3^.  9.  n=-2;  «  =  1. 

Page  177. 
Ex.  18.  p«=9a2(r2-a2)/(r2+16a2). 

CHAPTER  VIII. 

Page  191. 

2a 

1.  x+1/^-—.  6.  x=2a.  11.  x=ay  y=a,  ar=y. 

3 

2.  a:+y=0.  7.  ^+y+a  =  0.  12.  x=±a. 

3.  jr+y=0.  8.  ^==0,  y  =  0,  .r+y=0.  13.  .r=0. 

4.  y  =  0.  9.  y=0.  14.  .r=a. 

5.  .r=0.  10.  x=±a.  15.  x=±l,  ^=07. 

16.  ^=0,  y=±(x+"^y  20.  ^-2^=0,  .r+2?/=±2. 

17.  a'+2y  =  0,  u-H-y  =  l,  x-y=-l.   21.  j;+y=±2<^2,  .r+2y+2  =  0. 

18.  ur=0,  .r-y=0,  .r-3^  +  l=0.         22.  ^=3jr-2a,  x-\-dy=±a, 

19.  y  =  0,  .r=.y,  ;r=y±l. 
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Page  192. 
1.  ;r3-ar^+ll^s-6y3=:r.  3.  '^'^+|2=-1- 

\a     b        /\a     o       J  ab     a     b 

6.  hxy{x^-y^)  =  a{d}-h^{:x^'\-y^-a^). 

Page  198. 

1.  x='^ay  y—^'     Above. 

ry=^4.rt,  y——x  —  ay  x—a, 

2.  -j  In  the  first  qiiadraut  above  the  first.     In  the  fourth  quadrant  below 

(  the  second. 

Page  205. 
1.  ^=0.  2.  r8in^=a. 

3.  nr  sinf  ^  -      j  —a  sec  kir^  where  k  is  any  integer. 

4.  rsin^=flf.  5.  rco8^==2a.  6.  ^=J,  rsin^=^ 

2'  2 

7.  r sinf  0-  ^\—   ,  where  h  is  any  integer. 

8.  nd—hir^  where  Ic  is  any  integer. 

Page  206. 
1.  (i.)  x^y,  (ii.)  x^y,  x-Vy^^. 

4.  x^±a,  x-y  +  a=Oy  x-y=~,  x+y-^~^0, 

Jt  it 

6.  jr=2y-14tf,  .r=3y  +  13a,  x-y  =  a^  x-y  —  ^,       6.  ^±ys/2=±f. 

8.  rsin  ^=a,  rcos  6=  -2Gf/(2n  +  l)7r. 

9.  rsin^=a,  rco8^  =  2a^  *  '/(2/i  +  l)7r.  13.  ar+y+a  =  0. 

18.  (i.)  y=0,  x-y-a=0,  .r+?/+a=0. 

(ii.)  (.±y+|y=- 

19.  (.,-^-y^)2  =  ^a-  or  '^=«='^3/^-  22.  (*^-y«)»-4^^+y=0. 

20.  iy%x^  -  /)  =  3a'jr.  23.  a-  =  +  o,  y = 6,  y = c. 

21.  f.r-y)%r+y-l)«-(x+y)S=0.  28.  2y-9c=0,  y+23-+£=0. 
30.  Linear  asymptotes y=j:*+l,  y=.r-2. 

Parabolic  asymptotes  (y-.r+i)^+2j'=0. 

CHAPTER  IX. 
Page  219. 
8.  Concave.  12.  .r==7  and  x=l. 
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Page  233. 
6.  A  single  ramphoid  cusp. 

8.  A  iicnie  at  (1,  2).     Directions  of  tangents  y=  ±0*. 

9.  (a)  Single  keratoid  cusp  at  (1,  -  1). 

{b)  Two  single  keratoid  cusps  at  (J,  i^),  (  -  ^^   -  i.). 
(c)  A  single  keratoid  cusp  at  (  -  a,  a). 
10.  There  is  a  triple  point  at  which  the  tangents  are  parallel  to  the  lines 
y  =  0,  y^±x^± 

Paoe  247. 
1.  (a)  3^=0.  {(i)  ax  =  hf.  (y)  y=  ±x,  (8)  ;p=0,  .y=a 

6.  x^a  and  x^2a.  9.  ^=±8in-V?. 

.30.  There  is  a  single  keratoid  cusp  and  also  a  third  branch  having  an 
inflexion  at  the  origin,  the  latter  touching  the  y-axis.  The  shape 
of  the  curve  resembles  the  letter  R, 

31.  Tlie  origin  is  a  triple  j>oint,  oi\e  branch  touching  the  .r-axis  and  the 

othei's  inclined  to  it  at  angles  whose  tangents  are  i^  't- 

32.  The  form  of  the  curve  is  that  of  the  "  Staffordshire  Knot." 

Tlie  no<les  are  situated  at  (a,  0),  (-a,  0),  (0,  -a)  and  the  values  of 

^j{  are  res]>ectively  ±^/|,  ±^j,  ±VS. 

rAt  (0,a),  tanV^=±-?  . 

<^         35.  At  .r = 2,  y  =  2  we  have  :"=±\  2J2, 

33.  ]  At  (a,  0),  tani^=±VS.  ^^ 

[At  (2«,  a),  tan  V^  =  ±  2  .        ^^'  ^*  ^^"^  ^"^^^  ^^^  *^  <«^2,  0). 

37.  Two  keratoid  cusps  at  (0,  ±1) ;  two  nodes  at  (±^2,  0). 
Four  conjugate  points  at        (±Vn>   ^s/h)* 

38.  Three  nodes  at  (0,  0)  and  (1,  ±1). 

CHAPTER  X. 
Page  260. 

1.  p=a  ;  p=aco8^;  p=3«8ec*V^sin^ ;  p  =  a8ec^. 

2.  p  =  2(a+x)i!a^;  p^fjc,  4.  p={aHmW'\-}^cmW)^lah. 

Page  26.5. 

1.  p=-2rt/ffT;   p=:al2;  p  =  a'*j{m  +  l)r^-\ 

2.  p=a(^  +  l)*/6>«. 

Page  284, 
1.  Infinite.  2.  p= -Za^2l2  or  150^5  14. 

5.  Ify  =  Gf^,    p=-a(l+sin2^)*/cos^;      J  a  =  l -2cos  ^+2  8ec  ^  ; 
y/a  =  ^  -  tan  ^  -  tan  ^  sin*^. 


Digitized  by  LjOOQ IC 


524  ANSWERS  TO  THE  EXAMPLES. 

22.  Tlie  radii  of  cxirvature  are  respectively 

a(co8h  ^  -  COB  a)t/8iu   a  (2  cosh  p  -  cos  a)(cosh  j8 + cos  a)i. 
and   a(co8h  j8  -  cos  a)  '/sinh  /^(cosh  j8  -  2  cos  a)(cosh  /8  +  cos  a)i. 
24.  «2^=1+A2. 

CHAPTER  XL 
Page  296. 
2.  256^ + 27.r*  =  0.  6.  y^ + 4a(j7  -  2a) = 0. 


3.  --^  +  ~  =  2-  7.  Two  straight  lines. 


4.  y  +  Jy/  -  =  8.  A  parabola  touching  the  axes. 

f(l)  4^^+27a/=0.  9.  A  hyperbola. 

1(2)  f^U{a+h-x).  ^^ 


I (2)  j"+^  +y^+»"  =  1^" *.  2. 

(3).ry  =  ,    ^^"*^f  -   kr^^*. 


Page  302. 

(1)  .rJ+yl=R 

(2)  xi+yl^X-l. 


(3)  .r™+='+y"'+«=/t"'+*. 

(4)  2^=i:5J. 


f(l)  :ri+/  =  R 

Q       '  *n  m  tw 

•^"  1(2)^'»'*+i+y^+i=F«+». 

1(3)  16ji3^=it2. 
Page  308. 
1.  27ay'«=4(a:-2a)3.  6.  r2=a^08«^+628in«^. 

3.  a:t+yi=al  12.  j4+yi=al 

16.  yV+16a)2  +  4{6y2-(2a-a7)2}{y2-3a(2a-.r)}=0. 
37.  A  parabola  with  the  given  point  for  focus. 
39.  a^b^p''(j[^=={p-hqy*''k''-*^^.  40.  A  conic. 


i 

JHAPTER  XIV 

Page  376. 

1.    logjO. 

5.  4. 

9.  i 

13.  1. 

17.  H. 

21.  00. 

2.  i 

6.  4. 

10.  i 

14.  L 

18.  -|. 

22.  1. 

3    '^ 

7.  2. 

1L§. 

15.  i,. 

19.  i 

23.  <J-*. 

4.1 

8.  1. 

12.  J. 

16.  -V. 

20.  1. 

24.  0. 

25.  e-\  26.  eK 
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Paob 

:  384 

1.  2. 

10.  1. 

17.  -1. 

26.  A.  . 

2.  i- 

If 

n>wi,  oc. 
a 

18.  0. 

2'-  -1- 

3.  2. 

11.  " 

19.  6,  0. 

2 
28.    -tV- 

4.  i 

. 

?i<m,  0. 

20.  i. 

29.  0. 

5.-1. 
a 

12.  1. 
2 

21.  -a. 

30.  -^^^^-l 

6.  4. 

13.  c^. 

22.  J. 

31.  1. 

7.  m-_. 

14.  e». 

23.  0. 

33.  KltV'-SX 

8.4. 

16.  A 

24.  ^a. 

34.  0  or  oc . 

9.  c. 

16.  aia3a3...a„. 

25.  1. 

35.  ±   ^^   .  . 

36. 

Oor  ±1. 

39. 

iS. 

44 

.  c"»*. 

45.  1, 

If-Xh  coa  ( 

^.r  -  sin  hx)coi&^hx\ 

46. 

-f. 

47. 

1 
^/2^' 

48. 

.  1. 

CHAFrER  XV. 

Page  390. 

9.  The  height  is  three  times  the  semi-axis  to  which  the  base  is  perpen- 
dicular. 

12.  — — .  14.  The  centroid  of  the  triangle. 

20.  If  a  and  h  are  the  sides  the  maximum  area  =^a  +  6)* 

(A  maximum  when  the  chords  coincide  with  the  transverse  axis  and 
latus  rectum. 
A  minimum  when  the  chords  are  equally  inclined  to  the  transverse 
axis. 

Paos  396. 

6.  Maximum  value  =  34,  minimum  =  33. 

8.  ;r=-2,  -1,  1,  2  give  maxima  and  minima  alternately. 

9.  At  x=l    y  =  maximum, 

J- =  3    y= minimum. 
At  .r  =  2  and  x^A  there  are  points  of  contrary  flexure. 
10.  At.r=2    y  =  minimum. 
At  .r  =  J    y  —  maximum. 
19.  Half  the  triangle  formed  by  the  chord  and  the  tangents  at  its  extrem- 
ities, or  three-fourths  of  the  area  of  the  segment. 

Page  405. 

13.  Its  height  =  J  of  the  radius. 

Digitized  by  LjOOQ IC 


526  ANSWERS  TO  THE  EXAMPLES. 

Page  413. 

2.  It  cannot  lie  between  ±2yjah. 

4.  x=  -I  gives  a  maximum,  x=\  gives  a  minimum. 

5.  x=2  gives  a  maximum,  jr=5  a  minimum. 

6.  Minimum  ordinate  at  .r  =  ^    -,    A  point  of  inflexion  at  (  —  6,  0). 

{At  x—a^y=^c. 
At  x^^^,  y  =  c±63(^^')^  a  being  supposed  greater  than  h. 

11.  (a  4-6)*.  22.  n  parts.    Continued  product  =  ^. 

20.  ^«^-,  .^5_.  23.  _1-  . 

(A  maximum  when  the  segment  is  a  semicircle. 
\A  minimum  when  the  radius  is  infinite. 

25.  The  distances  of  the  point  from  the  extremities  of  the  line  are 

2ari  _2^_ 

Jri-+r/       >/r?Tr/ 

26.  The  point  divides  the  line  of  centres  in  the  ratio  ri^  ir^^y  fi  and  r, 

being  the  radii. 

27.  AO:AD=l  ^2. 

28.  If  A  be  the  smallest  angle  and  6,  c  the  adjacent  sides,  the  distance  of 

each  end  of  the  fence  from  J  =  a/— ,  and  the  length  of  the  fence 
=  ^/26i;sin^. 

a  >6,  maximum  if  :r=?— _. 

32.  --^^a  knots  an  hour.  40.  ^         ^  .  .^  ^ 

a<  6,  maximum  if  x=a. 

a  =  b,  gives  a  point  of  inflexion. 

rr£  1   ^   n   A  4.  ^in  a  cos  a  T   i.  f^in  a  cos  a 

If  cos  a  be  ><r,  Greatest =,- ..,  Least  =,, ^. 

(l-ecosa)2^  (H-eco8a)2 

43.  •  If  cos  a  be  <  e,  the  above  values  are  both  minima,  and  there  are  two 
maxima  each  equal  to  ^. 

44.  The  tangent  at  P  must  be  parallel  to  SQ. 

(Uh<2a,P  is  at  the  vertex. 

45.  ilfh  >2a,  the  abscissa  of  P  is  A-  2a,  and  the  perpendicular  is  there- 
in fore  the  normal  at  P. 

46.  Maximum  area  =  4r2sin  acos^a,  where  r  is  the  radius  of  the  circle  and 

2a  the  given  angle. 

CA 
49.  sin  J0§=        .-,  C  being  the  centre. 
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CHAPTER  XVI. 
Page  429. 
1.   (a)  Maximum  when  .r=^,  ^  =  J. 
{/3)  Minima  when  x=  ±^/2,  y=  +\/2. 

(y)  Maxima  when  x=     ^  j     and  when  j=  ~ 

a\      _„j  „v. 3a 

2 
a 


Sa\ 


and 


minima  when  x= 


and  when  .r= 


y=- 


2; 


(6)  Maximum  value  =  108aV7^. 

(c)  A  maximum  when  a:=j^=^. 

3 

(D  ^==.y=0  gives  a  maximum. 

(?;)  ar=y=agives  a  maximum  or  minimum  according  as  a  is  negative 

or  positive. 

2.  Minimum  value  =/>7(«*+^*+ ^)- 

3.  Ma  ximum  value  =  «i'"7i"jo''a*" +"+''/(m  +  n  +je?)'*+**+''. 

4.  Maximum  value  =  4. 

5.  A  maximum  when  tan.4/m  =  tan  j5/»=tan  C/p, 


6.  A  maximum  value  given  by 


0, 

c. 

h, 

c, 

0, 

a, 

2u 
n 

b, 

0, 

0, 

n 

1, 

1, 

1, 

n 

=0, 


assuming  that  a,  6,  c  are  such  that  a  triangle  could  be  constructed 
with  these  sides. 

7.  The  results  are  the  roots  of  the  quadratic 

8.  Volume  =  8Gr6c/3x/3. 

9.  { log(yla6c)p/log  a^ .  log  6^ .  log  c*. 

10.  If  a^  be  the  given  volume  the  parallelopiped  is  a  cube  of  surface  6a*. 

11.  The  root  of  1  «^»       1,         1      =0. 

I  1,     2a*,     ^aa' 
1,    l.aa\    l^a'2 

12.  The  solutions  are  respectivelv  the  roots  of 

<»  a-)(r»)(r")-- 
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(2) 


a-l,       A. 

9 

/<,      6-1. 

f 

?,          /, 

u 

=  0. 


(3)  V(«-a+»»y(6-i)+«y(c-i)=o. 

(4) 


"-;.. 

K 

9> 

I 

/', 

'-!. 

f, 

m 

ffj 

/, 

-l' 

n 

«0. 


13.  The  values  of  x,  y,  z  are  given  by 

{[jpa    m/qb    n'rc 

14.  a,  or,  y,  Zy  b  are  to  be  in  geometrical  progression  and  the  maximum 

value  i8(ai  +  M)-*. 

15.  ?«=P/(a^+6«  +  eS+...). 

17.  The  centroid. 

18.  It  is  such  that  each  side  subtends  an  angle  of  120°  there. 

19.  The  faces  should  be  equally  inclined  to  the  base. 

20.  {  —  -)    {AiA-iAz,..  An)  when  Tis  the  volume  and  ^i,  A^..,  An  the  n  faces. 
22.  They  are  the  roots  of 


1.  2.^3^1 =y. 

2.  ^i^+yi^2)=yyi. 

1.  xyx^a^-{-2y. 


1.  y^+nhf^O. 

2.  y2-2«yi+w2y=0. 

3.  ^2+2^1-^  =  0. 


CHAPTER  XVIL 
Page  436. 

4.  y3=0.  6.  y,+nV=a 

Page  437. 

2.  (1+J?»)yi=ay. 

Page  444. 

4.  y2-2yi  +  2y=0. 

6.  y2-4yi  +  13y=0. 

6.  y,-2myi+(w«+w«)y=0. 


3.  .rV2+^i+y=a 
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7.  {yi  +yi'  - ifitifi  - 1 ) = 3^i^a^-  1 2.  ya + n-y  =  2w  cos  wo;. 

8.  ys(y  -  -^i) + 3jy./=i).  13.  yi  -^py^ + yyi  +  ry  *=  0. 

9.  j^y2+-^/i+y=^  ic-  yi-yi-yi+y=^- 

10.  i^i+yiH  1=0.  17.  y4  +  2nV2+wV=0. 

11.  y2  + 7i'y  =  cos  iTUV,  18.  (rc  +  6a:)^3  +  6(a  +  6ar)^i  +  «^=0. 

19.  p-=^yl{y'-T^)^.  37.  (j:V-y«<)«+(2-jar-^yXpa?-yy)=0. 

CHAPTER  XVIII. 
Paob  459. 

which  is  true  between  1  and  - 1.     If  x  >  1  the  series  stands  for    • 
16.  «"*  =  1  +  a{ze^)-^a{a  -  2bi-^''^ + a(u  -  36)"^^  +  . . . . 


CHAPTER  XIX. 
Page  471. 

8.  tan^=-^.  37.  2^f.>^=0. 

ax 
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